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•Ria £3l©a Jlevslctter So. 2*1 (October 1<|66) contained m Preliminary Pteport 
of B Nev Curricula* Ptxjject, Itie aloe and geoerai character of tlie project 
mre apelled out in ame detail in that docuiient* 

ii3 currlculuffl effort in declined to produce an experimental set of 
oaterials for grades 7 through 9, which build on a modem elementary school 
pjTOgras and take into anoount recent chfcngee which Imw occurred In sathe- 
oatics and in the u^e of laathefcatics. A consistent eajiiiasis on the relevance 
of isathesaticc to probleaifi of the rtral world; a reUiinkin^p of the ordering 
of topic? and th*? coabinir^j of aritijBetic, ai^bra, anJ p^eoajetry; the use of 
the function cont^ept wJienever appropriate; and the iiu-lusion of material on 
aatthematif-al models, flow charts, and probability and statist ice are sosie of 
the featuren of these naterlalc. 

f>lnce llv report in the Ik*vnletter appeared, drafts of a subctantial 
nuoter of cljapt**rn detij^nea for use in grades 7 and d have been prepared, 
•Htitj volume contalnr. pn-'lisinary vcruioncj of five of Ihece chapters, tlie firct 
four and the tenth in the sequence an prtjoently t^onceived. Itje first four 
criaptern wenn tau*cht In experimental seventh-grade claeeefi in I968-69 and are 
reviuionr. of earlier drafts taught by the namt* teacheres in 1967-68. Chapter 
10 Is a clli^htly revir^ed veroion of an earlier draft taught by the saise 
tf^achern in eighth-^rade claoreo early in the 19^*6-69 school year. Further 
revision of these chapters io anticipated. 

Tlrc Daispie clAptem in thio volume 1 Illustrate a nuu^r of aspects of the 
curriculum project as described in Ncwcletter 2ki association of ideas of 
nurtber and cpace through coordirAte j^eowtry; early introduction of the 
function concept; developsK^nt of flow chartc and algorithms as an introductic»i 
to the role and use of computerc in modern society; attention to the role of 
mathematical aodelr, for j^eical situations; and introduction of concepts of 
probability, 
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Chttpter I 

STOUCrJRlflG SPACE 

r.eo8»try t^gao n few thousar^ yenrs m^p %rhen mn begpn to study eystc- 
Mtlc?tlly the Blze, ahapr, and location of objects In his physlral eurr^nd- 
Ingfl, ThlD understRBding wau necesoary then it lo todiy In such aftlvitles 
•8 ;«vl^tl0n, lulldlng, vrul survt^ylng. To^y^ howT^Tp w find tiMt geometry 
has been cofloiderwbly refined and t^ntet^ed to deal with tbe nore co^lleated 
probl«flis which cwjfront us. 

OeoaKftry « cyatea of Ideso based cm our experiences with phy6ioal 
objects. For exeaple, from our experii^nces with varlmis boxes ve have 
devf^loped Hn idea of th<* ohape and fona of r box. This Idea we have of a 
box IM cslled a geofl^trlc figure and it is thiu figure, not the box which is 
studied In gecjTCtry. In oth^r words, geoaetry Id develop^ so a fBathegatical 
jodel^ of our crxperlence with phy^Jlcal npace. 

Thf Idefi of H point in ^?KH8rtry U formed froa ouch objectc as the end 
of 9 pin, a speck f^f dunt, n grain of sairf, snd a distant star. Ocmsequently, 
we say think of 8 point aa » definite location in space. 

point n nre repr^nented by dotu *ind Hre naoed by capital letters as is 
^ uhDwn for point A ttt the left. 

A 

Vr^- think of iipHCv nc t^ing cet of polntii. "Hiere ar*? an unllaiited 
nufflter of pointu In apf^ce. Bupposi* that a Booqulto U flying about inside a 
roo». Itc location fit a particular Inutant ml^ht be described as a point and 
all such polntc t^Ke up a set. All the points inside Of this rooa sake up a 
portion or 0ubt;et of opac^ ^ind all the points outside this room fl»ke up anotl»r 
portion or nubset of spuce. Therefore in geowtry, space Is the set of all 
polntn. 

Each of thf? vfirlou^; Kinds of •jeo»rtric figures stiulied here wiU be 
developed h .^et of points. Ve fihall nee how i^paee Is structured by care- 
fully examining the w^y In which tbt- varlouc fl©ireo are formed and related 
to enrh othf-r ui^tn^; the tfinlc ide.r of point, lln*-, r<nd plane. Later in this 



chapter a syfitcsatic way of asalgnlag im^rs to points 1q a plane wtll be 
d«wlop«4* This will provide ua uith another vary uaeful netbod of ctudylng 
tt^ structure of space. 

Exerclgee 1*1 
(ClHsa Dle.n;iABioa) 

1, Complete the follow Ing secteoee* 
QcQttetry to tlje etu^y of ^ 

2, What is the relaticmshlp between geoo^try ai^ physical objectcf 

3, Describe three objects which can be used to form the ides of a point, 
other than the objeets already tsenticmed. 

U» What meaning would a point have for a aunreyor or navlgntort Give 
sooe examplen* 

If you were to think of u point ao n definite location, how would thlo 

affect the way in which you would reprecent a point? 
* 

6. In forming the Iden of a box ao a geometric figure, what are oooe 

thingn p-bQut 8 box you would Ignore? 



1-?. Lioeg and Pointa 

9 The points cbown at the left 

*^ He on what we thisH of as a "strsi^t 

• line", or sluqjly h "line". 

^ There are an unlialted number 

• of pointn on a lin^, and a line extendi: 
without ending in both directive 

Think of two boyo holding s i;tring stretched between thea so shown 

bwlow. 
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Wtel tto •trlug Itf strvteiwd tight b«tve«n tli» boys" iMdt, th« atretetod 
•trlng ^resmtB ptrt of • linss. She iu« itwlf , liovbver, goes b«yoxi4 tbt- 
bosTi* hands without eodlog. 

Sou othar ^jeot« idileh h«lp to form the idaa of ■ llov sre 

(1) the edge of • ruler p 

(2) the er««se of • earel\illy folded paperi 

(3) the edge of • box, 
(^) B flagpole* 

The dravlag below representing litm I can be sade by tracing a pencil 

along a straightedge on a sheet of 
paper. 

What do the arrowheads on the 
drawing Irdlcate? 

Mark a point P on ytmr paper si^ draw three lines, 4, and n 
which contain point P. Are tjwre other lines on which point P Ilea? 

He cen think of aainy Ilnea passing through a point. For two different 
points, N>w#?ver, we think of only one line p&aslng through thea since we 
think of a line en being straight. We shall accept the following statoscnt 
as a fundaaentsl characterlotlc or property of the structure of our space. 

Prqpertjr Ij Hwough any two different points In space there Is exactly one 
line. 

ThlG property may be restated In the following ways. 

(1) For any two points there Is one line and wnly one line COTtalnlng 
thes. 

fii) Any two polntfj dett-mlne* a line. 

An n r*»Dult of Property X , a line can be eleorly Identified by naming 
any two of Its points. 

For exaaple, the line shown at 
the left c^n be Identified as "line 
AB** which Is written 'ISS". 

It say also be Identified as 
"line BA** and written "St". 





(ClaBO Diaeuosicm) 

!• The foU.ovlng dravis^ vea na4e on the bladiboard with a broad piece of 



(a) How dOf»2 this drfivLng nuggeet the pot:cltlilty that tht- Interoectlon 
of I and m may contain several pointi^? 

(t) Let's explore thlc posylblllty by «e8»Amin45 that the InttTsectlon 
of i and m contains two points., A and P. 

Show that thlu meanc we huve two linec pasislng through the mms 
two point iw 

But Property I utatus thnt there can te only one line paoclng 
through an^ two pointrj 

(c) If wo wtnh to continue- to include Property I In the utxnicture of 
our spfiCf rfhy munt we exclude the poBsibiXity of then? being two 
polntu in the Intersection of two lines? 

What about the poiiiiibility of tht^re being mrr than two points in 
the InttTeection^ 



Wf have the following statement «43 a rather curprlulng result of 
property 1. 

If two lines intersect, they interoect In i?xactly one point which is 
called the point Of Intersection * 

Thia Btateisent tog^tl^r with Property 1 can be summarized ae foilovB* 
Two point t5 determine « line aoi two intersect Ing lines determine a 



X 



chalk. It repreaents two lines £ 
find m that cross or Intersect. 



point. 



^2 




Exercises l-2b 

Kaoe thret; oWeeta other than those already mentioned which ^uggeist 
the idea of a lint. 

Points A, B, C, and D lie on the 
LitiBu? lint'. 

(^) Using these points, write five 
different names for thlu line. 

(b) How many different names are 
there uiiing these points? 

Nume the lines. 

Name the point of intercoctlon 
for each p'iir of llnec. 



Copy the Li-t or pointfi {A,P,r^n] -irrun^i^'d ^u: ::hown. 

I)r«w till tht' lint-i; you cun 
through pairs of these polnto. 

Nnrm* the lim-s you huve drawn. 

Kow mnny j^uch lint-:', arf tht^re? 

Think of ^; . point.. msrHed on •! chcvt of paper, no three of which lio 
on thf ::amf.' lln^s N'ow think of nU. the lln^'i: throu£;h pnii-:; of thfi'^- 
polntr • 

How many .:uch iinec arr thert'? 
Check your Mni^wer with dn^wing. 




(a) How muny iiney *4re shown bulow? 




D • 



(a) 




Nmae tbs point of interoectlon 
for tbe foUovlofi pairs of lines. 



m a&i p 



p and I 



I and n 



?• For the figure In Exercise 6, name the pairs of llnee vhtch hav^ the 
following points^ uij pointts of interaectlont 



A pl'ine 1j "in Idffs in gt^omt'try which is su^eated by any flat surface 

CUCh 80 

(1) H w?j11 of K rooBJi 

thr top of a deck, 

(0 M dtxDr In liny position, 

(U) -J ;hei.»t of paptT, 

A pl«ne lt5 thought of «g ertending Indefinitely in every direction* There 
are m unllmlt<»d number of points in y piano and a plane contains an unlimited 
number of lines. 



{-) A 



(c) F 



b 



n 




Propt'rty . 



This drawing represents a plane 
K which contains two points A and 

Now consider the line Sf, 
both the line and the plane extend 
outward Indefinitely, BecauGc of our 
thinking that aU lines are straight 
and all planes nre flat, we have the 
feeling that the line Xb and the 
will never leave each other. Therefore, we ahall agree that the 
r.tatefflf'nt i:: a fimdssental characteristic of our space. 

I', two points; of a line lie In a plane then all the points on 
the lino lie in the plane. 




[WLi 



T>ie f Igurt.- at the right represents 
Ein .ipen nott^booK, Points A and 
mark thf i*ndpointo of the binding, nnd 
the pfigec represent planer. Thiti figun? 
Duggesti; thrit thL»re ure many plane which 
contain 'iny two polntiw 

Fropertj^ ^: For 4ny two pointi? in ;^pace, there are many planes which contain 
them. 



Nov con^iidor three polnti: A, B, 
and C represented ty the tips of 
your thufflh and first two fingers spre*^d 
uttffly as ahown no that the points do 
not lie on the juse lint'. 




Takf» a piece of cardboard representing a plane and place it on the tips 
B «nd C of your two fingers. Ghow that the cardboard ©ay be rotated In 
different positrions while- held fixed to the two finger tips* What property 
do«ft this stow? 
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Pr«ii th« cardboard against all thr<H? tips A, B, and C. nw? position 
of the cardboard U now fixed, Tbis llluatratea another important property, 

property hi Through any three pointSi cot a3J. on the* same line, there Ic 
exaetly one plana. 

This property may also be stated In the following ways. 

(l) For any tliree points In apace not all on the saB» line, there Is 
one plane which contains th^ and only one plane which contains 
thoa. 

(?) Any three pointc not all on the oame line determine a plane. 




As a result of Property a 
plane tsay be named by Identifying 
three of the polnta In the plane that 
do not all lie on a line. 

For example, the plane shovn at 
the left say be called "plane ABC** 
or "plane BAC" - The three points may 
be written in any order. 



Exercises 1*3 

1, Show how Property k helps to explain why a three-legged stool or a 
tri{K>d always reoto flat on the floor • 

2« Can a line paas through 

any one point? 
(b) any two points? 
Cc) any three points? 
(d) any four points? 

3# Can a plane pass through 

(«) a^y one point? 

(b) any two polxsts? 

(c) say thrfije points? 
{d) any few points? 




Polats A, B, und C lie in a plants 
i&d point D 1b above the pXisne. 

How mny planer ^re det«mlrved by 
th«ae four points? 

NEWae the planet? . 



Copy the points A, C arranged shown. 

(a) Dmv n line through points 
A snd B# 

Draw 8 lint? through points ^ ^ 

B snd C. Are SS and * 

^ In plane ABC? 

Give a reason for you# ^ * 

ft navy r» 

(h) Mark a point R on find h point £ on fP. Drav R?. Ic 

r2 in pl'ine ABC? Give • reason for your anewer. 

(a) Points X, Y, and Z have the prop«»rty that ffyiny different planes 
contriln them. Hov ^re points X, Y, and Z arranged? Draw a 
dlHgnim. 

Cb) If points %f Yf «nd Z have the property th^^t ttey etre coatained 
In only one plfine, how nre pointo X, V, and ? Mrmnged? Draw 
8 d iagram. 

How is»ny dlfff^-rent linen may p^ioa through 

(a) one point? 

(\)) two diff**rent points? 

How tnany different planes moy piiv^c. through 

(a) one point? 
(tj) two points? 

(c) three pointa which are not ou the came line? 
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Lxpiain vty there sns tw«ny plunea 
which aay contuiB a given line 



Line / Intersects the surfttce chovtj 
»t points^ A ??nd P only. 

Expl'iln why thr surfoce could not l-f 



iixplain why a lioc and a point 

C not on tht* lin*^ determine a plane. 

Nnm*.' th*.' plunt*. 



Explftin why two lines 7kB and AC 
Interiiectlafi at A determine a 
plane. 

N«me the pi«ne# 
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13. The dravlng below repreaentt: a 



E F 





J« 






1^ 



^ ^ 



box. E^Kjk at the ulde of the box 

determined by poiato G, and F. 

(a) Name another point that liee in 
plane KJK. 

Naffif the plane suggested by 

(b) the top of the box, 

(c) th«' bottom or the box, 
the front of tht^^ box- 

(e) the buck of the tox» 



Int».*r?ecttQnr. 

L-t A ^nd B be namec for the followin*^ ..eta, 
A ■ {1,3,^,7,^,11) 

The lnter.',ectlon of A «nd B 1. the :.^t of .-,11 numbrrr. that belong 
to both A ind P. The intersection 1- the ret fl, 0* 

We write: A O B ^ fl, )| 

where "A n B'* mefinu "the Interoection of A «nd B". 

The internvetlon of the llne.q 
Mnd 1^, ii: tb.' cet of ix\\ points 
cosamon to both lines. Since p it; 
the only point in the interoection, 
ve write H i'^^ fpj^ vhere 
"fPf mettnr^ "the .set concinting of 
tht' point r" , 

When two Xlnet: intersect they 
ti«v# one point In co«on as was ehown fro^n ProF^rty 1. When two linen do 
iiut inten^ect the;/ h^ve no points In comon. 




n 




In the drawing of the tox it the 
left thf two ilnou and ^ do 

not inter yect. Vv say that tht-lr 
tnt<»rsectlon the empty cet* The 
empty ::et say named ty th*» r.^^ntol 
•'jf' or "{y* Therefore FGftEH*0. 
Since' the intcruectton r>r VO and EH 
la empty ind they lie in the uame plme, 
they are sfiid to be £££2ii!-i* 
written, Pa||EH, vhert* the oytnhol 
"I I" meunii "ic p^r^ll*-! to''. 

Thu inter.H'ctlon ol PC snd RC I:: ?il;30 t-mpty, tut the two linea do 
not lio in thv :;f5mf plnn<*. TKe lint'^ »ir*f not panillel iut fire c^lK-d gHew 

Wh( n w<.' sfiy that two lim-iJ aro pMrallt-l , we mean: 

« 

^'"^ ^ht'l r intersection jv th;^- empty : f-t , 

I. It! t'ScL <'tiB<r', vrl^e ! i:^^ '.ri'^'rn^o* ion nf the- ^iven uclg 
(a) A - 

(l) I (J'.hn, Ethel, BUI, F-enk, All-e) 

^ * {Fr^inh, Paul, Ali<^e, Dittne, John, Helen] 

(lO l^'tter^^ Xktivd in yo\ir full nume »ni the leltors uccd in -he name 

of your j^^hool* 

(i) The set of na^lon'il holidayr. nnd the set of doyn in July. 

'(e) The ret of ^-chool d^yn In this year and the J3©t of Sundays in thio 
yt-ir. 
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In 



tbe dniwin^ below, -^^lU]^- Write the lateruectloas of the given 






pairs of seta 




(») ft 


1 


(b) i,, n 




(c) n 


i,. 


U) ij^ ft i , 



5. 

6, 




In tho drawing of thr lox ttrlov, 

£j (a) name tJirt?c linec that are 

e*ich i3kew to AB, 

(b) nsise three llnea thHt ore 
euch panillcl to oF. 

^* Find the intersections for the 
following puirij of linec, 

(h) CD n TO 

(i ) cc n H 

(c) BA n H 
(4) EH n BH 

If two Ilnt-tj do not inter;:ect, *irc they parallel? Explain. 

Two ILnt'u fjoesftlmeii intt?r/jt?ct snd saaetlmec they don't » Also, two lines 
sometim<*c li^ in the n^imv' plfine nni sometimes tht'y don't. 

What do we call two lines which 

(n) lif In tho JBme plane nnd which Intersect? 

In tht* iinme plane nnd \lo not intersect? 

(c) do not lie in the same plane araS do not Intersect? 

(d) 1 3 It po£sslble for two lincc to lutersect and not to lit? in the 
onme plane? 



2. 



(e) Copy tbe table beloii «&d write your eiUMrs to (e)| (b), (c)^ end 
(d) in the boxett It^ ice ted. 



Intersect 



Co not 
intersect 



Lie in MM 


(0 




plane 




f 


Do not lie 






in ia«e plane 


? 


t 



Intereectiona of Lines and Planer 

The draving belov abova the {K^saible interaeetiona of a line and a 
plane ABC. Line 1^ interaeets the plane at point P. Then n plane 

^ I'ine parallel to 

the planet Therefore n plane 
ABC m 04 Two pointa M and I of 
line 1^ lie In the plane. Visy does 
1^ lie in the plane? Explain why the 
interaection of 1^ and the plane ia 

1^ itself* Then n plane 

3 3 
ABC 




'3- 



Slxgreiaea l-'Sa 
(Claas Discujssion) 

Im Hold tvo abveta of paper ao tl»t they have only one ^int of interaec** 
tion* 

Ooea thlj show that two plane* may have only one point in their inter* 
•ectiont (Heseaber tl»it planea extend without limit in all dlrectiona.) 
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L^t A «Qd B b« two points In the lotoreectlon of two plunoij. 

(m) Explftlti yh^ the inttTsectioo 
ffiuJt contain the eBtirc- line 

(l) Expl^iln why it' the intt-rcf-ctian 
cgntalri^ Siny other poiut liOt on 
then thu intercc^ctin^ pl'inec 
are the 'jume plttiio. 




This diacuijoioo IratSa uc to soother fundMmcntuI property In tht- struc- 
ture of our apNce. 

Property 2* interuyction of tvo different plun^.-ii in not **mpty, th'-n 

tht' lnterflt?ction m line, 

Wh^n We .'.Hy thht two 'ir** pMrMllrl , wr munn thst; their 

inter^^ctlQn i r* the> f*!npty .-.et ■ 

1* Describe iiotne phy:', leal obJf*ctr which ;iu^e:it 

iu) tw plunaa iotercecticg In o llnt^. 

(b) u lint' und H pliinf- inttrs^ctiji^ in n point. 

(c) two p'ir«ilel pliineo. 

(d) the interuectlcm of a plane nnd ^ line Lylr^ in thf plsne. 

(e) « line parftllfl t^ plnne. 

ThinJc of the plune:^ und lim'c {;u^;t':;trd ty tht' fi^,ure which rcprt* aontis 

u folding chair. 
I? Write tht» following int<*mt'Ctiono, 

(b) UL <^ n * 

(c) jblane ABC H MJ 

(d) ^ n plane EFA - 
(i*) pluae ABC n plane - 
(f) plnnc CDL plane HMB ■ 




6. 



7. 



Thiiik of the Itaea und pl«nec oufi^fstyl liy thin dMwin^ of s tent. 

Name 

(b) thre« Xlaea which mrv skew to 




(c) two llnea which ^rc pat*ailtfl to 

(d) two psralleX pinneu. 

(f) two plHnes whoi:t» lateraection la 

fr) 1 line Mna 'j plme who.^^e intt-rcection contaloc the uingle point E. 

(tt) iinc' 'ind y plnne that are each parallel to 

Kroa tht' dr.'iwln^.of ^'OX, writt* the foUowlng inti-reectloctt. 

{n) plnnc EDC 0 plane PCB « 

(b) plane CBG H S5 • 

(c) AG 0 plane FCC - 
(a) plane GAB n CK - 

(e) plsnf» CVO n piBne «■ 

(f) plane EDft f1 pl^ine OBC « 

(e) plane FED H EC ^ 

For the Lox i:;hown shove in Exercise k, nuwc p«irs of planes which have 
thi* following liner, lineu of intersection. 




(t) KG 



(e) CE 



rii;?5;criljr tlu* three poa^ible posltlcma for a line and □ plane, and In 
vucb cu^v tell what their Intersection ia» 

Deccrihe the two pocaible poaltlono for two planeu «nd tell wh»t their 
Interf^ectlon U In e«ch €«j2e« 
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you»r« told tl»t, is un, 




ThTM bc^i ire itanfll^g togcrtlwr. 



Cm you tell vblch l>ciy ii named Ben? 



The word **b«tw«ea*^ ii eoufustcg bens. Ben could b« between B&m and 
Tw In hel^ht^ or be could be trtvcen theo In position. The bejt we could 
do ift guttB* which boy Pen. 

Xn tutbeutic* ve naiat not use Imnguegc vbinh forces ua to guest about 
the M«nli3g of e stetemnt. need to kijow exactly whrt it tasvui to sey 
•point B U betuete pointg A and C*** W» vould probably all «g$^ that 
the phraae ahould not refer to the alphabetical order of the point a because 
the letters are only naiaes for the polata, &wever, it should have soaethln^ 
to do with soaa kind of order. 

We will use the word "between" for points only when the pointe in 
question are on the snmc line . Look at points P, q, R, snd S: 

P Is on the line PQ and the order 
of ,the points iu P, R, Q (or Q, 
S P) CO we can say "R Is betwe en 

P and or* However, point S ia 
not on line PQ, so it is not 
between P snd Q, Loolc at the 
points A, B, X, and Y on line 
AY: 



la 
Xb 

U 



Figxu'e 1 

between 
between 
between 



Bnd 
snd 
and 



Af 
Y? 



Y X B A 

Figure 2 

Your anavcr to the third quetttion should be ''Ho'* because the order of the 
three points involved is Y, A (or A, B, y) Dnd that ©eane point B is 
the esse in between. 
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In Fitfure 2 knov that X is between A snd Y snd that B l£ 
ftXso l?«tv««D A tod Y. Xo fact I there are cuuiy points between A aii(S V« 
Ve hiveo't oued Umks eXl bvcttuse we couldfi't* 

When wft ag^ that a golat P to between pgipts A ana B, we mean 
exeictj^ tyo things: 

(l) Tt^re U « line containing A, E, and P; 

(j) On that line, the points are In the order A, P, B or B, P, A. 

Ve can simplify thia definition a little by using the word "colXlnear". 
A set of points is colllnear If then? Is a line which contaimi ijIX the points 
of thr set* For example, in Figure 1 the set of pointa containing P, Q, and 
R is eolllnear, while points Q, H, and S are not colllnear. Usln^ 
this vord, we smy restate our definition: 

When we say that ggigt P lo between pointti A and B, we mean: 

fl) A^ B» ^Eu! P yn^ eolllnear, and 

(^) on their line the pointa nre in the order Aj Pj h or K, 

Think of two different points L «nd M. Can you count the polnto 
between L and M? Thln^ of the two polntti L and K together with ell the 

pointD between them, TJ^e uet of points you are thinking of is o part of a 
line, and n picture of it looka like: 




Such a set of points is called a line gegment , or taore slajply, a segment * 
Pointa L and M are the endpolnta of the aegs^nt* We name the segssent 
by its endpolnts; for example, the accent Q\"\m in named LM or JE. 

Definition * 'Hie segPM'nt AS i s the set of points gong 1st In^ of the tyo 
point A, B, an d gU. ^Into betwero A and_ B. 
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1« 



2^ 



5. 



6. 




Zfi the fi^e at tto rl^iht^ 

(ft) U M b«tv««n B Bsa HI 

(b) it C l>etv»«G B wjd R? 

(e) ii C t«tv«e» M «na Kf 

(a) li C on legmeat iS? 
(«) 3 ««i;a«fit« on TD. 
(r) Am T, K, aod R colliaeirf 
fg) Xi K b«tv««n T and P? 

(b) SaiBft k sats of 3 collinear 
polnti. 

(a) Draw a picture reproaantlng 3 sagmenti, AB, BC, and CA, vhere 
polnta A, asd C ara sot colltcear» 

(b) Vhat would your plctura represent If A, B, araS C were collinearf 

Wbat word lo the definition of segment showa that a segaent is part of 
a line? Explain, 

?Qinta A, B, and C are ecUlnear* 

If the dlatance from A to B Is 5 Inchesi and 

the distance from B to C la 12 inches, and 

the distance from A to C is 7 Inches, 
draw a digram showing A, and C in their correct order. Which 
point U between the other tvof 

In the rigi-re nt the right, 

(n) n&am k aegjurnta that 
inter aeet at Z. 

(b) How n»ny oegments have Y 
as an endpoint? 

(c) There are h eegaeata which 
contain point Naoe th«a. 

(d) What ia ST n 5yt 

Draw two aegments AS and CD for which AS n is esmty but 
AB fi CD Is one point. 
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?• Nark tw different points , X «nd Y. 

(h) Dr«v iOTC umgsientB which contain X und ¥« 
s»Qy uegsents could contain) X and! 

(c) Hov Ra^y llnyes could contain X lod Y? 

(d) Hov aax^ Siff&ent& haVe both X and Y as endpointB? 

(e) We have agreed In Property 1 that "through any two different 
points there la exactly one llne**# Is it true that through 
any two different points there is exactly on** segsn*?nt"? 

points Py Qf and H are collinear. The diatance from P to Q is 
greater than the distance fr<»n ^ to R, and the distance from to R 
iii grt?Bter than the distance from P to R. 

Vhich point ffiuut ht* between the otht^r two? 



l-7# Se jp?*ritlon 

Mork luy point A on a sheet of paper, and place the tip of your 
pencil on thnt point. Trace out any drawing you like .lOut lifting your 
pt^ncll from thf» piip»»r. Your drawing might Ic^ like any one of these: 




Thy geoQ«tric Idea vhicb all of the^ie pictures reprejent 1*; called b 
£atb. The patha you drew vert* ccmtainea in th«^ plune of :>fOur pape?r. It l» 
poftvltatt to think of fmths in space, but In thin section ve will work only 
with pathfl in a place. 

Look at the pBtha In Figure 1. Soae of them cross theaselvec, ilk<? 
path* (a), (b), (d) end (f). Sosie paths do not cross themselves, like (c) mn6 

(g) . We will call a path which does not cross Itcelf a ^tmplg gath. 

SoBje pathJ return to their starting polnto, like (h), (e) , (f), and 

(h) . Ve will call a path which does not cross itself and which goe^s back to 
its startin^s point a oirople clbsed path . Which of the puthi2 in Figure 1 art' 
simple closed patbiJ? 

What do you tiuppose a almple open path looki: like? Such a path does 
not crosB Itoelf and doea oot go back to its starting point. Flgiires (c) 
«0d (45) HVT excimplei: of lalmple open patha. 

You cnn Lnvt-nt namcc for the other jpecl^il Kinds of piithij, tut we will 
only be concerned with thece two kinds of isis^le paths. 

A simple cloct-d prith }\Bt^ uti Intereating property which no clxnplc open 

path has. Draw n ^^implc cloi;ed puth, perheps iimethlng like path p in 

F'gure MJirk tvo polntii A ?ind h Ini^idt* the cimpl*^ cloi5cd p^Jth, nnd 
Buirk H poln^ C outr-ide. 




P 



F 1 eurt* - • 

Try to druw u path In the pl^ine from A to without intersecting p. 
Try to draw h path from A to C without inter^Jectin^ pi Finally, try to 
draw s path frc«3 B to C without interisecting p* Were you able to draw 
all three p^Jtho, or wpre thore ^sltu^tlonr. in which you cotild not? 

If you tried to draw ^ill thrt-e pjitha, you probably noticed that ^ 
olmple closed pp^th like p in Figure ? hat? the property that It can scpar?ite 
pointii in thr plane. We ^ay that point;: A and C, for example, are 
aepnrated by pi\th £ because (l) A *ind C a not on path p, sM 



(e) «very path connecting A and C Ictersects p. NQtioe, however, that 
points A and B are not separated by path p; you atmdd have bam able 
to drav a path eonnecting tlM without Interaeetii^ p* 

Are polota B and C separated by path p in Figure 2f 



1. 



2, 



Exerciaca I<'7a 



(Claaa Diseuaticm) 



The figure at the right shova a 
sisple closed path a aod points 
L, M, N, 0, P, Q, and R not on 
the path s« 

(a) Nase the points which are 
separated from point N by 
path B# 

(b) Name the points which are not 
separated from N by d. 

(c) Trace the drawing, and then 
draw paths on your tracing 
which connect point N to 
the points you named In (b). 

(d) Make another tracing of the drawing , and on it shade all the 
points on the page which are not aeperated froB point N by 
path a. This aet of points is called the interior of s# 

The figure at the right ahows a 
line I and points A, C, 
S, F, Of and H not on 




it) 



(c) 



Which of the points nased 
can be connecfd to point 
H by paths which do not 
intersect it 

Which of the i^ints nasad 
are separated frosa H by 



It 




lajagine all the points in the 

plane which are separated froia 

H by It Copy the figure abovt| and shade the part of the plane 

separated from H by I. 
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Shov vhy • sfgment does not separate any points io the plane in which 
it lies. 



A line separates pointip in ■ plane Jtuit as a almple eloied path doea. 
Suppose line | ^paratea polnta A and B in soae pltrne^ 




The line I separates the plane into two acta of points: 

Ail the points not aa i in tbe plane which are separated fro» 
point A by I, and 

All the points not on i in the plane which are separated from 
point B hy i. 

Each of theae sets of points is called a half -plane , "^Ksfiather they form a 
pair of opposite half-planea, Line | is the ed^e or boundary of the two 
half •planes. We soaetioes nase a half -plane by one of its points; for exasple^ 
the half -plane" contain*, aaon^ osay othera, point B* When there 
wouldn't be any cwjfuaion, we can call the B half-pianc determined by line 
I the *'B-»aide of I", and opposite half -planes determined by i can be 
called "oppofite aidea of 
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Juot mm m linv ^eperfttes a plane into two half^plftnes, a poiPt £3e|Hirates 
• line loto two halT^Iioes , 




The point P ee^ntes the line into two sets of points: 

All the polntc except P on the line which are separated from point 
A by ?, and 

All the points except P on the line which are separated froc point 
B by P. 

Each of theiie siBt# is called a tolf-line « Together they form a pair of 
oppoaite half -lines. Point P is the boundary of the two half -lines • 

Point P is not contained in either of the half*llnes it deten^inest 
If we Join point P to one of its half -lines, the resulting set of points 
is called a my. 

Definition * A ray ic 9, half -line to g^ether with its boundary point * 
The bounds ly point is called the endpoint of the ray . 

If P is the endpolnt of a ray aj^ Q is another point of the ray, we name 
the ray "PQ'^. Note that PQ is not the saise ss QP. We now have a geo- 
©etric acanlng for the term "ray" which should match very well the picture 
we have of a "ray of light". 




Two opposite half*lines, each joined with the coss^n bout^ary point, fom a 
pair of opi^site £2i£* example, 




2k 



PR ire opposite i^yaj poUjt P is their coaaoo endpolnt. Kote thit 
it la mhiimye true tb«t if P is between Q atHl H, ^ and |^ oir^ oppo- 
site raye, nod rad H together fom « line. 

It fihovdd now eooe no surpriae th«t e plage aeperates a|NBce into tvo 
helf-epeceii , V« will et fufie ttmt pointa A end B In t^pace ere sepereted 
by plane s If eech path fro« A to S in sgace Intersects oj. 




In the figure, plnne m oep«rates space Into two ssetc of points: 

All the polntii not on m In space which are separated from point 
A by m, «nd 

All the oointc not on m in space which are separated from point 
b by ci* 

Each of theg?» aetc la called a half-space* Plane m ia the boundary Of the 
two half -spaces. 

Exercises l-7b 

1. W#» now Know that 

{%) ■ simple closed path sep^tratea a plane 

(Xl) a point separates a line 

fin) a line separates a plane 

^Ti) n plane ceparateis space, 

Sach of the following is a physical example of one of these separati^ 
Ideas. For <3»ch, write the Hoioan Numeral of the serration idea which 
the »»3caB5|>le suggests to you* 

(a) the net on a tennla court 

(b) f» 8hut-off valve cm a pipeline 
Cc) a soat az^uM a castle 

(d) a dividing line down the middle of a road 
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(•) ti ftation OS • railroad line 

(f) 8 vindaw in your living room 

(g) tilt pl&sw of « anvie screen 
(b) th« chore of * lake 

(i) the Hesoo^Dixoa line 

Drsv a line I and mark points A as^ B on opposite sides of I. 

(a) Will every path (in the plane) frott A to B intersect It 

(b) Drav AB* Does it intersect IT (Can be thought of as a pathf) 

(c) Hark points C and D so that IS and AD intersect !• 
which side of I QU2t you oisrk C and Dt 

(d) Mark point E so that AE does intersect I. On which aide 
of I fisust you smrk E? 

(e) Usinfi parts (b) and (c), state a feiimple test for shoving that tiome 
points P and Q ere on opiKatiite aides of I. 

(f) Usln^ P«rt (d), state a simple test for shoving that some pointo 
R and S are on the same uide of I* 

(g) Would your tests in (e) 9nd (f) still work If I looked **«lggly"f 




Not counting the lines theaselves, into hov many sets of points is a 
plane separated by two lines In the plane 

(•«) if the lines are parallel? 
Cb) if the lines intersect? 

Tell whather each of the following statements is true or false, Etraw a 
diagram supporting your answer* 

(h) a segment contains many other segments. 

(b) Each segment contains two raya« 

(c) The words "ray** and "half-line" have the same meaning, 

(d) A half-plas^ contains many rays* 

(e) A riy contains many other rays. 

(f) A holf^plane contains n^ny other half -planes* 



9« to cmch can*, identify thr bouodtry betue«D 

(b) tvo hilf •plasms « 
it) tvo hilf«*t|wc««« 

6. t«U tfhutlwr 0meh of th«? foUowlniE iy trut? or falee. 

{•) Spiec is tt^rttted by « h»Uf-pX«iDe. 

(b) if tiep«irate4 by » line, 

(c) Space U Bepamted by c riy. 

(d) Sp«ep is separated by a closed bcsx, 

(e) Spaetj li «i?p8r«ted by an open box. 

(f) Space 1» separated by an Inflated volley tNll. 
(tf) ^p«ce i& separated by a point* 

7. 8ot counting the plants thamselvea, into how laany sets of points ie 
space uepciinited by tvo plunea^ 

(u) if the planea ura parallel? 
(b) If th<* planes interooet? , 

8» In the figure at the rl^ht, line 
i and polntii P, H, ai^ S 
fire in one plane* Are the follow 
ing ^tateaentfl true or false? 

i 

in) The H^olde of I is the asa^ 
as the S-olde of I. 

(b) The S-side of | lo the mm^ 
HQ the P-slde of f . 

(c) i n U etapty. 

(d) / n ^ i:; empty. 

(e) f n ^ eapty, 

9. Draw n horizontal line. Ubel four pointo on It, B, C, snd P in 
that order from left to right. Na®e two ray a 

(a) which are op[K>j3lte. 

(b) whost? Intersection contains exactly on^* point. 

(c) whose intersection Is eapty. 
fd) whoae Interaection is Erv 
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BRAINHCTKH #1 

TVu' g»*ooetric idea which It; u 
mdel for the *iurf"«cc:; of Jhapei: like* 
doui^hnut^i tivv Innertubt*^, or caod^ 
tifc Savers called a toru u. 

Find f± .Amplv clo;sed p^ith on fi 
torvuj which do«3 not :3f?puret^ nn^ points 
on the curf^ct' the toruii, 

A child wundert'd off from hij; p.'<rt."nti, in u park thut wfit: fvnccd, tut had 

jevt^r*il ^,*it»'^« Gu'irdii eit the r«'portt?d h<* h«d peitiord through their g^iteo 

*tii follow J : 

G^itf #1 3 timvii 

GfitO j' tiCJ<'l3 

QhZv #'3 -- ^) tirst;-"! 
G'Jt<' 7 timcc 

Wht'H' wuuld >nu Jonk for th»' child? 




An^le.: hflv*' m'lny ^jpplirationi'! in our modem civilization* An airplane 
pilot «nd u /hip nnvig.'jtor uje 'jn^lti: to chart their courijec. An tnglnoer 
buiidt; T ro«d r.o that the ringi*'' that th<* road miKi^ti with the horizontal plone 
li; not too .'t^^cp, A builder syikec r.ure thut the pl^ine oV a wall and the plane 
of th*' floor njfet h% right r»n^lt'j. In thit: i^ection, we will review the con- 
cept 7f nn^li^' trid ■^m*- of th" Idenn th^it nro reluted to it. Howt-ver, ve 
firut nvviH to roc^ill thf idea of the "union" of two aeta* 

Dr'f inlt ion * The union of tvo jet;: of gQlnto ig tj^ set consisting 
of six the gointi} be longing t o either o f the aeto (or to t^th ) • 
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For exuiplef the figure at the right repre- 
stf&tc the union of AB tiad AC beciiuise it 
coxuUts of ill the polotfs is AB nsid AC* 
Ualng tha symbol "u*' to utand for '*ualoo'*j 

cm write **AB ^ A?* to atand for the 
flljure St the right, tht? union of A£ and 
AC, 

Purtheraore, the figure lihown nice repreaento vhut wc mean by the word ""angle"* 
Therefore, we can i^ays 

Dt-flnitlon> An angle is the union of two non^colllnear myn 




halving the name endpolnt * 

Wl^y "non^colllsear"? Roaeaber that oettJ of points are collinear if there la 
a line which contains them. Therefore, If we allowed collinear rays to form 
an angle. 



then the line fonaed hy opposite rays P5J and PR would have to be thought 
of ai a kind of "angle", Wt- will agree for now that no angle can be the same 
aa a line, ^tnd hence, that any angle In made up of rayo which are not on the 
uume line, that li^, "noa-colllnefir" rayi), (Perhaps the clatsa diocuseion 
♦•xerciyes will give you further reason for wanting the definition of angle 
to exclude collinear rayo,) 

In the figure at the right, we have a 
representation of an angle. Point H, the 
cocamon endpolnt, is the vertex of the angle, 
and KS Nnd HT are the yides of the angle. 
In order to be 'ible to talk about angles we 
BUtit ttgrt-e on n method of naming them. 

The angle iHuntnited at the right might be 
e«Ued ^EAS, or /EAC, or ZBAO, or -^JiHC* 
Sota that the letter at the vertex is always 
written between the letteri; on the rays* In 
cjisea where no coafueloa in likely to result we 
na«e the angle by nemlijg the vertex. In this 
caae, we would refer to /A. 
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lb you tbiok that «v*ry tagXt it eont«lQ«d 
ia mxmctl^ m» pI«M! L«t ui vby thi« aust 
hm so* Slnc« points A, B| uid C do sot Xi« 
ott th« iMt IlM (thiQr not collinwr) th«y 
Mat ll« In txaetXy on« plAn« by Frop«rty 
Thu«| w My t«lk about the gUne of an aagle. 

ggergl ses l^8a 

(Clacf Dlicucslon) 

1« Draw «n angla ABC. 

2* Dd«b the BO^a aaparttt* tha plAoaT 
If aop bow can va 4aaerlbe tha parta 
of tha planaf 

f 

3. ShBda the portion of the plana that 
•ppcssra outside the angle, aa shown* 
Title aheded portion ia e&Uad the 
ej tteg\y r of the angle, 

k. Shade the portion of the plane that 
app^ra inaide the englef aa ahovn* 
Thle al;aded portion ie celled the 
Interior of the angle, 

9, (a) Deacribe the A-side of BC« 

(b) Drsv a nev ^ABC and ohade the A-slde of BC« 

6, (a) DeoQPlbe the C-slde of AB, 

(b) On the figure you drev in part ^Ib) , shade In a different way the 
C-eia** of AB. 

7* Deaeribe the doubly -nhaded region in your drawing in 6(b) . 
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2£ ^ £M C"*^^* off 

If point P 1« lo tht interior of 

15. Hote Umt betweonMCS for rtya 
is •imUnr to but not Identleal to 
betve^rra^ss for polQto. 



^» In the fi|pur« 

(•) n&mc ZZ is two other vsys. 

(b) nsia* thft vortex of 

(c) naw the rays of ^Z, 

Label three points A, 6, end C not all on the Qmt line. Draw AB 

(s) Shtde the C^slde of 

(b) Shade the A-stde of Sc, 

(c) Deoerlba the set that is doubles shaded. 

3f For thtf flgxire at the right, write 
another naoje for 

(a) ^ U ^ 

{b) ^ n 

Tell whetbtjr each of the foUovlsg la true or false • 

(a) The vertex of an angle la 1© the Interior of the angle. 

(b) If tvo rays ara not on the aaoe straight line tliey form an angle, 
fc) An snglc la the union of its Interior and its eicterlor* 

(d) An sngle E^eT» rates Itis plane* 

(e) A point Is in th© iatarlor of an ^ngle if It Is on a line which 
interaacta the aides of the angle* 
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5# (•) Uum* thr«? triglffis that have p5 

(b) Vbat la ^ uH? 

(c) Vh4t lii the l&tf?rsectloB of 
the Interior of /^PC and 
the Interior of ZRK? ^ 

6, Suppout" OB ia tetwees OA »ind OC*, Nnd Q? lis between S and o5» 
Then 

(«») QB lii ilflo between ^ «nd ? , 

(b) ST (^610 between ^ and ? . 

7. Draw /AK. 

(n) Draw ^ f^--/ THyii tftwt^n BA und BC. 

(t) IflUigln** 'ill L^uch Viiyii drawn. How can you deucrlbt- the flgur<f 

9. Dr«w ZABC. 

(fj) In plant* ABC draw fi iVw niy^' with tfnd point h that ^re not 
It.'twecn Bft und FC. 

(t) Imaglm* hIX ^ouch rsyti drawn. How c^n you describe the figure 
formed if RA snd B? art" excluded? 

(Cluji; Dlucuiiolon) 

X. («0 Points X, Y, Hn4 Z nrn non-coiXlnear, 

Oriw u f Igurt* represfcntln^ the union of 5(7, YZ, uml 

(h) Pointa L, M, and N nre colllnear. 

Draw « flisure rf»presentlng the union of Sm, and Gf. 

(c) The figure in |^rt (a) lo culled s triangle, end vc nssae it 
triangle XYZ or "^XYE". le a plane flgun?t Hov do you 
know? 

(d) Uijlng p^rt («*)| write a definition of a triangle beginning 
"Triangle TiZ io the union of 

It*) Id n triangle « simple cioi^ed p^th? 
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Mark 3 &on*eoUlziear points A, B, and C. 
XSraw AS, BC, am! ST. 

(•) Shide the A-filde of S?. 

(b) Stwde tbe B*£}lde of 15. Kame the set of polnto which is doul)!^ 
tihKdedt 

(c) Shade the C-alde of AB. Tho act of points which is fiheded three 
tlaea iu called the Interior of MBC, 

(d) Uaing parta (a), (b), aiuS (c) and the idea of intersection of seta, 
write (i definition for the interior of MBC, beginning "the 
interior of MBC is the intersection of 

(c) Pick ssoBie point P in the interior of AABC. Pick another point 
Q which to not in the interior of ^BC and which is not on the 
triangle either* Does PQ intersect MBC? Always? 



Definition . For any three non*collinear points A, B, and C, 
the union of AB, BC, and AC is called a triangle . 



Locating Paoitions Points 



Below is shown a aeating chart for a class in which the rows, and the 



SEAf 



row 


are niuBbered# 










Kay 


Mike 


Sora 


Eve 


Carl 


k 


Fred 


Pete 


Gary 


May 


]SeU 


3 


Rar 


Ed 


June 


^^ra• 


Paul 




Ann 




Bill 


Don 


Max 


I 


John 


Mary 


Jane 


Jim 


Sue 


ROW 1 


2 


3 


k 


5 



Figure 3 
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I-Voc; the chart we oee tlast Ed zita In Row 2, Sfat 3* This could fce 
jshortent^ to (R2,S3). 

IT we sgree that the nuoLer for the row Is named first eoid tht: ae*it 
aufflb*»r lu named secocd then Ed* a poaitlon is looted by the p^lr of numbers 
i^fl)* In thid way s pijir of nuBiLt;rtj chh btr uaed to locate u position in a 
plant? • 

With the jaao agrt?etnent in naaing the row and seat, Bill':: position is 
located by thu pair {3f^')» Therefore, the jwlr (l%3) and the pnir (3,2) 
locate different pocitionu. Since the order of the pair of nuiabers is inpor- 
tEat ta describing a position, we shall agree to the or . ' , seat) for 
this discuission, 

HxerciGeg 1»9^ 
(class Dliicuiscion) 

1. (o) Who sits at (U,^)? 

(b) Who sits at (5,^)? 

(c) What pair of numbera gives Pete's position? 

(d) What pair of numbers givec Don's position? 

Write the set of nil the number psiro whlr-h correspond to seats occupied 
by girlc. 

CoHiiider the set of students: 

(Fred* Pete, Gary, May, KellJ* 

(a) What do their positions have in comon^ 

(b) Write the ^et or nufiiber p^irs corresponding to these students. 

(e) What do these number pairs have In c^monl 

Write the set of number pairs corresponding to the set of students: 

(Jane, Blll^ June, Gary, Nora), 

State what the nuabcr pairs have In cossnon and what the positions of 
these students hfive in cOTaon. 

5* (a) What is the interoection of the sets of students in Exercises 3 snd kl 
(b) What is the Intersection of the sets of nuuiber pairs in Exercises 3 
and W 
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(■) Find th« B9t of ittidant* having row miaber and seat nussber equal, 
(b) Find m geowtrlc wiy of deicrlblng the position* of thMe atudenti. 

(m) Find th« set of students heviog their ecet mimber greater than their 
rov misBber* 

{b} tow eec you express their positions geooetrically? 



The idea of usiog s pair of nmsbers to locate a position on a seating 
Chart can be applied to locating points In a plane. 

First, draw two ilnea, one l^risontal and one vertical. 



Hot Ice that the four angles determined by these lines are all right angles. 
The point of Intersection of the two lines is to be the sero-point (origin) 
on both lines. Using the ssoe unit of distance on both lines, ve can mark 
off points on each line at equal intervals. 
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The horiaoat^l line is called the X-axis and the vertical line is called the 
Y-txlB. The plural of the word "axis" is "axes*^ (pronounced ack-seeze, with 
%tim accent on the ack). The point of intersection of the axes is culled the 

Now Ict'ii see how u point tjuch ss S in Figure k below can be located* 



12 3^5 
Figure k 

First, dr'iw u v<*rti£^Hl line through S hcj in Figure 5, 



I 






h 






3 






2 






i 






0 


1 2 : 






1 Figure s 



Look at the point where i.^ croasea the X-axio. In this case, the verticsl 
line crcs^ieo the X-axlo at 3. Row look at Figure 6, where a horizontal line 
hao heen drawn through S. 

3 

- — & 



Figure 6 
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K**r*?, the horizontal line crosi:e;3 the Y-sxls at 2, We can now locate S 
by tho vertical line through j on the X-uxic and iy the horizontal line 
tiu-ou^h on the Y-sxis, Vith the afcreecent that the number on the X^axl^: 
ta to be named firot, S Id then located by the nuiaber pair (3,2). If we 
d*?not« t number on the X-axio by the letter x and n number on the Y-axiii l^y 
the letter y, wf? cnn writf 

(x,y) - (:^,.). 

Thus, we have h way of n-itnlns various points in the plane • 

Drawing M point in the plnne when the number pair is given for it is 
f^«Iled plotting the point. To plot a point, we simply reverse the process 
descirlbed above. For example, if we were to plot ("^j'i), we draw the vertical 
line throu^r. ^ on the X-axis and the horizontal line throii^sb 3 on the Y-axis, 
Vliere thiesc two llneij Intersect Ic the point (x,y) « (^,3). 

^1 




Figure 7 
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Exerclgea l-9b 
(tolsfi Hie pioturt b€XQy, fill in this t«bXe, 



B 

F 



• 

A 
• 



D 
I 



H 
• 



C 
• 
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Point 


A 


B 


C 


D 


£ 


F 


0 


H 


I 


X 


? 


f 


? 


? 




f 


f 




? 


y 


T 


T 


T 


? 










? 



Give the tmiter pair for each of the {KSlnts in Exercise 1. 



Point 


A 


B 


C 


D 


E 


F 


a 


H 


I 


jjumber P«lr 




? 


1 


7 




? 




? 


? 



{•) «h«t do points B, 0, I have in conwon? 

(b) What do the niunber pairs for Qp and I have in cossmon^ 

(a) What do points and G have in comon? 

(h) Why aigbt you say that the i^jint (91#91) voiild have sociething in 

cocBsson with F, ar^ G7 
Cc) How fljlght the point C9i,^l) be relate geometrically to E, F, 

and a? 

(a) What do points D, H, at^ I have in coraoon? 

(b) If a point (x,59) has the saiae coesBon property, what ie the nuaher 
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6. Plot the point* located by the number fmiru given below. 





P 




H 


s 


T 


u 


guober Pair 




(6,1) 




(0,0) 


(2,5) 


(0,5) 
















h>int 




w 


X 








Nuaber Pair 




b,2) 











?• {«) What do points Q, V, and W have in coaoKjn? 

(b) If (l,y) \)AB the ^as» comon property, vhat Ic yt 

8- Give B number pylr for a point between P and V that has the Qms&& 
eocsaon property shared by P, R, end V. 

■9. How can you tell by the nuaber pair whether s point is on the X-axis? 



Thu.: far, wu have been ^ble to locate points that can be named by 
pairs of vhoif nuinbers- 



Y, 



3<i • a e • 
?i • 9 m • 



^ ' IJ ' ^ ' I 'i ^ 



Figure 8 



There nve tsany more poiata which can be located In tht? part of the 
pluntf jijiown in Flgiirt? S by using yucfa pairs of musbers as (§>^)# ^) 
and 550 on. In tht is wti;' more und more polntis of thlu part of the plane can be 
filled in until our picture? begins to look like the following. 
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Notict? that thliJ still ^ivt^a us only part of tht» plane. No point to the 
left of th** nor mv point below th^ X-axls has been identified. 

In thr next nections vr Thall develop ^ wsy of locating and naming these 
Other pointn, 

1^10 Coord lnpt»'ti 

In conr,tn4ctin+5 thp horizontal, number line called the X-axia, the point 
of Internfction with the Y-^xlc (point A below) was assigned the number 0, 
A unit point (point P below) was selected and assigned the nuaber 1. Then 
point£i at unit intervals were murkt'd along the ray AB and aaalgned numbera 
ai] ahown below* 

A h C D X • axis 

0 1 ' 4 Try T ^ 

You will see eventually that «8ch point on ray AB con fee asalgned a 

1 5 

rtwbert Si3 for example, the nuod^er for C Is 2 - or and for D Is 
kmS* The nus^era aaslgned to the points on the line are called cQordinates 
of th^ points. The coordinate of point B is 1 and the coordinate of D 
la 1|#8 on the X-axlii ^bove* Vhat io the coordinate of A? of CI 

Sow cons Id rr the oppo;^lte my of my AB on the X-axis* Mark a point 
(poipt F t(»lo«) «t « unit interval to the left of A. The ecK>rdlnate of 

point P ir. 'l (r*'ad "nt'KStiv** one") whicrh io the "oppoeltf*" the number 1. 
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The coordinfiiti' ^i' thv n»'xt intfrv«l point 1:» 'j (mv^tive ^0 wtii n: Ij 
th« **Qppo»lt«" of This fifooesc Is continued uli .shown t<?low. 



^ . ^ . Q P ^ B C D x>> ^xi 

'% '^ "I' 0 1 ; U •., 7 ^ 

In thiy vfjy niiffibers Nre ysiiigtied to ench point on rny AP, for 

•xaapltj, the coordinate of point w 1- " ' |- or - ^ which In th** oppo.'Utt- 

of the coordln'itt* of point C. Wh-jt U; the coordinfite of point R ir it I;: 
thf oppoHitf of the cogrdln^tf o?* 'jalnt D? 

Tht numheri: unsigned to the pointa on h?4lf-line AF nrt* c»ill«-d n»^£*itlve 
nugbe rG , snd the numbers ssnlffmd to pointa on h?jir-llnr AP »irf call<>d 
poiUtlvH number. w The number 0 la neither pOijltiv<» nor npgntlve. 

The Y-sxl.i uiny hf- "pr-ordin-itiz^d" in thi- :'nme w^y 'i- wf*r Jurt rhown for 
the X-«Xii:. 

Kxt'rcli;»>i^ 1*10 

!• DPticribe how pr.r. Itlvff nn^ ne^;*itlvr nuatern suiy bf ^iSRigned coordinatt'r, 
of point;; on .he Y-*ixl£i» 

Keferring tr. the diagram bclov, give t,he coor^ilnQten of each of the pointo 
E, A, p, '.nci C, If r* located ^ the distance from 1 to 2, and 
if B is midway between points with v^iole numbers for coordinates. 

0 1 

3. G'.ve the letter nsiae In the dls^mm below for the point whose coordlnyte 
ic t-^eh of Uu' following; 4f Vs "l, 0. 

_K L 0 M T .JB S 
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1*11. raordjnfitf'^^ in thi' Pi'^n*' 



NO'* th'»t h^y«- H way 'if Mi^nlgnltV! ^oth po'ltlve 'ind nf^g'itlv*- n^aalor:"; 
(coordLn'^tf.;) to points ofi tht.- X-JXi:.; und Y^ixi;;^ w*' cnn eontinu^* with loc:itin^ 
point:-, m V'lriojr f'lrtr; of t'hf' v^''^^*-. 

In tr«' .ir%wlnK t^'iow tn^- nort?.ont**i *ind v^^rtiCNl liner, *fiv nhown 

f«nd thf^ horUontnl lin^^ through P 



4., 



^ 4 



-i ■ 



jO 



4^ 



4 i 



Th' ^ point P 1 loc'ittd bj the 
p'ilr ( ^i,3) where ^* l'- culled 
th<- J^' coordin^t* -ind 1/ e'llled the 
Y-CQordjintt; of point P. Kotict- tnat 
tht' X'coord inNti- of P ii^ n*^^:'<tiy#' 
•md th*' Y-coordlmt*' of P Is poc^l* 




Kor point jOu c.'JH t^.ll Mt fi 

(k.',l'iFie*' th'<t loth eoordlnt^ten 'ire 

Vor point K, vhieh coord i not*' 
I:* po.". Itlv*' 'tnd whi<'h i."- n<'£'jtlve? 
"he coordin^jtr:-- for H 'ir*. {k^ 3) • 

T>ie Y-coordiaate for f. ir. 0. 
WhyV It:: coord In'it*^:- 'jrt' {'i,0). 
Which coord ln*?te of T ic 0? The 
coord incite-?: of T ^re (O,'; ). 



P'l i r of c 
t. 11 l:i 

nnU ^< ^»o 



I'ln*- In rfhl-h 



h point 1:" 'i/rlKnt'd 't p'llr of coord inrit^T- nnd escrh 
oord Uritr - do:- ifn'jtr." 'i point l:- criUed coordinate plMne > We c^m 
!U\ •!. ;.'i;'t t:.. - ^•^r.iinat" plane h p^jint ll^-:, by ^lan-inK st Itn co- 
. For "X'lmpl^, let ? te n point which hur m ne^^otive X-coordintito 
ltLvt> Y-coordin'tt^*, 
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All points with oegatlw 
X*cooi^lf»tes lie tn the balf-pUne 
JC to the Xeft of tbe Y-axis, as s)»aed 
Ifi tl^ dlftgraa. 



All points vith positive 
Y-coordinates lie in the half-plane 
above the K*axls as shaded in the 
diagram* 



All points with negative 
X-coordlnates sod positive V-coordinstes 
lie in the intersection of the two half- 
plsnes. 

Therefore, p lies la the part 
of the coordinate plane which is shaded 
in the diagram to the left. 



The four interaectionfi of the 
half-planes for the X- ax^ Y-axes 
are called quadrsnta . They are labeled 
with Roc»n numerals I, II, snd 
IV as shown at the left. 

^sdrant 
IV 

Tfote that points on the X- and Y-axes are 

in none of the quadrantfl. 



Quadrant 
I 



Kxerclr.f:: 1-11 
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X 



In^' ih*' dl'<^'r'»n 'jIov, nil in ^h<• following'; tiillt-. 





A 






n 


V 


V 


G 


H 


I 


J 


K 


L 


M 




roordinnt'\-'. 




7 


1 


? 


1 


1 


1 




? 






? 







For lh»- -il'i^r'im ^*^iow. In ^usftront I, thr ::ymbol + mvBtir lb*t 

the coorcjlntiter of the p<"* fire both pojLiltive. 









In Qundrsnt 11, tht» ryrntol 


11 


I 




"f-",*)** mt'^nti thfJt the points have 








ni>Vitive X -coord lnut<'i; 'ind porltiv^- 








Y*roordinf*te2. 


111 




Hi* X 


Vrltf thi> nymljolc for tho co- 


TV 




i ? ) 






ortiin^jt<*r of points in ^-^fJirmt III 


( ? ) 




**nd Quadrant IV, 



3* PXot the foHowlBg points ami draw line ae^mentc cojinectln^ A to B, 

to C, and finally » I'roa P to A. [Tlic nofjtlon, A^0,7) ffiesnc 

that A is a letter uised to name the point whofi^ coordinates are (0,9^,1 
A (0,9). B (^,^), C (a, 6), D (6,2), E (2,v). 

K ("^,^0, L ^'J,3), M ("6, 2}, H (\%6). P ,'3,3). 

1^, Do the iSime as for Exerciau 3 for the polntc listed belov. 

A (6,1), B (B,!*), c (7,0), D (lO,"i), E (6,'l), 
F ('^,^), G ("s'n), H {'6,-2), I {'),*2), 
•X ('r,l), K (0,^0, L 

5. (r) Plot the following points: A (7,"3), B ('^2,10), C ("2, "6), 

D (7,7), E 

(b) Draw the line segments.: AB, VC, CD, DE, EA. 

6. WLthout plotting, fc^ivo the quadrants of the points whose coordinateij are 
given helow* 

' (1) 

• ^''^^ {/) ('27,*100) 

7. Plot nil of thu following polntn on ont- ecxsrdinat? plane. 
(•<) A ■) (f) K (. J,, ri) 

'y ^) fh) H fi,-:) 

Jd) I' ' - ^»0) (1) I ("6, . i) 

(f) E ('6, ii) (J) J (0,0) 



Plot »li tiut foiloviug points on one coordliute pUne: 

(t) Br%5,-3-5) W E (0,-1.5) 

(c) C (6, ^2.7) 



1-12. QraphR in the Plane 

Tn«? ctudy of gewtry with the use of coordinates is ceUed coorainate 
ggotetry^ This brench of «ath«aatlcB vss started by the aatheeatlcisn Rcn^ 
Dcficertes in 1637* This Invention ^9 s grest step forward In Bsthaoatlcs and 
mde possible the discovery of calculus which foUoved shortly after. In this 
section, you will learn seme very isiople coordinate geocsetry. 

Exercises l^lga 
(class Discussion) 
On t.he coordinate plane below, we have drawn tiw line i through the 
point A (0,0) and the point B (5,5). 
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PJnd tho coordiaatec of ^iioaw other polatr, on IhU: line. Copy un i 70mpX<. 
the tnbli; beiov: 



Point 


A 


B 


C 


D 


E 




X-L'cjorcJ Inatc 


0 




2 


? 


? 


f 




0 




f 


f 


? 





Wl«it do you notice about the coord imtco or thozv poim.r.? 
Sow tr/ flc^ points whose cgonlinutc:: art- m^t Into^t^rc (Uw ji * r 
Integery conzizt:^ of tiu^ numtcr zoro, thv i-oimtin,: nunV^.-n:, -inJ t}.t' 
oppoiiitefi or the cTOimtln^^ ni;mi,.rro). EuUnwtc tU ooorJinstU^; ur .-ioi^eiy 
fin yotJ r-pn* 



Point 


G 


H 


J 


K 


L 


M 


n 


X-coord imte 




? 


1 


f 


? 


? 


? 


Y-coorii inatc 




? 


? 


? 


? 




? 



Ooeo the a^mo relation U'tvcen tho X- and Y-L-oonJinatcc thMt you noti -tH 
Lefore iitlll i:eim to hoLI? 

Whnt ;io you -onelude fibout iIk? i-oonna'itc-:: or pain-:.-, on thin line* 



You iihoulcl h^ivc noticed that for all the pointB that you checked In the 
lact ejuuaplt', the X- and T-coorUlnatec are equMl, TIiId rtilfitUm hoXdc true 
ror Jill |>olntu an t.hU; lint'. Do you suppoLe Ukii ull pointc with X- uud 
Y-coonJlnatea equ^l will lie on this line? Try to find out. pio' these 
jK^lntD on tlw «bov«' ^:r*ph. 

Si ' 

Do thcce points ceeis to lie on the line It is truf tJial >jX1 polntr yhoi-.t- 

X- Y-coonilnatt-c are equal lie on the line #• 

n^r^ iti inothtfr wsiy of looking at what you h»v<» Jui;t dewlop^- l>t 
(w,y) be M point najiewhere in the plane. If y = then thl^ point 1 If m 
oti line Tf y |f x, then thi;: polixt doeii not lie on W*' cnn think of 

tlie line I the "picture** of the equation y = Wf srjy th^t I ji; the 
grayh o f tju^ equ>ttlon y j^ * 



!• Plot points ("l,"!) aod (6,6), and draw line | through them. 

(a) Is the point I , 2 ^) on I? 

(b) lo tl^ point C"100,*100) «! £f 

(c) Is thf point (7 ,71) <m I? 
{d) la the point (*^,0) on If 

(e) If Cs,b) io on I, wh?«t oujt be true about the nusibfrs a ara! bt 

(f) If (c,d) Ic not on i, what muct be true abcnit the numberc c 
find df 

(g) If X La 2B£ nuinb*-r, U: the f^lnt {x,x) cm if 

(h) Cnn you fiiKl a m4s*<?r n for which the point (n , n^l) io on il 
Think of point£} whose coordinates »jre (5,y). 

(h) Plot (5,y) wht-re y U 1, 

(t) Plr»t (5py) whtfn- y l.- 

(c) Plot C5,y) whe-rtf y | . 

(d) plot (^>,y) where- y Ifl 

(e) Plot f*>,y) wbf-re ^ l-j 1* | , 

(f) Diicribe where theue points lie, 

(g) The gnph of all points whoue coo^inbtec nr^ (^^y) is 
3. ThinK of polntfi whose coordinates are (x,U)« 

(h) plot ix,k) where x ly . . 
(b) Plot fx,U) where x Is 3 1 • 

(e) Plot (x,4) where x io "3. 
(d) Plot (x,l*) where x lii 0. 
(«0 Plot (x,4) where x is 

(f) Peecribe where these point» lie, , 

fg) The gmph of all points whone eoordln»t<»s 4re Cc, k) Is . 
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If the lines for E^cerclses 1, ?, snd 3 were drawn c«i the syme coordinate 
■ plant?, what would be the coordinates of the point of intersection for 
tht? lines formed in 

(h) Nereides I ttnd 2? 

C*^) Exercises 1 and 3? 

(c) Exercises 2 snd 3? 

Draw the line through points G("5,5) and H{5/5). 

(s) Point J has an X-coordlnete of 2, and J is on "gH. What 

is the Y-coordinate of J? 
(b) Point K on "CH haa Q Y-coordinate of 'j. What is the 

X-coordinate of Kl 
fc) Find the mlseing coordinates for points L, M, N ^nd P which 

lit? on CK. 



Point 


h 


,M 


N 


P 


X- Coordinate 




? 


111 




Y-Coordinate 




"3 


? 


? 



Pick two points A iind B in Quadrant I for which the X-coordinate 
ir. twice the Y-coordinute, Plot tho:3e two points, and draw AB. 
(n) Id the point (i,6) on AM 

(b) Is thf point (6,3) on AB? 

(c) Is the point (.^0,iO) on Wl 

(d) U the point (2n,n) on AB for any positive numher n? 

(e) Is the point ("o,*3) on AB? 
fr) I;; the point ClOO,"50) on ^? 

fg) Is the point ('rl*,6Q0 , 'l:%3^5) on AB? 
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SegtlQB 1*1* 

Tl» pt^gleaX objeeta around us surest the Ideas regarding shape 
sfid size which are studied in geometry. 

We think of points as definite locations and space aa the set of 
all points. Geometric figures are yets of points aw3 therefore* are 
sublets of space* 

Section l'2n 

A line is a set of points suggested hy a stretched string. Many 
lines can pass through s single point. 

Property 1. Throxigh any two different points in space there is 
exactly one line* • 

Lines are named by identifying two of its points. 

If two lines intersect, they intersect in exactly one point called 
the point of intersect ic»i. 

S^-ctlon I'j. 

A plane Is a set of points suggested by s flat surface extending 
indefinitely in all directions. 

Property If two points of a line lie in a plane then all of 
the line lies In the plane. 

Pro$^rty ^* For any two points in space, there are many planes 
which contain them. 

Property j*. Throu^ ar^ three points^ not aH on the same line, 
there is exactly one plane, 

A plane Is named by Identifying any three of its points not all 
on a line. 

Section 1-^. 

Wheo two lineii intersect, their Intersection consists of exactly 
one point f 
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When the intersect ton of two lines is ea^sty, 

(a) they «re cAUed paraUel if they lie in tbs oaoe plane. 

(b) they are caUed skew if they do not lie in the same plane • 

Section 1*5 , 

TbM intersection of a line and a plane say 

(a) be empty, in vhich caee, they are parallel, 

(b) coixaist of a aingle point, 

(c) or be the line itself. 

Property ^. if the intersection of tvo different planes ia not 
etj^ty then the intersection ia a line. 

When ve say that two planeo are paraUel ve mesn that their inter- 
section is the empty set» 

Section 1-6, 

When we say that point P is between points A and B, we mean 

(a) B, and P are collinear, at^ 

(b) on their line the points are in the order A, P, B or B, P, 
Definition, l^e segment AB its the set of points consioting 

of the two points A ami B, and all points between A and B. 

Section l^y , 

A jMth in a plane is a set of points which can be represented by 
making a tracing with a pencil on a abeet of paper without lifting the 
pencil, 

A siaple closed path is s path in s plane which starts at a point 
and returns to that point without crossing itself. 

Two points are separated by a path p in a plane if the two points 
are not on path p and if every path connecting the two points inter- 
sects path p. 

A siiaple closed iieparates the plane into two parts called the 
interior and exterior. 

A line separates the plane into a pair of opposite half -planes 
or sides. 
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A point on n line ^eparatts the lln« Into a pair of opposite 

A plane separ^teo ppiice Into two half -spaces. 

A rty la « half -line together with Its boundary point. The 
boundary point la called the endpolnt of the my* 

Wo oppOiJlte hBlf-llne3| each Joined with the common boundary 
point, fom a pair of opposite raya. 

Section X^8> 

Ati unfile is tht; union of two non-collinear rays having the same 
^ndpolnt. 

The interior of ZABC is; the intersection of the A-side of S5 
und the C-slde of 

If point P i;: in the interior of lABC, we aay that is 
betwcf^n &A and HC. 

D»-finition , For any three non-collinear points A, B, and C, 
the union of AB, BC, and AC Ig called a triangle. 

U<.'ctlon I-9i 

A i30int say be located in a plane by a pair of numbers (x,y) 
utiln^ an X-'*xlti and a Y-uxii:. Tlje order of the pfiir of niaahers is 
important. The pair (P,35 and the pair {3|2) locate different points. 

Section I-'IQ. 

Tht* X-'txis io separated into two opposite half-lines hy the origin, 
the point of Intersection with the Y-axia. Pbsitive numbers are 
HGGlgned to all the points of the balf*llne to the right, Negative 
numbers; are aualgned to all points on the opposite half -line to the 
left ay oppociteo of the positive >iufflbars. Positive and negative 
nusBberu are aaisigned to points on the Y-axis in a similar manner. 

The n\«nber» assigned to the axes axr called coordinates. 
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WlUi tht' acaignlog of negative numbers to the axes, points may 

be located in aay part of the plane iy pairs of nuobers (x,y). The 

auafccr x io cslled the 2C«*coordlx;ate «nd the nuaber y is called 
the Y -coordinate of u point • 

The coordinate place is a plane in which each point U assigned 
a p^iir of coordinates and e«ch pair of cc^rdinates designates point. 

The coordinate plane is separated into four quadrants h2 shown 

at the left. In e'lch quadrant 
the X* and Y-coordinates of the 
points are Iwiicated as positive 
(+) or negative 





|2 


Quadrant 
II 


Quadrant 
I 




(*,^) 


Quadrant 
III 


QuQdrant 
IV 






i>ctlon l-l;^ 





Points whose X« and Y-coordinatcs are equal lie on a line 

Then for any point P(x,y), if y . x, P is a point on i, and 

B ii'y the ret of r^ll such points. Wc say that I is the graph of 
the t^quation y x. 

In this wMy various lines beccsse graphs consisting of points 
biving X- and Y-coordlnatetj related in certain wayi:. 
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Chapter I 
SmJCTURIlK} SPACE 



1-1 # Introduction 



Oeooetry is approached h^re « subject that la b««ed upon or modeled 
frow our cuperieoce with physical iipace. The f?tudenta by now hive gained a 
siuhstantial aaount of experience and knowludgt.- about the <dhape, fona, and size 
of -ajrloua phycic^sl objecti; in their surroundings. Reference should be cade 
contlnuouijly to this background In developing geoat^tric ideas. 

The basic concepts of geometry point, lint:, plane, tspace -- do not 
actually appear la the physical world but are ide^K that are ouggeoted by 
varlouii physical objects. This 11; the theme carried throughout as other geo- 
metric flgureia are formed. Space Ic Idealized «£3 the set of all pointo and 
the various figurt^a an' formed as subjietQ of points. The way in which the 
flgurec are formed detennlnea the structure of our apace. 

The JtructurluE >r npfice ii; pr^^sentud Hi: n dynamic process of formulating 
the propertiet; or churacteriutlea we think our cpHcv ishould have. Each pro- 
perty checked for con.Hstt.-ncy with .ur knowlt^dge of phyr.icul spjce. Thece 
propMrtl^»n provide h hfinii^ for r.yi;tem«tlc^illy organizing ou^' knowlt'dge and 
for focuiilng on thv r#?ally fundaments! **lement;j of our structure. 

In a coordinate r.ystm, points are sniiigm'd number;: in n cystem^ttic way. 
Consequent 1:^, w«- can represent geocnetric ideai^ numerically and r.tudy the prop- 
ertlos of i'(*ta of pointii (flgureii) by me^int: of numberi;. Later we i^hsll atudy « 
the properties of nuaberis by meana of our mod«l of space. Furthermore, this 
sqU the ;:tagi- far the ;jtudy of the important iden of fun^-tion in the nert 
chapter. 

SxerclGei: 1-1 (Clu:.u7 DiscujiJlon) 

1. Ther^ ar^ many poijcible completloni^, including: 

• idea;: buuod on the ^izc^ .;hape, and location of physical objects; 
... tm6('lij rc^jultlng from experlenceij with phyolcal objects; 

... relatiomi among poiate, lines, and plaaec^ in ypace; etc. 

2. Gi'CMOtpy dealu with ideaij which are suggeated by physical objects. 

3« A knot on u thread, 
the tip of a pencil, 

the spot where the comers of k floor tliee meet, 

• ♦^tc, 

5!) 



02 



ERIC 



kt Very definite location, ecpacially a model on chart fro© po«ltlon In 
the ph^^ical world* 

5, It could not have aize, becau-e if it did the location it represented 
vould l^e indefinite. 

6t what it la tuade of 

color 
texture 
weight 

^»tc# 



^-^"^^ Qnd Point 

Tht? fundumental relationships tetveen pointo and lintjs ere studied in 
this iU'Ction. W»' yrLept slj a ba.;ic characteristic of our etructure of space 
thot for Mny two point j In iipace there one and only one line that passes 
through th#»m. 

llie Qcceptnnct' of thii: property lead^s to a rather eurprisin^ result. 
It can be argu^^d from Property 1, in done Infoxwlly in the clasc discus- 
r.Ion exerciiieij, that two lineti eannyt intt-rseet in more than one point. This 
In the riri:t fncounvr for thv student of en argument or proof presented very 
informally. It II- nn indirect proof, but the technicalities need r*ot be dis- 
c\iiised# Vhiit i^udenti: will see the reasoning that If the assus^tion of thece 
being two points in the intersection of two lines gets us in trouble (l^ds to 
a contradiction) then we should die card the assumption. 

Kxerelgjgs I'^'/Ih (clasj Discuasion) 

1# (a) Thy Interiiection m thick and fu2zy. It isimply looks like there 
is more than one point thert- . 
(b) Since A and B art* contained in the intersection of £ and «, 
then 

i contains A ax^ B 
and m cootsins A asid B 

1^0 both I and m contain^ or pass through^ points A and B« 
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c) T^c- ii'^^^mi>tion tlwit thi-rc tvo poiiitB in the intersection it..«d* to 
th*.' rcjuit tliut two lUieu may f^^r. through the ;jH«e two points. 

Prop'^rty I, however, iitatec that only one llm^ may p^ui: through 

two polfitki* 

Thcvu tvo utatecujot:; cannot toth ttr trut> i;o one of th*-m ia fttlae* 

If we a^^ree that Property I ia true, \tt^ muat dlccard the sssuc^tion 
that there two jjoLntc In the Intersection and agree tJmt i and 
ra intersect in Jutst one points 

If th«-re were moro than two pointij In th*' intersection, thingr, 
would "Vf-'n wor;;e; 

Px-operty 1 would ;;till tr contradicted. 



ArK-.v^Ti. wUl '/ury. Po^iUbilitlv:'. include; 
tht* lln^' of .:l^.:ht I'rom >'aur -ye to u "tar^ 
s thin I'i.uT h<-nmg 

tht.' lnt«T::' Ctlon of b wjII ^md I'loor, 
*ftc* 

(^) ^jnd (b): i ' fiumc:;: A^, HA, AC, CA, AD, DA, hC, 3, b5, 

(h) Th**re yre syiny wayn to name AE, K?, and 1{B , 
(c) AK ^ind 15^ Intercect in point h. 

KF lind HD intt-rsiect In point Q, 

aF imd hS int<Ti'ect In point 

rtud^'nt fiellvlty 
(t) Ah, AC, AD, HC, ~, CD. 
(c) o 
iO 





6, 


(b) 


B 








(b) 


D 








(c) 


E 






7. 


(«) 


s 




n 




(b) 


1 


and 


m 




(c) 


p 


arKl 


n 



1-3. Planei3 

In this cectlon scscie very important structuring takes place, Esch of 
the three properties stated here needs aooe demonstrstlon to sshow that they 
«re fundamental to our experience in phy^lceil space. 

The er-sentisl siesssge of Property if la that if o plane cont«ins two 
points of £1 lin<? it cuust contain bII the points of the line* Hils means that 
the line and plane are then irrevocably cocsaitted to each other and will 
cover part coffipai>y. This ties together our idea& of the atralghtness of Ilnea 
und the fltttaetiis of plsneo. 

7\w deisonstration with three finger tip^ and cax^board Ig helpful for 
developing Properties 3 «nd Show that ^ere are guiny positions for the 
cardboard fixed to one finger tip and to two finger tips, but that there is 
only one position for the cardboard when fixed to three finger tipa not all 
on the saae line. Since mn^ planes may contain a^ two points it follows 
that m£4ny planes aay contain the line detensined by the two points ♦ 

The exercises offer an opportunity for atudents to give reasons or provid 
an Infoncsi argument. This will help the students to become aware that these 
properties are quite fundamental and lead to iaportant resulta. Also, the. 
utud^^nts amy begin to get an inkling of what is a structure of ideas. Note, 
particularly, Exerciseu 11 and 12 in which students are asked to show that s 
plane Is determined by a line and a point not on the line, and it2 also deter* 
mined by two intersecting lines « 

It is hoped that sti^enta will become tirecj of saying, "cot all on tbe 1 
«a«c line"# ThQ^ will be rt^dy for the tfirmo ''collin^r^ and "non^colllnea^ ,j 
which are introduced later In Section 1-6. 
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l« TlJ«f eada of tbs? 5 legs (of the a tool or tripod) c«n te Uiuught of ftfi 

3 polnUy aud Property k tiX^tea there la telvtiy;:^ i» pl^nc ccmUiinlng thm* 
Therefore, th^ j can always be twid'* to n ut flut on the f Ic»r» 

(a) yen 

(b) yea 

(c) no 

(d) no 

(«) yt?s 

(b) yee 

(c) yc'o 

(d) no 

k, h plFjnea: ABC, AI3D, BCD, ACD. 

{^) AB ttnd uri" in pl^no ABC by Fropt^rty <\ 

(b) Psrt (a) »;huwi; K and 3 «ro In plfinc ABC, and Property aays 
that ui^ H Ti-sult RS li: In plaiu' AbC. 

6. {«) Puintjy X, Y, find Z lU* on the ame llnw. 

(t) Point:: X, V, and Z do not lie on the uame llm?. 

7. (^i) an infinite number 
(l') exactly one 

6* (h) an infinite numb^^-r 

(b) an infinite' number 

(c) exactly on<? 

'h Many planec ^ay contain thi* two points A, B. (Property 3) 
Each of these planes- contains the line (Property i^) 

Th»'refore, isany planec eontnin the line 

10. If the surface were a plane, then the line AB would be wholly con- 
tained in It {Property ^0 . Hlnce ^ inter;jeet^ it in Juot J polntn, 
the ^surface could not be « plane. 

41. The 3 points A, B, and C lie In exfeictly one plan© (Property k) and 
AB lliic ijj it »liJO (Property ^j)^ bo ^ acd C 11c? In exactly one 
plane. Th«'' pl^iP^ could mvt^'d plane ABC. 
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1'- fv E>^Tci:;f' 10, Xf and C . li.* In ' XMctl^f one planup «iid ly ProfH-rty 
An 11.'.: In It filr.o. "n 'TfTon , and AC 11*^* In f-jmctly w 
pl'in*'. It e^uld b«' num«*d ^l^mr AhC, 

^t) Arii'w*'!-.: m'<y I*' '^ny coisblnfitlon of ^ I»'tt'T.' from fr,D»K,Fl. 
(c) Anr.w* ri: ffiMy b*- any c<»abliUit : on of 5 l^'tti-r?; frw lAjf-jO,!!). 
fd) An: w-r: nviy t»' ^iri^' comt ln-ithm of ^, U tttT/: Vr m fApl'.r*,!)^. 



K'vl' W r ,r ..tud' Hi: thf a.:- »r br'ic«';i, 0^ for :-.i*t noVitlon. Tl..' 

oth' r • 'Xrirrif ii" I'ir find inn Int* r; vrtlonr ^'f .;<»tiJ. 

ii^IL!:.; l.' t A ( ',,7,li,I^p) 'ind 1^ - f^4,T,10,l-J, then A H B (7). 

It l." v« II to introduci' t jth .;yistai;, Tor tlu* tmpt.v r»a "j^' -^nd "(T, 
t "f^'j 4 th«^/ 'i.'-' I jth -nciurit. r« d In mfitb'njutlr/. t^-xttxiohi. • 

fViifjt Hit Mi'if th- Iiil' r "ctlon or 'I p'iiv Qi .■*'t,: ii- -ilk-i^.: j .:rt, Al.;o, 

' h'v tr/'.v titit !nl' r «'rrt. 

hiriil^ l 1 in* find .^K« w iln«i' '4n Introduced h' rr zinc** th'-rr ar< tvfo 
po-wilM lit for ilfif ; wh!r*h dn r*at I nt'*rrf^ct. 

t t in ' Tir T.wfj i ifi' , . 

In ri *u. I.;t on rl^^id eonformlt^ with rcf^fntct to tilwu^r- uning I racoc 
whi'Ti rt pH'. "ntlrif^ th'' r^/ult. of fonaln^, th«' union or int^Tiit-ctlon of ,'rtii. 
It i, Ui* <'^auv|.t rff »;" iftt-r hrr*- nut tht- notation* Hopt^f ull> , th^^ ^-tudontr 
will Mequirr- th<- T-p'^p* r ti'>^'irlnn oliit rvlniT th" tf^^ichf-r and th*' t«xt# 



1. U) (U,1QJ 

(b) {John^Frink,Allce) 

(c) (AiLsv«rs will VQry«) 

(d) {Jul^ Hh! 
(«^) 0 

2. (a) (P) 

(c) 0 

(d) (C) 

3. {«) Aoy i rrois 2f, ST, 

(b) its', TIT, and ED*. 

i*. («) (D) 

ft) 0 

fc) (Al 

(d) (H) 

5« Kot 8lway;i; If tht.'y do tiot 

not p^r^ili^X ] int'i: . 

6. («) Intcrut'ctln*', lln***) 

(b) p»ralii'l lin^'i: 

(c) akew II lit/;, 
{d) Kg 



tlf in 



l)Q not It- 

in i^umy plant' 





Do not 


















(d) 


(c) 






(impu;^.. lilt;) 


lim'f. 
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Intersect Idu;^ of Linet; and Planeu 

Thin uuctiOR ia a contiQuatton of \\om linoa aod r*»ces may be related to 
««eh other In tc-ma of their posaible lntc»rsectiona • 

A Itfiv and tt plant? um^ bsiVe tiu? follow log pousitle luterst^ctloaii: 
(i) the eiapty iiet, 

{ ") thu uet coniilsting of a aingle poiut, 
(3) the line ItLicdf, 

lu tht? c'tiiv wht'^re Ur* interjection of a lin*.' and a plantj is the line 
iti;elf^ -lonif additional explanation may be neceshiary. Note that in thiy case 
tilt' lUu; lic'i; In thL* plant, or in other wordj, ii^ a aubaet or portion of the 
f;Ianif. Euch point of thn line then ic cc^aaon to both the line and the plane. 
Ii. generul, wht^n^vt^r A 1^; n ;^ub;;ct of h then A H B A. 

Examplr ; U-t A - und b ^ {l,:^i,^,5} . Clearly A 

y ;,^ub::et of Then A A B * A. 

rhe oiti.;:: diucui^jlon <'xercljei2 pre^icnt u very Informal argument that if 
two piun«;j IntmiL'Ct they mui^t interiject lu a line. 

?wo pi.-int';: thi'n may h^vr the following pooslble intersections: 

( i ) th*' empty ^irt ^ 
( •) a line - 

VhK' rx'^rciii'-j provld*' opportunity for the stiulent;- to explore the 

vuriou.: po.;/. lb) 1 it! ?ibout how i lne';j and planets are related. 

Ext.'rcl;.;f-L; I-^i {nia::;' DI;;CU;^;;ion) 

1- rJo; ■^inct' thv plunfv> do not iitop ??t the vd^vLi of the ssheetii of paper, 
th*' Int^-^rcection of the planes will contain more than ,5u3t the single 
fH^Int common to tht- ^iheeti* of paper. 

(a) A and h lie in both planes # Property 2 suyi; that, a result 
m\x-^% li" in both planeu. 

(l) Property k and especially Exerclije 10 in (l*3) show thtit ^ axvl 
sny other point not on AB aay lie in exactly one plane. There- 
fore, they could not be in the intersection of (or be couaaon to) 
two different plaaea# 



Exerclaes 

1, {Auawera will v»ry.) 

2. (•) (M) 

(b) it) 
<c) {B} 

(d) «i 

(e) AB 

(f) 0 

3-. (a) Any I from among planes ABE, CIF, ABCD, BCfD, and EFI»i (Each 
of the loot 3 say be nsaud ty any combination of 3 of the four 
it?tters BM?ntioncd hure.) 

(c) AD and ^ 

(d) plane ABE and plane C£F 

(e) pi«ne ABCD and plane CIF 

(f) 3 poseible an;;wuri3: AE and plane BCEF, BE and plane AI^F, 
or FE and plane APiE. 

fg) plant' BCSF and cither BC or EF.' 

(u) CF , 

(t) ih) 

(c) (G) 

(d) fH) 
(e) 

(f) ^ 

(g) EC 
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0- (^i) Pbmea FPGH and AHCK» ('^*^ utud^^nti; atfii that If pointc 
D, G, ami H art* in th^* uujne plane, th<?n that plane crCK 
could be une of th*' pair of punnets which inttfr^ect in W^) 

(b) Planea ETOH and b^^KJ, (A.s in part (a), plane AWC could be 
lnclud€»d.) 

(c) Any two fra» tm sm^ plumed ACK, m:Bf nnd TtCK, 

(d) Any two ft^m Fjmong pl^innc DCGH, ECBK, and ACFH, 

(Thr fact th»jt D, G, find H all lit' in the ::.am^ plane may 
prompt di::cuj.;Ion which in te.;t h/indird r<L'fvrring to a physical 

6, Th" Un-- I m'r^ li*- in thf pi-m*-- m: i f^m f» 

Thf^ I In*.' i intt. r;.f . ct th" pisnr m In ono point P: 

i n m . fp). 

Bm' lln*- / mny I r pHmlifl to pl^ntf m: I n k " 0# 

rh" tw:-5 rl'in*':^ TTwy Intr-rr.LCt: their I ntcTiivction i.: u llm.-. 
i'i*" two jii'in»*.i m t «' p'lr^iilt i: th< ir lnt<'m« ctlon is j^. 



V^tw '-nn* r?r puLnt,; h?i ; n v^r^ L;pi^c;al mcnnlog* Thu word "trtwp«n" 
1.. i..f"l mij for thnx point;; thiit iio on a lint, 'V\n^ tvm "coU-lnear" ic 
lntmdur"fi nt thl ■ tino nnd 1/ u.vd in th«- definition of betwconnciii^, 

Tii«' cnnc^-pt of > ^-twiTmiiM.i Ii- nt^fHSf^d to defint' n : ^«j^ment and itn ui3e In 
th" definition r.-;iuitJ In a M*^^nt V^'Ing a ::ubcf:t of a line* Since a segment 
unlf]u* I;. d'a.MTnln^d ly It.: ^•ndrJInt^^, a i^fgmiint Ic namt?d fcy Ittj t.'ndpointj. 

1 * ( 'i ) no 
(t.) y.-:: 
(c) yj 

1^, ft), 

ff) ftn 

(^!) no 

(h) fM,I,Tl, IM,C,K1, rM,H,M, (^S^fH), f'i",K,Dl 

6^ 



3. 



5. 



7. 




(b) A lie^ect* 
For exasple, 



A B C 

The word "between" in the def iuiticm of a sesmemt requires that the potnte 
of a i;egment lie on a line. 



C A 
A ic betwt?en C and S. 

(a) ZJ, ZY, Z?, 

(b) 3 are shown 

(r) lev, XV, YV, snd ZY 

(d) i3z n vv [w] 

A?.i*wors; wili vary. Here arr two drawings 
B 





A B X Y 
(b) Inflnttely many 
(q) exactly one 

(d) f>»xactly or*v 

(e) No. See 7(a) above « 



A'/, AC, AD, BY, EC, BD 
all contain points 
X and Y, 



R mu&t bt* between P and Q 



an > PH 
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1*Y« gg^a ration 

The Important idea of iieparatlon is Introduced through th« intuitive 
notion that two points say be separated by certain Hindu of paths. 

Flrat, the concept of paths in s plane la developed. Then these sre 
classified so that the meaning of a simple closed path is clear. A olmple 
clotsed path aepn raters two points that do not lie on it if every path connectlnfi 
the two points intereeetc the liliqple closed path. 

In the class dlscuiislon this idea is pursued further until the get of 
points called the interior of the simple closed path Is Identified. If you 
wish, you isay continue and Identify the set of points called the exterior . 
It Is important that students se*j why some paths do not separate certain points. 

AfttT the clasu di scuds ion exercises 'the students are ready to exsusine 
the separation properties of points, lines and planes. In each case there is 
a boundary, a point, a line, or a plane, and two parts, called appropriately 
half-lines, i;alf -planes, sind half-spaces. With half-lines introduced, a ray 
can be id^'ntlf led as n half-line togothcT with its boundary- point. The con- 
cepts of opposite rays, opposite half-lines, and opposite half -planes or sides 
of a line ar«» lmport?jnt bfcau^e tht-y vUl be used quite frequently. 

KxercLsen I -7^ (Class Discussion) 

1. (a) 0, P, R 
(b) L, M, ^ 

M id) 
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X and Y art; not separated b«?cause there is a path fnsa X to Y 
which doea not inter^^ect the sloiple open path connecting A and B, 

The path from X to Y can 
"go around" the path conntjctin^s 




A and B, 



Let students -draw an exasopie* 

If X and Y are any two points in the plane not on a segment Jb, 
X and Y can be connected by a path that does not intersect Sb. 
Therefore X and Y are mt separated hy AE* 

7ho path frtm X to Y can 
"go around" the segment. 
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M rv (b) n (c) I (d) III (•) n cr) iv 

(g) IV (h) I (i) in 

(•) Yes 

{h) Yes {I^ Qmn t>e tHoug&t of a path.) 

(c) C and D mat be marked oa the oppoisite side of A. 

(4) £ aujt lie on the came side A* 

(e) ?vo points P sad Q not on m line I lie qd opposite sides of 
I If and only if PQ intt-rsecta |, 

(f) Two points R «nd S not on a line i lie on the same side of 
i if and only If R3 does not intersect i. 

(g) The- ''segment teot" In (e) works for the "vlggly" path to tejit for 
points on oppoaite sides. 

The "ueenent teut" in (f) for points on the saxae side does not 
necesiiarily work for "wiggly" paths f 

Example; A and B are on same side, yet Ah intersects path. 






Segment 


test vorkc only for linei3* 






(a) 


three 




(b) four 








true 




f^lse 


(c) 


false 


(d) 


true 




true 


(f) 


true 


M 


a point 


(b) 


a line 


{c) 


a plane 


M 


fulee 


(b) 


false 


(c) 


false 


id) 


tru»' 


(e) 


fal^e 


(f) 


true 


U) 


false 










{«) 


three 




(b) four 






(a) 


true 


M 


falGc 


(c) 


true 


(a) 


false 


{«) 


false 
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B 



5S n eB . (cj 



(b) SI nl7« {B} 

(c) iX n c5 « 
(a) n 5S « CD 

BRAINBUSTES #1 

See If students can find two answers. 




path p does not 
fiepatrate surface 
of a torus 

BRAINBUSTEB 

i * 1 ^ ^ ^ 7 



path p does not 
tjeparate surface 
of a torus 



tbff boundary of the 
patch doea separate 
the svirfftce of a torus 



22 



(even nwber) 

Since the child atartc froa inside the park ana his path intersecta 
the park boundary an oven nuniber of tiiaes, you would look for him inside the 
park. 
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1-8. i4ngles 

To develop the dffflnltlon of mn angle It is neceisf ary to review thr con* 
cmpt of uoloo of s€ts# "A U B" Bit*&aa "tlie union of seta A wad B**, and 
the union consists of «ll the sembers of both aete. You sight provide soaf 
tfxmfiples* 

Let A fl,i*,7,?} and E - l^,k,6,-^) . 

Then A U B - {1,2, ,6,7, 9} * 

The two c^tB in effect are "Joined** to form the unlon^ 

An snglt? i^ now defined qs the union of two non-colllnear rays having a 
coBBDon endpoint. Since sn an^le U dete rained by three non-colllnear points 
with one of them de^iignated as the vertejc, we can use the three points to name 
the an^le. The vertex Is alwayb named in the middle. If an angle ic named hy 
three points, we can naae the rayn that form the angle* For example, ZBDC ic 
formed by tht» myix S and DC. /BDC « H U DC. Since the three non-colli* 
near pcintfci which determine an angle also determine a plane, we can speak of 
the plane of on angle * 

The requirement that the rays forming an angle be non*collinear eliminates 

straight angles" and "zero angles'*. The rea^ion for agreeing that an angle 

cannot be the k;ujne as a line or a ray becomes apparent in the class discussion 

exereit:eii where Interior;; Bxyd exteriors of angles are discussed. 

Two non-colllnear segments with s common endpoint swy suggest an angle 

although the ra^^s are not shown. For 
example, the two segments AB and Jc 
shown St left suggests the angle ZBAC 
even tiK5«;gh t&e rays AB and AC are 
not shown* This allows us to tell 
later about angles of triangles and 
angles of various polygr^ns* 

Betweennesa for rays is defined* If P is $ point in the interior of 
^C, then AP is between AB and AC* It might be well to show an 

example whe^ the ray is not 
hetween 0 and AC ss is shown at 
the left* 

P 
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In tb*? flniil claiiiJ diacuj^ion ejccrcti:t?a tfac definition of a trlaofsie I 
dtfVfclopt^d »nd the int^-rior of & trian^i^ u uhown to U- thv intc-r^jection of 
three half-plan^o. 

Exerelfien l»6a (Clasu Dlscuaision) 
X« Show drawing* 

1-^. Yesp 'i\jo partG of the plane can be identified ao that evury path from 
«Qy point In one p«rt to »ny point In the other pwrt intersect;: the 

The pnrt;'. cun If deiscrifccd so the inuld*? p^rt and the outuid** pnrt, 
3. pone on dr^win^. 
Done on droving, 

^• (fi) Th^ A-t:ide of hC io the h^lf-plane With boundary ^ which 



eontalni: point A, 
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?• The douiilj ahid<KS r^^ion repreaenta the iatej^aectioo of the tw b«lf- 



I. («) ZXZY, ^2X, /XZV, /VZX 
/WZY, ^YZW, /^VZV 

' fb) 2 

(c) 2x or "3 ai^ ZY or ZV 




The doubly iJhaded part represents the Interior of ^BC. 

3. («) /P^iR or /RQP 

(u) falae (b) faljse (c) false 

(d) true (e) false 

5* (a) ^SPT, ^SPR, /S?Q 

(b) ^ u PS - ^QPS 

(c) The Intersection Is the interior of /RPS« 
6. («) OB is also between ^ and CK?. 

(b) OX tu also betveen OA and 0C# 
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it) The ftguro foraed would he th^ union or ^ABC and itii interior. 



8. 




or /ABC, 




L M H 



(c) Yt-u. AXYE q plynt- figure bi/cauue the I3t*gment6 X7, Y2, and 
XE lie In the plane detersdm^ tl)€ tlirsa non'^coUincBr points 
X, Y, Z. 

(4) TrlaogXe XXZ Is tt4' ui*lon of tho ^H^^i?titfc^ «sia 
(X, Y, Z are aon«colllnt!ar) . 
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It run he traced jtdrtin^s «t a point tttud enditi^ at thf cwmv f^oint 
without lifting the pencil from the p^iptrr «nd without thi- path 
oro::uiDg it.stjlr. 




(t) Thi- doubly .-hadfci part repreiwntf tht; Int^frior of /ACB. 

(c) ' Ti.f li'irt .-.Jiaaf-d thrt-e timvi; Ir. th^ intt'rlor of AABC. 

fd) For thnc non-coil inf»r pc^lntc A, h, C, tht» interior of MBC 

1.; thi- lrit*'iv*-ctlon oi' th*- follovtnH thref If-plane:); the A-bidt/ 
jf hC, thf B-r.ide jf Jc, Hnd the C-iiidt- of AB. 

{*♦) Vv:;. PQ will ulwuyi; inttfraect MBC* 



LogHtim^ Position^- and roint^^ 

In thiLi .H'CtioD, u vuy of locutin^ and plotting points in 9 plane ut:ing 
pyir^; uf nusjbi f:: h: dcvc'lop»?d. At th^ outiat't, a seating chart Is Introduced to 
show bow iitudeatu awy be located ty a pair of nuffliK?ra. If you e»re scciAstOTcd 
to t'on.ildrrlni; rowc horlsontully in^stcad of vi»rtlcally on the chart, pXeiiu^ 
fe«i free to lnterchaiig«? th*? deaignation of row and seat op the disgrtm* We 

told that jsoat ije^tln^* chfirts U43«? th« d«j3ignatton of row aesd aeat as 
^hown in the text* Thi' important idaa irs to U44t tht- p^iir of numbi^rs in th^ 
iw^ae voy SIS is done in locating points in s pUnc« 

7^ 



The i5t««p-ty''Stt'p method of shuwlrag how a point S i;; located Vy a pejlr 
of nuabers ;;iK>uld li? understood 6y bII ctudentt*. Thu number on the* X-axi.-. ic 
always named rirut. Thtr order or thv nuiabcr^ i;* Important becfiu;.sf if the 
order of « pair of two different numfc^rsi lo chan^^'d then « different point Is 
located. Ttie term "^ordered p«lr" U not Introduced at thiy early i>tagv* 

Lots of practice ubould he provided for tht* studentQ if necfescbry* It 
In noted that tht; plottin^j and locating of points; ii: rtfistrlcted to only n pnrt 
of tht? plane in the beginnings. 

gxercl^**:-, i^'U fClsiiy Dii:cuak;ion) 

U (h) Evt> (t) Nell fc) (.^-'0 (d) 

(Ann (I, ), JCay ( 1 ,s) , M^ry f.',l), Kmu { \?) , .Tarn- Jlin^^ (j,3), 

i* Those ,itudcnt:: ::it in tho ceat In eech row, 

fb) Fred (l,k), Pf>te Gory (3,^), May (^,^), Nell C^,^). 

(r) T)h' :M'cond nunlt'r in ^'ileh piiir 1;-. 

.rnnv l^ill C:^.,.'), June (3,3), Gury (3,^), Nors (3,*^). 

Tti" flnit numbc-r in riich p:ilr 1;: 3, 

rd 

Th»'^i- wtud»-nti^ iJit in the 5 — row- 

*>. Thi- intt'r; fctlon of th*' two Liet/. ■-f ;-tudf?ntr, conr.i-tc or G'jry, 

(t) Tht' lnter:-.f»ctir5n of the two /.et-' of nuaber prtiru coniUi-tii -jf the 
nunjt rr ( i,^). 

(9} fJohB, Eraoa, June, May, CarlJ 

(h) They -it dliigoHHily from lej't-front (i,l) to rlght-n'^r C*^,*^; 

'U (a) (Ann (l,/). Hay (l,3), Fred (l,^), Kay (^^), Ed (2,^,), P*te ('',4), 

(b) They .>lt to the left of the dlngonul from left-front to ri^fht-rear 
of the rooiB, 
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7^: 



I dftt 




1- 


c 


P 




F 


a 


H 


: 




X 






10 




u 










./ 








I* 


k 






1 




Point. 












n 


K 


F 


G 


H 


I 






( .<) 


'10,.) 

k ^ — 










(M) 





f'.^ "*oint.- 0, I 11" m thf' horizontal linv thr^i^^rh ^ on 

-■■ ! ■■"(^md uiiS'.i*-:' '1.' f^'i'ii, 
•'^) f Ifit f il^U^ il.u injt.; -I J'ir.jt numtv-r fin«i :it'Cond nuajbtT which 

' r>'int, ^ Ot'll >n tb Mf4|.?»n'!l iiru- which f.?ji;;rv,: r.hrou^-.h 

X-'»^! , 'n<l *h'-.. r./r-' n;jnt : In vhif'h > tht- rir.'t n-imtf-r* 





(a) PolntB 4f Tf V, snd W Ilv on a linn* They each have nuater 
pfcilrs In which th«' ::usi of the rlrut number {%) and the second 
number (y) iij 7, x ^ y « 7 

(b) 1 ♦ y a thtTcfors, y mu^^t equal 6. (ify) = 

8. (.:,k) 

9. For any point on the X-nxi^jp the ;3ocond nusabcr (y) In itB number pair 
mui;t It^ zvro. (y ^ O) Thu;;, {x,o5 Li; the numbt.'r pair for sny point 
on thi.' X-uxli. • 



Id ordv^r to continue plotting nnd locating pointis in other parts of the 
plam* tt i.; nt-Gfiuyjry to f-xtc^nd tht* jii: signing; of nusjb£?rr> to polntr> on the X- 
arid Y-'ix*'.:, n^'t^^Jtlvf' numtf'r.^ Fire I rou^iiht in "oppo:jitei:" of thv already 

*«.;L;lgnvd poi'ItlVM numbt.T.:, 7hii; ii^r. In nlci^ly with the fact that posltlv; 
Hiid nr^ntlv*' numt^T.; nrr 'ir.slgnt-J to pointr, on oppor.it*- hfilf -lin^a, Thir, also 
Mntirifvit''., ttif it'V^'iopm^ nt of -pp it*.*,; for Intt-g^-T;' In a l^jter chfjpter- 

It i.: :f!ipii*-ti th'jt t'Hch fioint on tht^ lln<" ir. nr.::igncd h numbt-r, there* 
forf Vf- 'ir^-' -H'tu'^lly rln^'.inf-^ In" thf rvol number:^ which incluc4 ^oth the 
rfitlijnul *nid Irnjtion^l niimt^frs- For the tlmf beln^ wr ishNll reft^r to thorn 
;; imply jij li'^tibm; thfit ^rt' cfillrd coord Ina If Latter, afttr the »:tudentD huve 
4ti;dicd th*^' v^rioui- kind;: of ni^nbrr;^, the proc<*rr* of coord inst is ing a line nnd 
8 pifim* cfin bf exT:Ujln«-*d morf fully, 

Kx<^^-rci:un; I -10 

1. Tlii' i^roL-vi:-.] i; th« i>umv 'i;* for tht,- X-uxii^. Draw h vertical line and 
ar.r/i^n to the point ^f Internoctlon with tb<* X-axfs, 

::#*lrct u unit point upwird and anuign it thf number I, Mark off points 
fit unit int^rvnl- ypw?ird arid uoi^ign the whole- numbert^ in uucce^iis ion* It 
ir, fj:)i;uis*--d t^iat nuisberii can be uc^igncd to all the unmarked points above 
0. 

Ki^w mark off thv ^^amt: unit interviily downward and label with tht? nega- 
tiv^.^ numbt»r5 1, \ 3# ^^nd i5o on in succenaion- Again it is asaumed 
that, negutlve numbers can be assigned to all the unmarked pointij below 
0 nr> "oppoi".it*''t:" of th<* Hlr**ady ainr;lgn<*d positive numberL'. 
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Point 


A 


B 


C 


D 


E 


Coordinate 








3 







Point 


T 


K 


H 


L 


0 




Ccjordlnattf 


i 

.i 


'3 


P. 8 


"1 


0 



Now thut loth poiiitivt^ uiid xK'gBtivc numbtTii art- ^£:t;lgnfd to points on 
tht.' X- snd Y'ixi'^, the proct?^;; of plotting and locatin^j points in a plane is 
continued, Tr.f proce.;i5 ii; th^' i^am*' bi^ thv ont- di-ycribed in tbc previous sec- 
tion for poUit:; locHV'd ty pairs of wholt? niititt.Tii • 

For »:>ach prilr of numberi; Tr^y) the rin^t number cullcd'the X-ccK^rdi- 
ruit** (jc) wnd tho :;t^cond number cnlU^ the V-coordinatt- (y) , The coordl- 
nutf pLim- L; dt-rined au a planv in which t-uch point i:: acsigned e psir of 
coord in^t-.;, .ind .-ach pair of coordiaitoj d.>:;ignaU»ij a point. In other wrd^, 
there 13 G ono.to-oi< correspondence between polntc In the plane and pairs of 
coordinates, 

troordin^Jt^' -ix^'.;. ..t>p'jr^t*> tht- pionf Into four purtr. call«-d quadrants, 
rhe.H.' quHdrMHt;; cin Iv dofinvd Intercect ionu of half-planer . It would be 
tim^ :ipent with the .^.tudent:- to fimlyzt^ each ^^uadrant In thf> i;nmo manner 

Hn dom' In tht- ;:tud<:nt::' t^'xt for ^UJidrant II. .Students; chouXd develop 
sklU in ti-»iUne in vhs^t quadrant « point in lo^aUd by giftncing at ito co^ 
ordinatoii. 



^>5rciJi'u I-ll 
1. 



F>lnt 


A 


h 




0 


1 E 


F 


G 


Coordlnuteu 






("3..') 








('3/3) 









Coord lnote£3 



(10,?) 
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Th*' purpoDf or thi^ iai^t ^tfction i;^ to provide jome opportunity for 
Btud^nt^ to ^xaainw nome pattern^^ of coordinates of points that lie on the 'jame 
line- Vhv devyiopaent iij very informal and exploratory. 

l^it. linci; art? d^f;^cribea very InformaUy aa being horizontal or vertical 
through 'j^.rtiiln polnt;^ on the y. or X-axi^. Tht- only i..quation of o line 
introduced ij y ^ x in the class dlacusi:ion ex^rcir.eu. 

There will te ample time later for Gtudenti; t. develop equiitlon^ for 
lin-.;, ;o 'it thi-j, Jtug<- they wre asked only to look for pattern^',. 



Ex^'rcl.;e; 



fClu^jj Di;;cu.;cion) 









c 


D 


E 


F 


X- coordinate 


0 












Y-C{)0r*d LDHte 


0 






% 
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K-.r f'fiich p.>lnt, the X- and V-coord inateu are the ,;ame. 



Point i 
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J 


K 


L 
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- , 1_ 


^ 1 




y - coord in.iti' 


, I 

: 1 


-.1 
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— ; .... 


- , i 


^ 1 

. — : i 





^1- 



YtT. 



For ^'^ich point >n thl.-. Unr, th^^ X- und V-coordlnater, ore equal. 
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(a) yt?i; 

(c) BO 

(d) no 

(r) a ^ b 

ir) c ^ d 

(h) no 



(a) A(^a) 
(b) 

(f) The pointr. lU^ on thv vrrticol 
lint' throu^ ^ on the X-nxl.n. 

(fj;) Tl;r' grnph of all poin?i: whose 
cooi'dlnates y»ro (^^,y) I- the 
vrrtical line throu^^h ^ on tht- 
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fa) 

't) b(l^,k) 
(c) CC^,^) 
(a) BfO,4) 

(f) The poinla lit- -m the horizontal 
lini.' through k on tht Y*axis. 

(g) Tht> f^rsph of all pointij whose 
coordlnatt^j ar'.* (x,^) tiie 
horizontiil lint: through h on 
the Y-9xiLi. 



'Vhi- f. .int, f in!,or;u'eliun would It 
(h) ''S'O (b) 



turn 




^t) X-C£X5rdlnfit(* of K 1:: 3. 



Point 


L 


M 


ti 


P 


X-(M^i^rainsjto 






117 


'117 






5 


. J 
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id) 



(b) yeii 



(c) yog 



Multiple Choice 

I. Let set A = {i., 3,5.7/?} 

and ant B f-',%7,7}. 

Thf union of :>'vt:j A and B iii; 

(A) (B,7p?) 



(E) U'l 



Which ont* or tin- following, [j a «implv cloLied p*ithV 



(A) 




(0) 

o 




3. (Bee Figurt* l) P5iiit P separatees line i into two: 



points P ?*n<J k are both: 

(A) la the Interior of MBC. 

(H) in the exterior of angla 

(C) on th<; ;:ftac» side of 

(D) un Aw. 

(E) in Xtif interior of an^jle 

5, ?5 Intersect:; MbC in: 

(a) no poiritij 

(b) I point 
(C) ' point:: 




BAC. Figure . 

(V) 5 point:: 

( h) u ^e^t-nt 

(f) iin unlitnitt'd numter of pjint;: 



i^u^'itlun/- f.'* ^ Hv^' LiiiU'd in Figure 3. For vEich que::tinn choo::^ vour ans^f 
from thf r<il loving li.:t. 



(A) XV (d) KZ 



.U't 



7- Va^st !iJ XV u m 

^5, vThMt ir. 3aT n m 





10. AEi|5ie m (F I(^r^ if) Iq H a^et 
yf point^j coniilwtiog of thf 
union of two: 

(a) oegaents 
(B) llnt-ts 
fC) point., 
(D) half. lint.: 

fE) rny^ Figure U 

11. A plmt- 1.; utfpyjnited Into two huir*piant?Li by: 

(A) ti f.aint (D) a plant' 

(K) an angle 

(r) s4mpl^' rio-fd pfith 



1 '* n i5 u; 

(a) aT' 

(D) a7 



A B 



C D 



I^, AC n I:;; 
(A) 

Ik, AC u I.-: 

(a) At 
ih) AC 



fc) AC 



(o) aT 
(n) Fc 



(E) CB 
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15» A r«y without Its «BwSpolnt la call«f3; 

fA) a llni? (D) a half-iipace 

(b) h n^s^tiut ^E) a half •line* 

(C) •n anglf 



3ue«tlonJ Ib^'JS are baaed oa Flgurt' 6. 
For each quectlnn choose your aaswr 
from thtt following lint* 

(A) UV iDd XY (D) UX and VY 

(B) U7 and 75f (e) UY trnd 77. 

(C) UX and 



Figurt/x6 



16. Name s'^gjoents vhontj Intertiuction li: u ;it.-gffitnt. 
If, flam*' ..egmt-nti; whotje Intersection ig eaipt;^* 



!>• Th*- ;fitfr,>'rt:^R or AAPC and 
PC : 

(A) 

(c) <iB 

(B) polnt^^ B Bud r. 

{E) thf i-mpty nc»t 
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.0. MBC Single ACB 1^ aum uji 

(A) AC y S (D) C 

(B) AC nCB fE) CA QCB 

(C) ACUCB 

^1. Trltc^les KBF and Ai3i£ ltiteri;ect In: 



(A) 1 point 

(B) |J'3lnt;l 

(C) u linv 

(A) 7h, AC, Be 
(lO AP, AC, lie 
AB, AC, 



(D) fui£3»' BAC, BC 

(e) a, c 



In Figure y how m^iny differ*-nt 

f.olntfT ^, l'^ ^md 

fA) , It) r 

ih) (K) - 



L*-^t rl'in*' AI^C thv* piun^- of *ho chuXktoard in your clyr.;jrQOSi, and 

i».'t H '4nd nax'' '-in,v two r.:5int,: :)f ::p'?cv on oppocitt' ni^^r, of plorn 

AiJC, Then^ the intrr.w»ctlon of vl«n<* ABC *ind segment HS l«j 

(A) a Iln^' (^) fi .it'gcient 



(B) 'j point 
(c) T/wo point.-. 



nit' pplnt with f»oordUmtf.':i (0,o) l^i iocuti'd in tht;: 



(a) uppor ho if -pis no 
(B) lower half*pluae 



^ D) right half •'plune 
(E) nosie of those 
(f) aU or th«-fcit? 




Conipl<»t Ion 

l« Each of the- following objectc sug^geRts n point , a line , or a place 



Supply the correct word. 

(a) the floor of thif; room. 

(b) rj button on a tihlrt. 

(c) the w«ll' of n hoa^fm 

(d) n fishing rod. 

(e) n thujab tack on u bulletin board* ^^^^^^^^^^ 

(f) H yall on H G«llb09t« 

Kfich of the followlnf; objects eu^ecto n point, h line, or h plane . 
Fill In the carrt?ct word, 

('0 M typewriter key, 

fti) the i-.ehool gyronat-Jlum floor, _^„„^___ 

fc) H tr«ifflc light. 

(d) M jptict* bsr on s typewrlti^r* 

(e) fi :;crf*t*n on h window. 

{ f ) 'I pnrking lot, ' 

(^j;) fi buton. 

^. U't A name y point on the floor oi" this rocmf and let P name a (Ksint^ 

on tht' eeillrn? of thV^ room, 

Huw many lin«'i5 Wiy be drawn containing pointf^ A nnd B? 

fb) Ctate the property which Jur:tifies your answer- 



The figure on the rJL^t represents 
a tool box with hinges for the top 
<it polnte A aod B. 

(a) Hav manif different planec are 
suggested by the door an it 
owlr^s upt 

(b) Hov many different planeo contain points A und Bf 

(c) Ct«5te thf property that JustlflcD your answer to (b) . 




Con;jld€>r the following points suggested by 

X, u foot of your chair 
thti top of your head 
thf knob on the door 

(h) How mny pl?ineii are cuggected by these points? 
(b) ntat^ the property that Juctlfieg your answer. 



A, und D are four distinct Faints, rKJt all In the sane plane. 

AI;;o, no three :>f these points are colllnear, 

(i) Row many different planes fin detenaintd by these four points? 

(b) Name tht- plfin^G, 

(c) Iky Nny pair of plsnes nais^d in part (l) intersect? 

(d) If HO, hrtw mnny pairs of pXanen intersect? 

(t ) Drr,w th'* figure* formed by the interoectionfi of the- planes. 



Itie dUgrftB at the right represcnta 
m corner ouf^Kiard with b shelf. 

(■) Ibtc two skev linet, 

(b) San two parallel planes. 

(c) N&M tvo intersecting lines. 

(tf) Hbbo their inti rseetlcm. 

(e) Sanw two parallel lines. ^ 

(f) Name two intersecting planes. 

(g) Htime tl»ir inter«ection» _ 

(h) What is n 5P? 

(i) What is plane EIF n plane ACK? _ 
(j) What is plane ABC n plane GJXY _ 
(k) What is U n fTt 

(i) What io plane AJC OEVt 

The dlagrao at thr right repr*?sentG 
H bookcase with h nh^'li'* 

(a) llama two parallel linen* 

(b) Name two skew llnea. , 
(e) Some two parallel planes, 

(d) Nnme two intertseeting planes. 

(a} Hame the intersection of the 

two planes laantiwica in part (d). 

(f? Name two intersecting lines. 

Cg) Same thef intersection of the 
two lines mentioned in ^rt 

(h) V\\at Is ^ n ^ 

(I) WhHt ts W n plane BIACT 
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9» See the figure at the right. 

(a) AF ^ BF, 

(b) W n fc. 

(c) f5F n GB. 

(d) ^ U FH. 

(e) ^ U iSc, 

(f) PIa"e three coillne^ir pointi]* 



(h) IF- U KR. ^ 

(I) CD n 

(j) CD n AB, 

(k) Plfime two opposite rsys. 



(l) KE n FK, 



10. In th<* figun' '*t the ri^ht, I'lnd: 

fv) Tif ' 5v» 

(d) u 

11* :;♦•»' th'^ figure at thi- right. 

fium^ thrr^ (^oXllm•ar polntc. 



(c) virvd rn n cF, 

(d) Kind 7d U CE, 



See thtB figure fit the rl^sht. 

h) Find AB u AC. 

(b) Rfiisftf two opjmlte myo* 



(c) FlDd S n 

(d) Find BC u Ac. 

A Be 

Co!aplct<» t'aeh of the folloi^lng: 

(a) A point cepHrnt^'S n into two 

(b) A iln*' iiepiimtf^r. ft Into two 

(c) A plnn^' T/Ci^imtfc into two 

What Ht^ the bouralorlec of each of tht? followlr^? 
Ih) ft h«if-llnc. 

(b) n half-plan«'. 

(c) n half-i;p?iee, 

Fjcpl^iln how c-ach of the- foUo^in« may hv regarded nc. n rrpnrntlon 

th«? midfb'id i;trlp<-^ on a football field. 

fb) n n*'t on -I tennlr. court* 

fc) M pt'nell point, 

Which of the following f iij5Ur<»n hnv^- bouralHrler,? If th*' figure- h^iu « 
bouxwlary Idf-ntify thf bound^iry. 

U) lint' 

(b) •! half -plan*' 

fc) I^pHCf 

fd) •! iuilf-lhu- 

(^•) •! h«lf-upHCv 

(r) 'i plane 

( i) Into how many non-overlapping rrglonn do three par^J ' llnoc 

ceparatf m pl'jnc? 

(t) Into how many non-ovt»rlapping rcglonc do two int«*rr.ectlng llnvi^ 

vt'paratt' -i plan**? 





la. (a) 



19* 



Into hov 6»ny mm*ov«rlappiiig 
regl<m5 doee the unlw of tlie 
ae^ieats Sc, «od ^ 
ae|»rmtp the plane? 



lato hov aaQjr ma-orerlspping 
rerglonsi does the ufilon of the 
lines ilB, AC, and BC 
sei^nte the planet 




A trlsnsXe npf^rates its plnne into tiireo sets of points. 
Describe thene sets of points. 



(a) 

(b) 
(c) 



An ang'e se^wrHtes Its plfine into three acts of iK^inta. They are: 

{«) 

(b) 

(c) 

Sei? the f Lgurf the right, 
(a) What 1*5 /BAC U ^CADt i 



(b) What ic /BAC n ZCAO? 




(a) Into tow Rnny non-^verlspping 
regions doe a the imion Of the 
ae^nt Sb, CD, snd ^ 
iteparato the plane? 



Into ha%i mtsy non*overl8pplng 
r'»glonii do^a the union of tlv^ 
lines AP, and S 

separate the plane? _ 





A 


B 










D 


C 
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^3. Into how ffiany non-overlapping regions is the plane separated by €«eb of 
thp follovipg flgureot 




(^i) What l;i H n AfVBC? A 




See the figure at the rl^ht. 
(tt) Wbat Is S* n ^BC? 

(b) liase a point on the G-oldc? 

of SJ, '__ 

G D 

(c) Name n point In the exterior 
of AABC. 

(d) What in GE u HcT 

Uhleh of th< folXowlrns flgurcii an* isimpl** clo«ed 




(d) 

Which of the falXawln^ fir<? i^lmple closed priths? 




C«) (I) 



CMD 

'7 



28« Xfl « eoox4iiist« pl«a«f the point of Interseeticm of the toriEontal sctf 
v«rtle«I master llnea Is ^Uetf the , 

29. Xo • eoordiaat^ pXaM, tl» horlKootal niffisher is nsmea the 

wis, antf the wrtloil nusaSber line la need the ixis. 

30. In « coordinete plane, the Interseetimi of title half-plane below the 
horUontal Mie and tl» hnlf -plane to the rlffht of the vertical sxlo 
U defined to he qusdrant . 

31. The vord quadrant refers to me of dletlnct regions In a 

C&v way) 

coordinate plane. 

32. Each point In a coordinate plane has mrahera saaoclate^ vlth 

(Bow sanyT 

33- tfl»t are the coordU^tes of the origin! 



3^. If a point helongs to the x-axla, tlra Ito y-c^ordlnotc sujt be 



35» Write a mathoiatleel uentenee describing the line such that the 

x-eoordlnate of each point on the line Is equal to its y-eoopdlnite? 



36. Identify the locatlwi of the points whose coord Inatec arc cJwm below, 
Chooi^e your »nawer froo the following list* 

q\;adrent I 
quadrant II 
quadrant III 
quadrant IV 
horlsontal axis 
vertical axle 



(«) 




(b) 




(c) 


('9,0) 


(a) 




(e) 




(f) 




(g) 




(h) 
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37* Given th^ following ordered paire of nusiberfi^ write the ms&ber of the 
qundnnt in which you find the point corres ponding to eaeh of these 
ordered pairv* 

Ordered P&ir ftttftdraot 

(«) (3.5) 

(c) rk,k) 

(d) ("3,"l) ' 

M (8,6) • 

(f) (7,'l) 

(«) ("3/5) 



3Bt M Both numbers of the ordez^ pair of coord inatei] sre positive* The 

point Ic In quadmnt > 
(b) Both nunherc of th^ ordered pair of coordinates are negative. The 

point ic in quadrant • 
(e) Th^ x^'Coozdlnate <^ un ordered pair io negutive at^ the y-coordinate 

ill pos^itivt-. The point ill in quadrant • 

(d) The x-cooidlnftte of an ordered pair ic pocltive and tte? y -coordinate 

lu nt»gNtlvtf, The point ic in quadrant » 

(a) If the x-coordinate of an ordcx^ pair i£ zqto a»l the y-coordinate 
la not zrrop where does the point lief _ 

(t) If the x-eoordlnate of an ordered pair iis not zero and the 
y-coordinate ij zero, where doec the point lief 



(c) If both coordinate:; of an ordered pair are tero, where is the point 

Xoc> I ted f ^^_^^^_^^^__^^,p,^^^^_p_^__«^^«^,^^«^^_^ 

(d) Do tbo polntc on either the X-axis or the Y-axifl lie in a^y of the 
four quiidrantnf Why, or why notf 





{«) Thfy coordinates of point A are , 
Ct>) The coordinates of point B are , 

(e) The coor^inat€?0 of point C are , 
(d) The coopdinatefl of point D are , 

The eoordlnaten of th»* point of InterBection of line and 
llnf? i,^ are , 

(f) Name the point which U located in Quadrmnt III. 

(g) N«»e the point which is located Ijj Quadmnt IV. 
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Probletafl 



i« Plot the polntu com'£2p<HKl log to the foUoving pftirs of nuGd>«rs« 

(b) (6,-0 

(c) (0,3) 
(«!) (i,0). 
(f) (*5,1) 

(f) Dthv a llRp through tht polntn whooe coordlnatcis ure (^,^) and 
("5,1). 

(g) Draw Hi lin^ through thi* pointn irtiose coordinates art? (0,3) and 
(',,0). 

(h) In which quNdrant do thcue iin<'a intersect? 
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(•) Plot the points of net B - {A(. C(*2,*3), iK^/s)). 

(b) Ustf H ctrul^ht edge to Join A to B to C to and 
D to A. 

(c) What Kind of figure Is fomedf 

(d) t)raw the diugooals of the figure* 

(e) The coordinates of th*? poltit of Interoection of the diagcmslf} seeo 
to be 
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MultlpXt- Cholct' 



I. 


D 




A 


*t m 


c 


13. 


B 


3* 


c 


Ik. 


C 


h. 


E 


1% 


E 


5. 


c 


16, 


D 


6. 


B 


17. 


A 


7. 


A 


18. 


C 


8. 




19. 


» 


9* 


c 




A 


10. 


£ 




£ 




B 


^4 • 


C 
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23* B 
2k. B 



^S, E 

26, S (B «^ C m also eodrreet,} 

!• (ft) pl«j» 

(b) poitxt 

fe) plaoe 

(d) line 
(•) point 
if) plane 

2« (a) point 
(b) plase 

(e) point 

(d) liBfi 

(e) plasje 

(f) plane 

(g) line 

3* (a) one 

(b) Property 1; Through any two different points in space there is 
exactly c»e lise. 

km (a) an tusliaited muaber 

(b) an unliaited nuaber 

(c) Pn^rty 3i It tl»re are two pointSi tlien rony planes contain 
this pair of jKJintfi. 

^« (a) one 

(b) Property kx Through aoy ^ee points, not all cm the ^me line, 
there Ib exactly one plai^« 



iOJ 



' - 0 



8. 



(b) plane ABC, plane ABO, plsne ACT), pXonr BCD 

(c) Y«s 
(4) 6 



D 

4> 



B 

aJ? and CK 

(t) plant' ABC ar^ pluac? DEF 

(c) AB ?infi AC 

(d) A 

(«•) AB aral 

(f) plunv ABG find plarn* ACK 

(h) 0 (tht* t-mpty i:t»t) 
(l) 

(j) 0 (tbp empty ;;t't) 

M D 

(I) ED 

(a) EK »imS CL 

(b) OC and hC 

(c) plan<' APC ^md plnne ,JML 

(d) plsn*? ABC and plane DCL 

(i) DC 

(f) OK tind KL 

(g) K 

(h) 0 (th*" €iBpty ijet) 
(I) HC 
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9. 


(a) 


F 






(b) 


FH 






(c) 


0 (tlu? e«pty r.et) 




(<J) 


Si 

nil 






(e) 


AB 






(f) 


A, E, F 






(g) 


HC 






(h) 


W 






(1) 


¥ 






(.1) 








(k) 








p V and 


PC 




(1) 


F 






(m) 








DC 




10. 


(a) 








(») 
















(d) 










HV 




11. 


h) 








(b) 








fe) 








(a) 


m 














on 


AC 




(t) 








(c) 


^ 






Cd) 


Ac 








llnr, hnlf-line:! 




fO 








rprjcf, half-npacen 




(«) 


a point 






(t) 


•t Urn* 













15. 



16. 



17. 
X8. 

.'0. 

.1. 



^3. 



• '5. 



(a 

(b 
(c 

(a 
(b 
(c 

(d 

(e 
{f 

(a 
(b) 

(a 
(b 

(a 

(b 

(c 

{» 
(b 
(c 

(b 

{« 
(b 

(« 
(b 

(a 
(b 
(c 
(d 

(a 
{b 
(e 



taodelo ti line 
Bodels a plane 
siodels a point 

no boundary 

a line 

no l^undary 

a point 

a plane 

no boundary 

k 

k 



the triangle 

the Interior of the triangle 
t^e exterior of tlw triangle 

the angle 

the Interior of the nngle 
th*' ext*-rior of the angle 
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(h) Quadrant II 
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Chapter 2 

Car Travel 

The nglstlqnship between the distance traveled, the opeed, and the 
tiflw, is tl&miliar to everycme vho Yms traveler! by car. For example ^ if you 
could «aint&io a speed of exactly '}0 , miles per hour, you could travel !»0 
ailes in one hour, 100 tailes in ivo houre, and so on. A ohorter way of 
saying this would be: 

dl0tance traveled « (olleo per hour) X (number of hours). 

In tenas of the situation went i one i above you could uin^ly write; 

0 

d ^ 'jQ • t, 

Where d p»precentfl th«» numk»er of miles t ravel efl, ')Q reprRBents the speed 
in miles p#*r hour, and t rep resenta the n\jmbt?r of hours. 

Another way oV iescriblng thio relationship is to aay, 

dlstant'f traveled depends on the number of 
hours you have been tmvellng," 

In present day langittgr* we would cay that, 

"The distance travelo*! Is a function of the time 
cpent In traveling." 

*The rule, or fomjla, d « 'jO • t, says that, if you input a value for 
t and do the Indicate^} calculation, then yuu outp ut exat'tly one corresponding 
nujserleal value for d. It Is this kind of relationship, f*alled a function , 
that we mnt to Jlncuss in this chapter. 



(Cl*88 Diacuaalcm) 



1. C^let« the table of valiM belov* For each t m tew m distance^ 

^Ot, vtileh correspoi^ to the Inpit t. 



Input Out|mt 



t 


50t 


0 


0 


I 




2 


? 


3 


t 


k 


f 




250 




Figure 1 



When TO uee the relatlwxship between d and t, we fire actually 
using a WDdel of the real situation for which a number of necessary details 
such ma heavy tmffic, g^a stops, and Bseals seett to be Igoorsd. In the 
actual planning of an automobile trip, however, we often do estitiate our 
speed and how Tbt we can travel by such a model, Tou teve probably heard 
people aake such rsmrto as, "Tou can avezmge 6^ miles aa hour on that 
stretch of hl^nffiy,** or 'You'll be luc^ to aveni^ 2^ niles an hour on ttet 
narrow, winding road.*' Do these stat^aents «ean that tl» first speaker kept 
sn exact apeed of ailes per hour and the second speaker was able to 
drive always at 2:^ alles an hourl Perteps, but this is not often tnie. 
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It 16 possible that the trip of 2^0 slles aight have been as 
follows : 



Hour of 
Ut 



2lKi 



3M 



4th 



»• of mil^ 
t leveled 



50 



30 



60 



'35 



Cosoent 



Interstate Rl^tvay had very little 
traffic* 

A diffemit hi^ivay \w^d a 
few traffic lights. 



A quick lunch anil 
gaa stop vBfi 
necesaaiy* 

A return to the Inter- 
state hii^vay followed, 

T^e traffic began 





to get heavy.' 



that is. If tht^ trip began at noon, by one o'clock the car vould liave 
traveled 6^ ail^; by tvo o'clock^ t^O i^re miles for a total of 11!? 
siles. T!ie avermge speed after two hours would be ^7 ^ ttiles per hour* 

Exercises g^lb 
(Class Discussion) 

!• Putting the above infomtlon in another fora, add to this information 
by cospleting the folloving table: 







(Total distance) 


(Avera^se s^eed) 


7i«e 


Mom ailes 

adde<i 
each hour 


Ho, miles of 
total travel at 
end of each hour 


So. siiXes per 
hour averaged at 
end of each hour 


t - 1 


6^ 


d - 6'> 




t m 2 




d m 115 




t • 3 


?0 


d - lyj 




t m k 


60 


T 




t • 5 


.-^ 


? 


!>0 



Ul 




2. 



Another example of a functloml relationship is the correipoodeaee 
between the nusbftr of the year and a perscm's age in years, ^ie 
relstionahip can be shoim m a grai^« Ve show belov the graphs of 
the ages of tiro brotli^rs during a ten-y»r period. Bob yas escactly 
8 years old Jol« ims bom in 1^0, JUst recently, the 
brothers were vondering about the relaticmahip of their ages at 
different times. Can you ansver their questions frc^ the grajto 
given below? 



(a) 

(b) 



Can Bob and John ever 
be the sssse age? 

Vlas Bob *»ver tvice the 
age of John? If so, 
when? 

Was Bob cv<?r thref* 
riises thp agf? of John? 
If 00, vhen? 

Was B^b evpr five 
tim^a th^ age of 
John? If so, vhen? 

boti ever nine 
litaeB the age of 
John? If 00, when? 
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In 2xf*rrlHp 1 above, the correspondence between the "time** and the 
"average ape<vi** was easily sJiovn in a table. !niiB i^thod of repree^rting 
a function Is very often the jnly uay that such informtion tmn be shown. 

In Kxenjioo ? an iinportant reason for studying functional relation- 
shlj^ Ifl n^tifltmtfH, I*iw?iy, that l^y '^looking at" functit^is you can find 
additi{^l, Insportani itifonnatitjn tt»t usually is not apparent in the 
original forai of the given situation. In this situatijsj the representation 
of the functlcms by graphs should have sade it easier to discover the answers 
t o the quos * i ^nn * 



2-2, Falling Otjects 

UeAT tne end or the ^sixteenth centuiy (around 1!>90), as the at 017 
gOtfSf Italiftn tsithemtlcian mnd dcientist, Galileo, perfonsoii an It^ortsnt 
vxperlisent in the city 01' which is locatejf on the Amo River in 



I^oiuming Uj thf «>xp<»rtrafni in rica, let'c vii-<* vrist it ic that Galileo 
aiccuvercflf 'Mn^f the tvLj gtonos vqvq alim^ oifJe by Biie ao they Tell, we 
0^ that rur any glvT*n numi^'r lu^cviniD the twu wL«ighto will tmvol tho 
oam* ilatan<'*^. 

What Calileo llfsc^avor^l va& thr^t the dlctance troveled by n foiling 
vjbji?c*i 'io*»fl not l«*poni :in Us vf»Ight, but ^^nly jejgenis cm tho length 
tlq»g during whlf*h It liso l**f»n fanin^?. It ic murf? coOTon now refer to 

j^^^^ll-^ ' rather l^ian railing 'jl.jeets, but the tseaning is, of cjurse, 
the nawft. In jm>of?ni iay language wjuVi cay that the iigtaneo traveled 
by a ing t^^ly in a func*ii3n tho titai* spent in ffcilUng. 

Oalileu «ante<i to ieecribe this relationohip using the language of 
Tsathemtlcs; h^* wantf l a mthemtical tsiofiel fcjr what i^ynlcally happened, 

ThUB a ru'f To mi I a for finilng the *iiflt4inc?e traveled vl]l t'Xprerss 
thf» dlBtanee in tenas c>r the tiase an 1 will n;5t inv;>lve the weight, Ttis 




central Italy, He hauletl a ten-p;:uni 
weight and a one^pQunU weight to tne 
tQp at* the n:7W famous leaning tower of 
Piaa ani droppe<i thes off at the saise 



time, FriendB of Galileo on the 



ground telow ofcoerved tlmt the weights 
rctgalni-'d oide by side aa they fell and 
that they oeetae^l to hit the ground at 
exact? y the fiatse Instant, 



PigUA? 



Thin oitspU' e)cpt»riment upsjet taani' 
people, fur almost f?000 yeans earlier 
(about V'O B, C. ), the great Ariototle 
^ia i argue i t^iHi the heavier the ubje'*! 

S'iu:ter the fttlU During the taany 
^t^are betvef*n, no jue ^^a i real iy t^fSte J 
ArlotL^tur^D DtateTwnt, 




raUtlcmfihlp, irtilch we viU uot fttteopt to Justify here, turns out to bet 

The ma^r of fcwt tmtroled by a falling object is 
ttpproxlwteljr oq^al to the product of l6 snd the 
sc|\are of ths tnabfir of oecood* the object falling* 

Ug^log fit new ayis^sulf to taean "approxiOBiely eqiml to**, ve ihorten this 

otatiwnt to: 

d » l6 . t • t| 

or the nom unual notation^ 

d • l6 . t"^ 

vhore d is oMSursd In feet, and t is tMMured in eecondfi. 
For convenience, mc often vrlto this etateoent as foUomi 

We tfhould keep in olnd that the ansverB are not exact in the phjrslca: sense, 
for not only Is accurmto, split-second tining It^ncible, but the **16" 
Is an approxlmatioa thst hnr been rounded off to the nearest vhole nusftwr* 
(Hie snoning of the **I6'*, in the states^nt, will be diseufified in later 
cotir£ies«) 

Let us consiaer an exataple of hov this formula might be used, 

Smaple g Suppoae that tvo boys vished to loeaaure the height of a 
vaterttill, using th^r fomula, d • l6t , and tiising the t^ll vith a stop 
vatch« ActiAlly, i^sical conditions, such as i^iether tt^ cliff is vertlc^ 
or slants outvari at the bottoa, and vhether the spray of the vater blocks 
vision, oftm qake such experlnents difficult to perfora« Let \xb assuro, 
however, that the very best conditions exist in this Bltuatlon. 

One boy went to the top of the' fkUs, end the other stayed at the 
bottOT of the falls vHh a stop watch* ThB boy on the cliff dropped a 
rock to the ground belov. Tl» other boy started the stop watch vhea the 
stone was dropped and stopped It when the stone hit the ground. Se found 
that seconds had paaa^l. Sov the boys aade their oaleuIatlsAS. Ihey 

started vith the forwla that tells then t)mt the height (In feet) of the 
tmllB <M be estlmted by the product of l6 and the s^tmre of the tlti» 
(in seconds)* This is hov they nade their calculations. 



In thU fomiU 
d • l6t^p 

th«y Peplftcffd t 3.5 to obtain 
d • 16(3.^)^ 
• l6(3.5H3-5) 

« 196 

3o the boy« concluded that the 
flLlls were altsost 200 feet high. 
Of course, it voold be io^sslble for 
these boys to riod tbe wmet tlnm 
difference uxiing the stop voteb. Al- 
though e stop vatch Doesures titse to 
the tenth of e secoi^, for thia experi- 
fl»nt a mistake of a frsctico of a second Figure 3 

in seaauring the tioe vould produce 

quitf^ itiff#»mjt reeulta, aince the stone drops 112 feet between the third 
and fourth seconds f 

In the following exercises you will find out a little more Infonaatlon 
about the dietancf traveled by the rock ub^ In tKMuring the approximte 
height of the fail a Q»ntloned in the exaaple above, 

Biierciseg 2-2 

U Using the fomila d - l6t^ , find the approxlaate distance traveled 
by the falling stone during each balf-aectmd during its fall. Fill 
in the missing valuea in the following table; 



t * m^ber of sec^ids 



If t - 


0 


0,5 


1 


1*5 


2 


2-5 


3 


3-5 


then d « 


0 


k 


f 


36 


f 


100 


? 


196 



d ; Qusber of feet rock taa fallen 
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Uo^ tiuiS out liow far thi rcK'k fall;^ tacb hulf ^tieccttiu . Usin^ Ihtf 
inloroialion ot Xhv tubit in EntTciatr 1, complete the roilofcloe tsfalt-, 

UurlQg thr follQiilnfi q ITi^jer ot fe^t 

halr-utcond intefvblu rock fell 



t 




0 


to 


t 






1^ 


t 






to 


t 


e 






I 




i 


to 


t 


b 




? 


t 






to 


t 




; ,0 


? 


t. 




; .0 


to 


t 


k 




f 


1 






*0 


t 


f? 




f 


t 


■ 


..0 




t 


«3 







5. Suppoflo the clirf hai been onaei^t higher; from your table in 
Bxcnriue g, ran yuu ^-unjecture (this laeans ^mlse an intelligent 
guoon") how vmty t'ef?t tho rgck VQxild drop betveen t =» 3.5 anci 
t ^ hi b*rlwef»n 1 c: i< anfl t = U.'^t between t » U,^ and t « *5.0? 
(H'j not uci*; th»^ turtauls 'i « Itjt , Thio problem needs very little 
artthmiE't ! ) 



In lining thf rul*^, sjr furwla,, 

we suborltuto L^r ''input" a nuabor ao s value for t and then calculate or 
''output" the moBerlr^l value for J» ggr each ii ^t there i s a corrgg^gding 
output , Thia (^orresponlence between the inputo and the outputa ^ an e^tacple 
of a "functl^^n '^p The rortsula i « i6t serves to specify the function, but 
the fLjnmila Itijelf is not r-onnliere^i to be the flmctioni Thm 

fan be f*onoi l*»re'i an lesignating the saw l\mction as d « \6C does, 
becauue It prutiuces the saw correspondence betvem input and output values. 

During this <Uscus&ion you my tave doubted that a father would really 
{lAll as fast as a stune, Galileo well aware ttot the father t^lla oom 
slowly, ani ht^ assuts'i t^t the air resistance we very great with such a 
Uf^t otje^'t. lAter experi«eata ahowed this to be true. When a f^t>»r 
and a lead ball are droppeil in a closed ctmtainer froo which all the air 



lit 



hA8 b«m pusii^ ttmy £>»11 side by side and atrlke the bottom at the Faoe 



thm correct aaavers in tema of the nodel , and are often good estitaates 
of tha real i^slcal probleo. For solid objects, such as lead balls, 
ftollifig through short distances, the n^el is in rather close agreewnt 
vith real life. 

2-3. 3oige K»aig)les of Functionfl 

Functions occur eveiyvhere In aathemtlcs as veil as in sltuationo 
vhich nay not be strictly aathetaatical. Because they oc?cur go often we 
shall have mny occasions to discuss them. We cannot hope to give a list 
of exasples which viU suggest all the possibilities. However, ve shall 
give a few exaaq;>les to suggest the vide variety of places in vhif^h the 
function idea is use^u Let's begin by susw rising the infurmatiun from the 
last section. 

In the last s^^ction it was i^ntione*! ttuit the distance traveled by 
a falling hoiiy la 1% function of the tiise spent In tailing. Here, it wac 
note<J that by substituting ur "inputting" values fur t (in seconils), we 
can calculate or "outpfut" values for d (in feet)» For each input, there 
is a corrwfiponding output^ ar icaft e, IMs correspondence i>etween the 
as zeptable inputs and the outputs is called a functiun . The oathe^tical 
8«ni«n3':e, d ■ l6t*', helps to describe how the correspondence is to be 
oade, and is only part of the description of the function. Other parts 
of the description of the function Include the set pf inputs and the set 
oj outputs > 

It sometimes helj^ our understanding to think oV a, function as a klnti 
of taachlne (see Figure k)m This machine is ^MjuippecJ with a hopper and a 
spigot. Mben we place an input into the hopper the machine produces the 
corresponding output at the? spigot* 

Thufi^ for our falling boiy function, the output, or itnage , will always 
be 16 times the squaro of the input. 






roscTB^ 



OOTITO SPIGOT 



Figure k 

In this emaple, w input a nut^r of seccmds Md output a dlstaixce 
that correspondo to thcr mxaber of necaads* Itnia, vith the inputs 1, 2, 
3i md ve get the outputs 62^^ Ikk, 2^, and ^00, This 

can be shovn aa follovs; 



16, 



- 6k, 
uoo. 



and 60 on* 



In gene ml ^ an Input of t ( seconds ) outputs i< (feet}| and dia* 
gmsBBatxcal ly, this is indicated in a fashion B^^Jllar to the above; 

f : t l6t^. 

the letter f is a naoe for the functic»s, ^he nsminder of the notation 
states that under this function^ l6t corresponds to t. In this case^ 
f aasea a function vhoae input Is a nual>er and iriiose outp^ is a nuB^r. 
Since the values of t (tine) are t^ver negative in this function, the 
condition t > 0 (t is greater than or is equal to O) can be Included 
in the description, lliua,' ve can noir vrite: 

f ; t l6t^, ^ > 

£(ctoaatically, ve can think of this statemit in the following ^oyx 





Deoeripti<m of 
aeesptable 
ioi^xts 



t > 0, 
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This wy of represent lag s fuoctioa I5 cmlled arrw wotatiao . and it can be 

(1) **tl» function f Auch that to eve 17 t there corresponde 
l6t , and t If a soo'-nagitltre mia^r", or 

* (?) "the function f such that t le the li^ut and l6t^ is the 
output, and t is a oon- negative nu^^er^, or Bimply 

(3) takes t into l6t^, %ihiere t > 0", 

Tito other esca^iples of functions, which can be Illustrated by a osehlney 
are the doubling t^mctlon and the sgiarinnc function, 
nuaiber 

For e3»TOle ; 

1 Ywm the losge 2, on 1 

2 has the Imge or 2 

3 has the Imge 6, or 3 -»6« 
k has tt^ liaige B, or -tS, 



.JS — rz-. 

Doubl Ing 
function 



\ 



double of 
the number 



number 



SqiArlng 
ftmctidn 



The arrow notaticm for this 

function is f : n -» 2n. 

For exaggle: 

1 has the l»ge 1, or 1 

2 has tlm image h, or 2 

3 b»s the iORge 9, or 3-^9* 
k has the inage 16, or h ^16, 



^® siTTov notation for this 
2 

function is f : n -»n . 



\ 

square of 
the nuober 

Suppose you say, **1he tiae I i^ke up in the morning is a function of 
the tins I go to bed, and 1 always sleep 7 houm^^ If t repres^ts 
the tioB you go to bed, then t 7 is the time you uBks up. Vfe can 
describe this function in arrov notation by 

f f t -♦t ♦ 7. 

The f, used here, is probably ttm mat aamm xmoB for a function, but 

F, g, h, and other letters are also used as naaes for functions. Ve could 



Ju9t AS veil describe this function by usln^ these other letters, for 
exsmple, 

F : t ^t ♦ 7 
g : t -»t ♦ 7 
h J t -4 1 1- 7 

FunctlonB establish correspondences between objects other thftn 
uusbers* 



Sataes of Four Gildings 




in liev ToHe City 


Rei^t (in feet) 


Saplre Stste Gilding 




Chrysler Building 




RCA Rockefeller Center 


850 


Tan Am Gilding 


bo8 



We hsv*» four inputs and the corresponding output for each. In this 
case, the height (output) is a function of the building (input), 

Bbcaqple <f : 

The world's tallest known trees are all in California, If ve input 
the naa» of one of these big i^edwooU giants, w output the hei^t; for 
exaqple, the height is a function of the naa& of the tziee. 



Sataes of Six Eedvood Trees 


Hei^t (in feet) 


Howard Libbey free 


367.6 


Sarr/ Cole Tree 




SatiCKial Qeograj^ic Tree 




Rockefeller Tree 




Foi4»ierB Tree 




Hedvood Creek Grove 





It is also true that if we input the heists of these particular trees 
w would output the nasse of the tree. In this case, the naoe of the tree 
is a function of the hei^t* 
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It is Important to note that irtien ve reverse the direction of a 
corrsflpondence which Is & function, the resulting correspondence Is not 
alWMTs a func?tl<»i > 

Belov Is a table vhlch ahowB a correspondence between pairs of nuabers, 
a correspcaidence froa the top rav of nmsbers to the bottcsa row. 



Injnit 


0 


1 




3 


k 




6 


Output 




8 




3 


1 

a. 


0 


1 
2 



You ean see that correspc^dlng to each Input there Is exactly one 
output. Therefore, this correspondence Is a function. 

If the ilrwtlon oV the above correspondence Is reversed . ther the 
table belov shovs the fol lowing correspondence between pairs of nur - 



Input 


12 i 


8 


4 


2 


1 

a 


0 


1 

5 


Output 


0 


1 




3 


1^ 


5 


6 



You can see that there are two outputs, k and 6, corresponding 
tu th'^ input "I , Therefore, this second correspondence Is not a function 
bocausf thon^ is Tggr_ than one output for a particular input. 

Sxsgple 

Svery nrt.lcle In your neighborhood ^^rriware store has a price, The 
price Is a kind of label associated vith tte article, ThuB, the price la 
a function jf the article. 

We laay fJescrlbe the correspondence by such a stateaent as, "Every 
article In thlc store has a price," Or, we might say, ^'Associate vith every 
article in the store its price," i?lnce, for mch article there is caae price, 
we \mwQ a functiot»! relationship, Vfe can use the arrow notation to des- 
cribe this function, where price is a function of the article, 

p : article price. 

Sow, suppose we say, "Associate with eveiy price (for irtiich the store 
sells gootis) an article,** Since, for sofie prices, there would not one, 
but several articles, we do not have a functloml relationship. 
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(C1AS8 Dlsetwsiaa) 

1« In raw GUM telov^ tlw 8tst«wit describes m fuaeti(^. In otber 
cmeee, tbe strntewst dom not deeorlbe m fuaetlcm. If tte statesKst 
dMerlbee • fUBCtim use ttoe arnur mtatlon to r e pr ea eot tbe ntnetloo, 
Xf the statew&t doee not dMcrlbe ft funetloa explain vhy it does not. 

(a) Attfioeiate vlth a point in space a line throu^ the point* 

(b) Associate vith tvo different x^^ints in space a line throu^ 
these points* 

(c) Associate vith a iK^int in space a plane throu^ the point* 

(d) Associate vith tvo different points in space a plaM throu^ 
time points* 

(e) Associate vith three non-collinear points in space a plane 
throu^ these points* 



Belov are four statesrats vhich describe correspoi^ences between 
pairs of thin^. Vrite each statesaent on a sheet of paper^ ai^^ under 

o£ thetft * vrite a ngr statevent iMch shovB that the first corrMpmdence 
has been rcrirerBed . Tou shoiild have S stateaKits {k pairs) on your paper* 

lk>v, follow these instructions: 

(1) Deciito vhether the first stateaent, in each pair of 
stateB^ts, d^cribes a function^ ai^ then 

(2) decide vhether the statesasnt^ in each pair of 
statemntfi, describes a functiOT* 

(3) If aoy of tboBe 8 statenents d^icribe a funetionj then 
represent this functiem in term of arrov notation , 

1, (a) Associate vith each os^r of your mthemties class hia or 
her sfe in years* 

(b) Associate vith each state of the tMited States the naos of its 
px^sssnt goveiTu^r* 
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♦ (c) Aasaclate vlth each height, In inches, a citizen af the Uhited 
(d) Associate irith e first muae for a peracm, a last naoe. 



2-l>, Itofl of Sep resent inff Functions 

Ve I Ave 3een that functions aay be represented by using the arrow 
notation^ Since a function Is a corr«6|»ndence it is reascwible to expect 
that a function my be represented in taany other in this section, w 

will discuss BQwe of the more ccmsm ways of oxpreosing functions. 

(a) A function awy be represented by a statement . For exai^le: 

With two distinct points in the plane associate the 
lifltance between thew. 

T^iis wy be expressel by using the arrow natation; 

f ; (A,B) -•distance between A ani B, A / B. 

Here, inputs are pairs of points in tlie plane, while outputs 
aiv iKjsltive nusibers, 

(b) A function my br* ejcpre^sei by a table . For exasgjle: 

In a baskethaU the nur^r of points scored 

by t*ach pl^or on the Lincoln Hlgli School tea® is 
shown in the following table. 



Player 


Points 


Andrews 


u? 


Brown 


6 


Davis 


9 


l^lor 


10 


Harris 




Fater 


10 


Elliot 


7 



In this case, we have a function from a rfet of playem to a set 
of positive nunbers. The table acti®lly states the corre8p«»idence 
'^oiapletely ani is probably the «o8t useful fona of representing 
the function. However, we aay indicate the function by using the 



arrov ootAtloa^ ai followi; 

h : pla^rer ^ nui^r of points scored bj player. 

} A functloa be indicated bjr a diagxro viiieb pictures the 
corr»pondence» For example: 




This diagrssi shovs the eo rr c spoo denee betveen a set of boys and 
the set of their fathers, Althou^ 110 could do so. It would be 
of little use to express this function by using the arrow 
notation. 



} A function wy be ^escribed by a fomUa* Think of a foroula as 
a rule which has been abbreviated and written in the form of a 
«athemtl(;al sentence. For exaople; 

F °> Vs. 

In this fomula, & (representing Inputs) stands for the length 
of a side of a square and P ( representing outputs) stands for 
the perlfseter of the square (see Figure !>). 



6 

Figure 5 

In describing a functl^ by a fonsula, such as T m Vs, the 
letter representing the cnitput occurs only cmce In the fonaila 
and is alcme on <me side of tite eqimlity sign* If this functlcm 
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iB naid ^ ttm It cm te reprssmted In srrw notfttloo 
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(e) A gm^ la ooe "Of tl» ttoatmseful fmsni of rBpzwoitliig m 
fuactioa. Beforo vb Iwni to dwwy tho gm ]^ of • fUQetlon, 
Iet*« affpge to the folloviog statrasitfl: 



CD 



^To dmr tlie gi«ph of s fvmetioa** qboos to find s 
colleetioa of polatg In ttie eoordlsate plane 



sueh tbftt they vill ftceumteljr i jieture the certain kind 
of association or correapondence which ve call a function * 

C^) Inputs of a function vill be aasoelated vlth the coordinates 
of pointe cm tlie X-aaeia [t^ l^rlsoital mo^r line). 

(3) Outyuta of a fuactlra vill be associated vith tYm coordli^tes 
of points cm the Y-axls (the vertical vm&ser lli»). 

Bo¥, ve vill dmv the gxa^ of the function, h, described tqr 

h J X -» 2xp X > 0, 

Hesej^gr: 3c > 0 means that **x is grrater than or is equal 
to <f. 

In order to dt«v the ve vill first choc^ a fe^ inputs , 

represented by and calculate ttm e or rs apon ding outfits, 
rspresmited by 2x. Our results are Bham belov. 





0 


1 

2 


1 


i 

2 


2 


2 

2 


3 


2 

2 




Outfit: 2x 


0 


1 


2 


3 




5 


6 


7 


8 
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notice tb&t inputs were cboaea so that the calculation or outputa 
was easy irorid 

ITotice also that an increase in t!w! input causes an increase in 
the output . 

How, lie plot the points corresponding to these pairs of numbers j 
(0,0), (1,2), (|,y), (2,1*),- -(^,t.), (3,6). (X V), 




Fl^re 6a shows these points. Of course, the gra|^ of this 
function consists of more points tfmi are shovn ^ You can set? 
that it tfou! 1 not be possible to toaXc a cooplett? table for the 
function* Therefore, it would also be i^ssible to plot all 
the points belonging to its graph, Kowt»ver, as shown in 
Figure 6h, the points we have plotted soem to be coUinear, 
In ract, if vt* find other numljor pairs which belong to this 
t-unetion, such as {f , ^), (|,9), (*',10), their corresponding 
points seem to be collin^r with those already plotte<i, Let^s 
a£re« that the graph of this function is a i^ose endpoint 
is the origin, and whi?h passes throug^i the firct quadrant as 
shown in Figure 6b. Notice that this gmph is rising from left 
t^ right . This should not surprise us because we have already 
note^i that an increase in the input causes an increase in the 
output, A function ^;^e graph tes this c^iaracteristic is ~*:ton 
calle^i an increasing function. 




To ffkin mm ejacrlateg la dzvirlog of fimotlooi, w vill 

diw th0 gf«pli of the fioetioa, f, dcweribed by 

f : X x^, 0 < » < 3# 
RqgwB^rg 0 < K < 3 w»M «»t •! ^ 0 ^ K < 3"- 

Agiiin, In onter to dmv tha gm|di m vilX flr«t ehocm » few 

iSSjIg, rspmcmtod tay mal eftleul«t« ths corrMpondlng 

2 

ottt^tf, repmoated fay z • Our mult« An» ftlmim beXov, 



Xzt|ftiti X 


0 


1 


1 


1 

2 


2 


2 

2 


3 


2 

Output: X 


0 






1 
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Atflin, notice 2 tbine»: 

( 1 ) inputs were ehosea bo that the calculati^y of outputfl 
va« ea«y voHi; 

(^) an increase in the input eau^es aa incrsaBe in the 
outimt g 

Hotf, ve vill plot the point* corr^pondina to these nus^r 
pairs: (O.O), (| , \), (| , |), {2,k), (| , f ), 

(3,9). 
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Figure 7a 



Figure 7b 



1^7 




Figiuna 7» flhom these polntB. Of eourfle, the gmph of thim 
fimctloa also ewmts of rorp polqtg than ara Qhtmu You cmn 
a«a it vtnild ^| be poaa&ble to adcs a e<»i^ete table for 
this fUactlca either* l^refore, it vould^ aip&ia, also be 
ieq^GMible to plot ft^ tfae i^ittte beieagiflg to its gxapb, 
Hosewri it is sasil^ sem tlmt the poln^ ve have plotted are 
jgt colliiiearp ait, by drnving a ggooth fiurve through the plotted 
points, as shown in Figure 7b, ve can obtain a fkiri^ aceumte 
sketch of tto true gn^^ of the f\mction, I^ice that this gimf^, 
too, is rising fy^g lg£t to right , teoai tlat an liyr^e la 
the input omses an increage in the output . Therefore, w<? ahould 
expect tho gimph of this function to b^ve as it does ( rlie f roa 
left to rltflit), fhiyi, this function, too, can be called an 
Incnaasing function , 

Wien dmvlng the grai^ of a function, ve aay choose an y unit 
of maoura for ^-^i^ and ^ unit of measuTB for Y-axis , 
this tnfor»tlon will be useful vhen drsiring the gm^ of eert^^i^ 
functions. 



We have iMmed to dmw the grsph of a function by taslOng 
a table of In^te and outputs . Sow, let's learn to read the 
gTmph of a functlcm (see Figure B), 




10 U 12 



Figure 8 
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Uq eftn reAd thU gimi^ In ttm follovliig vay. Su^poM we vlah 
to knoir thB otitput for the ii^ut a« Jih first loo«t« the point 
lmb«l«d 2 on tto ixq^t uic (hero the horiitooua axis). Then 
ve search along the vertical line thx^ni^ this |K>int until we 
fiivi a point <m the graph. The horismtal line throu^ this 
point of the graph padsea through 5 cm the output axis. HMce, 
the point iritb coordinates (2/9) is a point m the gmph^ 
and is the ^tput eorrespcmding to the ii^t 2, M oui 
see that hy usii^ this nsthod, a oingle output cm be foimd for 
eaeh input. The reaoem is that each vertical line intersects 
the grs^ in Just one point. 

It vould be difficult to express this function by using the 
arrov notation. In sose casra, a gi«ph is the only convenient 
way of representing s function. 

In Figures 9a and 9h, ve see gmpbA vhich do not represent 
functions, 

Y 




Figure 9a 

In Figure 9^, vtwt would be the output corresponding to an Input 
of Here, we see that instead of getting a sir^le definite 
iosge, three possible issiges are put forth* Thus, there is no 
one output correspondii^ to each Ininit, So, although this gms^ 
my useful for other purpc^es, it docw ^t repres^rt; a function* 
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0 

a 

T 
P 
0 
T 




0 



1 



2 



3 



k 



5 



6 



IHPUT 



In Figuro 9t>, irhat would l« tho output ^rrefpcmdlog to m 
Input of 5? Here, m 0m that tbla it^t irlll be ftAsocUted 
irlth tuo Inges. A^in, ttere is no ^ outj^ eorm^cidlsig 
to ^ch Input. TOorefore, thla gmi^ doea not represent a 
function eithar. 



Check your Reading 

!• Can you nasse ^ of repreamtlng a functicm? 

2, Vhat doM **to drav tho ampii of a flsetlon" want 

3. Which ^lis in the coordinate plane io aseociated with the set of 
i ^tfi of a naction? 

Which axlg In the coordinate plam is associated vith the set of 
ott ^p^g of a fuactlRif 

5. MImt U a ftmction (»lled if its gra|^ rlSM froa left to rltfjt? 

6. What does ''to read the ax«I^ of a Ameticm" seanf 

7. When you look at a gmph^ hov i»n you <teide whether it repments 
a function! 
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gxi?reiaeg 2^k 

Associate vith each counting nuasber, q, its triple, 3c« 

(a) Express this function by ualng the arrow notation. 

(b) Ib It practical to express thla function by sEteans of a tablet 
Olve a neasan for your anaver« 

The follotflng dia^rra repreoento a t^4nctlon« 




12 ^ I* ^ T 8 9 10 u 



(a) What is the input if the output Id 6? 

(b) What Is the uutput If the input Is ?? 

(c) What Is the output ir the Input in lOt 

(d) Kxpreas this function by using the arrow notation. 

Study the arrow notation ieacritlng the function ng 
n;w-«l*v+], w represents a whole number, 

(a) What is the output for an input or 

(b) What is the In^t for an output of 15t 

((•) Can an output be an even number? Give a reason for your answer. 

A car travels at a steady rate of kO wiles per hour. Associate 
with the time (t) in hours the distance (d) in Biil^ covered by 
the csr» 

(a) Rxpress this !*unctior by a fonmila, 

(b) Express this function by using the arrow notation, 

(c) What is the uutput if the input Is ^ ? 

(d) What is the input if the output is 1^0? 

•Hie function, gp as0;^iatefl with each positive nia^r s the area 
of a square ^^se side is s units in length. 

2 

g ;s-^s , s>0. 




6. 



(m) Find the uutputs for Infmta of 3 ud 6. Hov are these 
outputs related? 

(b) Find the outputs for lni»ita of i> and 8. gov are these 
outputs related? 

(c) Doee the saw relatiooship between Inputs and outputs hold for 
SSL inputs such ttmt one is double the other? 

Tte graph belov represents a function. 




(a) What is the output for an input of 2? 

(b) What is th*f output for an inj^t of *)? 
(t?) Wtmt is the input f'^r an output of kt 

(d) Does this graph represent an increasing function ? Explain. 

7. Dmv grains ^jf the following functions. 

(a) k ; X -92, 

(b) i i % ^^1, 

Use the Language of georaetry to accurately describe these gmphs. 

Birplain,vhy functions surh as H and I are often called 
comitant functions* 

8. In asasuring tes^rature ve ordinarily use the Fahrenheit scale, 
goifever, in mny parte of the world and also in the science laboratory, 
the Celsius scale (funaerly called Centigrade scale) Is used, <Rn? 
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r»lfttlo&ihi|i betuMQ the two «»Ies is m fimctloii, Tbie function my 
be #x|ii««fled th« folloirltig foraula. 

F - I C ♦ 32 



lOCP 



1 
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CP 



CELSIUS 



(a) What la the output for an inimt (C) of Of What is the 
scieatific aignific^ce of this oatputt 

(b) What Is the output for an input (C) of 100? What la the 
scientific significance of thia outjmt? 

(e) CoTOlete the given table: 



Input: 


C 


0 


10 


ko 


60 


80 


100 


Output: 


1 c ♦ 32 


1 


1 


? 


f 


t 


? 



(d) Choose convtmlent units of aeaaure for both axes, and draw the 
gm]^ of this function, 

A certain asount of a gas shut in a container e»»rts pr^sure on 
the tAftlls. If the sise of the container can l« clmged, as by a 
piston, then the voIusjb (v) of the container deter&ines the 
pressure, in agreeaent vith the function 



8 



V , V > 0, 



133 



(ft) CcTOlqte the given tablet 



10. 



Input: V 


1 


2 


k 


5 


10 


20 


25 


50 


Outlet? ^ 


f 


t 


t 


f 




? 


t 





(b) Draw tti« gms^ of this fmctitm. 

(c) Ifl the futution, g, ma tncreaslty fiu Mtlon ? Skplain. 
Miich of the folloving gmfto represent functioas? 

(») (b) 
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2-5- DiscoverlM the Usefulneas of Gmpha 

W« have sMn that graphs can be xwed to give clear pictures of filfferent 
kiods of functions. Kore than just a picture of ac^ relationship, a graph 
oao show other l^^rtant pattenis of behavior of a function cm closer examina- 
tion. Consider the following example of charting grovth in hel^t* 

Eacaaple ; Ton Jcmes* dad liked to keep records of f^cts and figures* 
When Tom vas bom and gtn each of his successive birthdays, Mr, Jones wrote 
down T<m*9 height in inches. He stopped keeping records i^en Tom m&b 21 
years old« Here are his records* 



Age 


0 


1 


2^ 




U 




6 


7 


Height 


21 












^^1 





Age 




') 


10 


u 


12 


13 




Height 


^1 


kk 






51 







Ags 


15 


16 


17 


18 


19 


20 


21 


Height 


•t6 




6k 


71 


71 


71 


71 



In ojme of our jther examplefs, tho tables tion't coiqaletely represent 
the function. If the number of acceptable inputs is not too many^ then by 
showing aU these inputs together with their eprresponding outputs, a 
complete rppresentation of the fxaiction can be given* 'Hius^ the information 
that we have abuve, In table form, on Tom's height at each birthday through 
his twenty-first, rf?presents the entire function: ramely, Tom's helghl-at- 
btrt.hday t^ln^ttc^^• If w*» graph the function, Tot's growth pattern shows up 
more clearly* 



ERIC 




^* t 7 



y 10 U 12 13 14 1^ 16 X7 18 2C 21 22 23 2^* 25 
Figure 10 



"Hip re nr*- tvu thirigs to njtiee about this graph. First, we hsve used 
liftVrr^nl :if-alp£j on the twc. a;ses fur c^^nvenienee in representing the facta, 
lle^jHsl, a]th'^ugb unly the pv^lnts plotleJ belong tu the gmph of the function, 
we have Juine.] eonse^'ut ive points by segnsents to Bake the graph eftsier to 

We ^ftnot rf»al thf* graph ati an ve can nsjafl the table. Hoover, 

wp (Tan fin! a numl>er jf pruperti<»s of the height-at-birthday function froa 

ihf* graph mi^rf» quiirkly than can from the table. We will discucs a nia^er 
iiV thrtse properties, 

Befoi'e Icjlng cj;^, if^t us agn*e tu usp the symbol h (suggesting height) 
aB the tiatue fur this fun^nlon. Hiroughout this section, h represents 
1^>m^g helght^at-birth lay function : 

h ; age height at blrth<Jay for the age. 
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(Class Dlscwslc^) 

Look at Figure 10* 

(a) Is the gra^ of the function h rising or flalliap , from left to 
right « for the inputs (ages) from 0 to l8? Sxplala* 

(b) For these inputs, is funetlcm h an increasing or a decreasing 
function? 

(c) What lawiing can ve give to the answer to question 1(a)? 

(a) What is happening to the ffratfe of the function h for the inputs 
(ages) fnm l8 to 21? Explain, 

(b) What tanning can ve give to the ansver to q\iestion 2(a)? 

(c) What vori do you think ve can use to describe the behavior of 
h for the Inputs (ages) from l8 to 21? 

l^e graph of the function h consists of 22 points. Perhaps ve can 
discover aomp nw inforaation by examining the segiaents Joining any 
tvo consecutive points belonging to this gra|^, 

(a) Is there a oegraent which seet^ to be stee per than any other 
segment? 

(b) What {aaaning can ve give to the answer to question 3(a) if ve 
vant to relate It to Tom's growth pattern? 

(c) Can we fini the cooHinates for both of the enfi|K)ints telonging 
to this "steepest** segraent by looking at the table of Tom's age 
anJ height? 

( l) What are the '?oordi:»tes of the left end|K3int and the ri^t 
endpoint of this segtsent? 

(e) Between which two birthdays did Toia have his greatest growth? 

(f) What arithmetic problem £»n we do to- find Tom's growth betweoi 
these two birth^iays? How much did Tom grcfW during this 1 year 
period? 

(g) Can we tell from looking at the graph of h how Tom's growth 
between his l6th and ITth birthdays ccaaares with*aay other 
1 year perlixi? 
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(b) What arithmetic probleo can ve do to find Toa'e grovth between 
his l6th and l?th birthdays? Sow touch did Too grow between 
these birthdaysf 



Ihe clafls discussion exercises suggest that ve consider hov ouch Tom 
grev from oi» birthday to the next, The change in his hei^t during each 
year oay be associated with his age at the end of the year. In this way 
ve describe a nev function. In Exercise 3(f} ve found that Tom grew 7 
inches between his 17th and l8th birthdays; thus his grovth during his 
l8th y»r vas 7 inches. We mke 7 correspond to l8 under the "growth 
function". If ve represent the grovth function by g (suggested growth), 
we have 



*nie grovth is, of course, the change in height. Ifeus the output under g 
iB given by 



Also, in Exercise 3(h), ve foimd that when 17 Is an input for the grovth 
function g, then thf* output is V T . 



^e graph of the fixnction h (see Figure 10) rises rather steadily 
between Tom's second birthday and his sixteenth birthday. This represents 
the f&ct that Tom grev at a fairly steady rate during this period. In 
terms of the grovth functl'jn g, this stateoCTt w*mb that the outputs for 
g are nearly the saw for all th^e Inputs, Let us check on this by studying 
the pattern jf Team's grovth in mtjre detail, We my do this by going to the 
table for the function h and using the facts given there to find outputs 
under the grovth 1\incti'jn, 

We nov give part jf the table for the growth ^^Inctlon g, llien ve 
vill use this table to ansver different questions about Tom*c grjvth. 



g : age -^grovth t>etween preceding birthday and birthday 

fur the age. 



(height at birthday t>f given age) minus (height at preceding 

birthtiay). 
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iBput for 
growth 
functloo g 



Orowch 

frai 

•ge 



to 
age 



Output for growth fuactioo g 



3 
k 

5 
6 

7 

a 



10 

11 



3 
h 

5 
6 

7 



3 

k 

5 
6 

7 
8 



31 i - 28 j - 30 ^ - 28 I - 2 I - 2 1 



33 5 - 31 ^ - 33 f - 31 t 



35 I - 33 I 



37 J - 35 I - 36 I - 35 f - 



39 J - 37 I 



kk 



39 ^ - '»0 J - 39 i 



in 



9 
10 

n 



10 

11 

12 



U6 I - W» 



51 -U8|-5o|-U8^. 



i 



i 



4 



(1) During the ten^yesr period fros Ago 2 to age 12, vl^t was 
ToB*a largest yearly growth? yihen did tbifl occurf 3y eaeanim* 
tion of the out|Axtfl shovii in the table ve find the largeet 
output is 3* So 7ba*s greatest yearly ^wth during the 
tCT-year period ^os 3 inches , and this happened between the 
ages of 8 and 9, 

(2) During the ten-y^r period, vtet «s Torn^B smllest yearly 
gx^ovtb? Utoi did this oecnirf Ttm soallest (^]^t sham in ihe 
table is 1 ^ • Do you f izsi that there vere tvo years during 
vhieh he mde the least growth? Tte first ms between his fifth 
and sixth birthdays^ end the second vas betwe^ his sev^th and 
eighth birtteteys* 
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Sow conaHer another question concerning the ten-year period between 
Wfl second and tvelfth birthdays. What i«s Toa«» avemae rate of Krovth 
during this tl»e? Another ifay of putting this question le: "Suppose that 
Too had grown the s«k saount each year f roa tte age of 2 to the age of 
12. What would this aaotmt have bad to be so aa to produce the saK total 
growth over the ten-year perlodf We can answer this question by finding 
the change in Ws height between the ages of 2 and 12, and dividing 
this total growth into 10 equal parts. 

Hol^t at age 12 was inches. 

Height at age 2 was 28 ^ Inches. 

Total growth from age 2 to age 12 wis 22 | inches 

because o: - 28 | - ^iO ^ - 28 J - 22 | . 

Average growth por (for each) year - — Total growth 

Hioaber of years 

22| 

"To- • 

We can alagilify this fraction by nwltlplylng by the number 1 (naoed 



aa J) 



10 % :q ^ I .10"" " "TIo" ' to " ^ 1^ • 

If we rem^r that the nusemls " J and are Just different 

naa&s for the saae number, then we could singslify this fraction by replacing 
•^k?.? J " by '•.>L\2^'^: 

32 T- 

In any case, see the average j^te of growth Is Just about 2 ^ inches. 

Regetaber g ]^ - :^.22'j and either numeral a nuaber a little l^s 
t\m% 2 ^ , 
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Sxerelsea 2»^h 



for these exercloea, refer to the table? and ^rsph of Tom^o hclghl-at- 
blrthd«y fuacticm h (see pages &l^h2), 

1, tie kziov from the elaas diacusslim axerclriefi that Toa grcv more ^H»tve^ 
his 17th and l8th birth<la^ than during any othor ngcQraod ! ymr 
period. knov also that 7cm bad his next greatest growth Lotvnon 
hia l6th and I7th birthdays. Look at the gmph of h an^i dociic 
ifhen To« had his tblrd greatest y^sarly growth. Give the ages L«tv<*en 
vhich this grovth happened and then uac the table to find hov such 
Tom grev. 

1*, Look at the graj^ of h a'id decide when Tom had his l€Hmt yearly 
grovtb. Give the sges b^*tveen which this growth happened an i then 
use the tatle to find bow auch Toa grew. 

3. (a) From the grai^ find at which birthday Tom's height first hocamn 
greater than twice hie height at birth, Wlien «lid his height 
firot l:>ecome greater t!»n three times his height at birth? 

(b) Ton's fina^ height was hciw many titm?c his height at binhl 
Hassp this number in three iilfferent ways: by a fraction, ly 

a mixed numeral, and by a ieciml numeral (rounded to the 
m*ares*, hundre^lth). 

(a) Make k complete table showing Tom's growth function g* 

C jrTWponding tcj the input I give the growth f ra» age 0 to 
agf 1 9 We have otarte'l the table for you. tkmH rorg>t « 
jutputc r»orTesponfilng tj inputs frum i to l^* an? shown 
jji page ^Jm 

Tfeble; Growth function g 



Age 


1 




< 


* • ♦ 


Growth cince preceding birthday 




T 







(b) Why is 0 an acceptable input for the function h, but not an 
aeet?ptaMe input for the function gf 

(c) *nxe largest input for the function h is PI, Is it a! so an 
acceptable Input for our f\mcticm gt 



erIc 



(m) Dvw the of ToaU gxwto nmotlco « fm pn^lM 

Chocmm m Bcmln « tli« rtrtical uif go tfagt tout fiqli vlll 
about 3 ioete* iili^, 

(b) Join eoweoutlva polnU, b«l<8i^ag to tl» ^ tyr 

MffMOt«* Z»9 tIttsM MffaniU belc^ to tbo s^mii^ of tte groiftli 
ntsurtloaf 

(e) Cpm^ ^ ^ TM^ of fttetioyi j| for tte iapoU (achi) 

frtn 1 to 6p Sotlet ttet tte fnifli of fUootlon ^ is 
laerMlQg for tteso lupits vliilt tte gm|^ of fwetlm £ i« 
(loerMuilag. la torw of Tcrn^m groirth SBttora, iftet ^om this 
asMf 

(d) C^wmare tte g^ply of funetloao ^ ai^ £ for tte Inpiito (tt«M) 
fro« Ik to l8p ^leo ttet, XS£ t^i^ liwiU, tte gm^te of 
bo^ fuir^tioiis «r» laerouloft* In tozts of gmth pattan, 

vtet doe* thla nMnt 

Vtet MM Tci«*8 avomqg w^to o£ groif^ dturiag bis grovlog period frooi 
birth to tte age of l6 ywrsf 



lk2 

1 i ] 



fto Emus ftally eot»Ut« of Mr. ftnd ffrs. Evans «nd three ehildrai. 
lAm tte chlldim wre young Nr. ud Ifni* Smm teei<jted to start m saving 
fund to psty for tto colleg© edueatim of ttoir ehildrau Ihe corwiK3i»l«ice 
b#lov shoM hov uch amtf^r ms in tte fuad at ^ at^ of each year, 

The oua^r of years the Bvatts The tsuster of dollars 
h^TO hfid fi eavimni fund In tte eavlngs f\md 

0 »| 0 

I ^ 1,CB0 

• 1,680 



3 — » 3#312 

^ 2,906 

— > 4,^tO 

6 » 6,784 

7 8,120 

8- * 6,213 

9 — — » 7,028 

10- ^ ^ 9^.^ 

n — — m 6,USQ 

12 ^ I0,1&» 

1 , Ubis corre8iKin<lence between mfflg?er of years and ma^r of dollars 
rspxvsents a function, 

(a) Hov do m knov ttot the ntAbers in tte left-hand coliasn are tte 
Inputs for this funetl<Mi? 

(b) What naae cnxi we give to tte nui^rs in tte ri^t-band colunf 

2« Ite graph of this funetlcm cooslsta of a set of 13 points. Vlth 
tte exception of tte ^int whose coonllnatcs are (0,0), 

(a) in which quadrant of a coordinate plane cm you dzav the graj^ 
of this fimctlcm? 

(b) What can be done to sate tte ^rmpb of this funeticm easier to 
raadt 

3* Oimr a gmjti of this fimctlon; Let points on tte terlsontal axln 
rppnesent tte years a»i points tte verti<^l axis represent tte 
sarlngs* (A convenient scale on the vertical axis is 1 imit of 



1^3 



f 

1 .> 



flMftAuro - $t^QOp) Join cpnaocutlve fraiats of this grsph by aegoi^tfl. 

TtM sttgomtSf Joiolog ecm««cutive points of this gmf^, to hftv« 
2 different kinds of utftwomsB * 

Soma 0«gBMmt« mro steep in the sense ttat they r^tse froa left to right. 
For eiMQil^f 



Sow sogsiBiitB «re ateep in the sense that they flaU Tram left to right* 
For exmaple, 



Uovg let's find tagonini^ to assign to these segaents, in ten&s of the 
RvmnB fasilly an<i their smvio^ fxmilm It see^ reasonable to state 
that a rising sefflaent ahuul 1 oean an incneafle in asvings* What 
roanlnp should ve give to a failing sepsent f 

From the graph find the year in vhich there wis the greatest incfcase 
in aavlngo. gov does the graph shov this! 

Fr^ the graph letemine the year in vhlch there iias the sharpest 
d ^up in savings* Hov ioes the graph shov thisf 

From the graph 'iete^ ftifws the longest period of years during vfaich 
there were on ly logroases In saving. Hov does tlw gra|As show thisf 

During the fourth year of savings the Svans mnily bought a new house. 
Explain hov this infomtion **fits** with the segg^t Joining the points 
whosi.^ coordlt»t«?0 are (5, end (k, 

During the tenth year of savings Mr, Svans received a big increase in 
salary. Explain how this Infonaation fits'* with the segment Joining 
the points whose cooriiaates ars (9, 102^) and (lO, )56o). 

(a) Sow isuch money did the Svans ftaily save over a period of 12 
years? 

(b) For the entire period what was the average clmnge in savings per 





year? 




Certainly qjvs of the aimpl^^st jV all functions is the i ientity 
function: 

If iaagine this t*uncti;^n an a mchine ^pemtian, then trhalever numtper 
we ufle as input ia retumei to us output. ^Iliis happens, for ejeaagsie, 
vhen WW put a "oin inV:^ s m^rhine f-jr coltl firlnkis, ani the mchine has nm 
out of c^I'i Irliks; the coin is returned ta us. In Figure Ha, the 
Montity fun.'tUjn taac!hine .iutpute ' Tor th*' i»iput "i W 
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IHFOT HOPPER 



OUTPUT SPIGOT 



Figure lib 



It rf*rtainly ^ught t.. ^sy bulM su^.'h a taachine. The inner vurklngs 
wyul i ojnal^Tt **ntir<»ly a tube u*-^nnecninu the input hopper and the uutput 
9pig:^t, ai5 i:h,-wn in Figu/-e ]lh^ 

Graphing thin t^in'^rlon ic, of ?^rse, quite siTuple, Itoe a particular 
input, aay j, ani its .'jrrespon^iing output, also 3, an«i plgt the point 
eorrpsp'jn Jing Siaiilarly, the points corresponding ti; the number 

paim (0,0), (*f')f (* )# anj £j jjn, belong to this graph. 

In ''onn»f tlor. vith th.^ identity function, let's, exauiine the set of 
four printt?: 0 with fojnlinates (0,0), B with cooniimtes C3jO), 
I' with ^^jriirmtes (j|5)| ani A with coorrUnates {0,i). It is L'lear 
that these polntr, are thf* vertl"f?8 j:' a square, T^ie diagonal of this square 
(sec Figure ) ''rtsn 0{0,0) T.-j F( 3, 0 fiivi^les this sqiare into two 
triangJen ^isving the satne Jtiape an i iJize, A AOP and A BOP. 





Figure 12 



To understand this, think of cutting a sqwre out of paper, as in Figura 15a, 
and folding the squaiie over the diagonal OP, aa suggested "n Figure 13b. 






Figure 1^ 



Figure 13b 



Figure 13c 



After this folding, the points A and B will coincide. See Figure 13c, 
So will the angles: lAO? and ^:mP. (You have seen this dca» tiaee 
in folding square r^x^Ona,) IHius %hs angles, ZAOP ai»i IB^, have the 
sans masure so that in Figure 13a the xa^ ^ bisects the angle BOA 
fonaed bjr rays on tl^ coordinate aj^, Tlie saae reasoning holds for any 
points with the two coordinates eqt^l such as (2,2), (^1^.5,^.5), (8,8), 
affii so 




Figure Ik 



So ftll these points lie on the my bisecting the first quadmnt. If ve 
extend this ray into the third quadrant, thus Imving an entire line, ve see 
that all points on this line have both cc^rdimites the same, ^us the grs^ 
of the identity function is a line throuj^ the diagoaml of the square in 
Fljpire 12« The graph of this sisgple, but is portant , function is dmm for 
you In Figure lU» Stt^ It carefully . 



Rgercises 2-6 

!• ^ one coordinate plane, dmv the gZB]^ of tY^ folloving functions. 

(a) I : X '-t X 

(b) h : X -tx + 2, X > 0 

(c) k ; X X ♦ 3, X > 0 

(d) i : X -►x ♦ 5, 3t > 0 

2* He knov t]»t the grai^ of the identity function 2 ^ d^cribed 
as a line. 

(a) How can ve describe the of functions h, k, and £f 



(b) Sow are the graphs of h, k, and i related to the gm|^ of If 

(c) Are i\inctions I, k, and i iner^alng functltms ? Sxplalo. 



2-7* Klndg of Functiona 



Mr. Gray works for the Sational Metals Cors^mtlcm, He Is often called 
upon to work uvertiTse and has agreed to do so provided he Is paid $U per 
hour and la to get a full hour*® pay for any part of an hour tiat he works. 
For example, he Ic to be paid for 11 hours irtien he woilcs 10 ^ hours* 
Ifeis corrofiponlcnce between number of hours worked and pay received is a 
function. The input is the number of hours worked and the output is the 
corresponding pay; ani corresponding to each input there is exactly one 
output. 

It' we try to ieserlbe this functicm by using the arrow notatira we 
run IntJ liff icuJtiec. We tmy get a cleax^r tmders tending of the function 
by 1 rawing a graph. When we consider the set of jnguts and the set of 
^iutputg ve notf? that they -io not follow a faiailiar pattern. For exaiaple. 

For si 1 InputB, n, 

if 0 < n < 1, then the output is k; 

if 1 < n < 2, then the outjwt is 8; 

if < n < 5, then the output is 12; 

if j < n < i*, then the output is l6; 

If k < n < "jf then the output is 20, and so ot. 

Let ufi J raw a graph of these inputs and outputs, plotting the inputs 
un the horizontal axis and the outputs on the vertical axis. Jlote that we 
aro using ^lifferent scales on the horizontal and vertical ax^. 
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0 1 S 3 k 5 6 7 8 * 

njPOT 

(mstffiR OF msBS i^rked) 

Figure 15 

l*ie tiny circle at the left of each h^rlzcmtal segment shows us that 
this endpoint dues not belong to the gmph# 

Ve see that the graph of this function is mde igj coapletely of a 
nuBter of horicOTtal piecea* A function irtioae gmi^ has this jnaperty is 
galled a step function . 

SiMgle 2; 

In the aanul^cture of certain mchlne parts at the totional H&tals 
Corpomtion it is necessaiy to cut 1-foot lengths of steel out of large 
sheets of steel of standard viith. In this process, a leftover piece of 
steel 'With length less than 1 fc^ is considered v^te. for a sheet 

of steel of standard width t^t is 6 feet 5 inches in length, six 
aachlne parts my be obtained, asie extxs 5 iach^ are waste. TbiB 
corrsapoodence between lengths of steel and the nu&^x^ of mchiise parts 
obtained is a function. The set of inRtts consists of the various steel 
sheet lei^hs used and the set of outputs consists of the numbers yf 
oicblne parts obtaii^. 



AfiftlQf a gmi^ my help ue to get a cl^rer undersumdiog of the 
functloa* Hie Ixq^nits and outlets io not follov a familiar pattern. For 

For all Inputs n. 



if 


0 < o < 1, 


then the output is 


0; 


if 


1 < n < 2, 


then the output is 


1; 


if 


a < n < 3, 


then tine output is 




If 


3 < n < 


then the output Is 


3; 


if 


^ < n < 'j. 


then the output is 





Let us J raw a graph of this function^ plotting the inputs on the 
horizontal axis and the outputs on the vertical axis. 




T 5 3 ^ T 
3 SFur 

(USiSTH OF STIBi SSSSr) 



Figure l6 



The tiny circle at the right of each horizontal segment shows us that 
this on<ipoiat Joes not belong to the graph. 
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Sxerelses 3*7a 

(class Discussion) 

Vfp know, fro® fixat^le 1, ttmt the eorrespondence between auaber .V 
Hours vo rk^ and oslatj earned is a new kind of fuoction cal led a 
step func:tion. 

(a) When is a function called a step function t 

(b) In Kxamplp 2, is the correspondence between length of aheet 
iit^l and nu»Ler uf machine parts a step function? 

{") In Figure 15, why are lifferent scales usei on the horizontal 
ani vertical axes? 



There are t^inctlane whose graphs are obtained by repeatedly sliding 
an initial portion of the graph to the right always by the &asie atsount. 
^^^^ a t^In^--tiun cal le^i a perioU<- function , Ttie numler of units by 
whi !h wc fsu;.}t sllK* tlif> first porTi;?n to get the seconl and elide the 
oeoonl t'j get thi- T.hir i, an J sc. forth, is called the period of the function, 
Th^ function whj^r* graph Is irawn in Figure 17 Is a periodic l\inction whose 
peri'x! is 




X 



Figure 17 

Ifot,(> that jv^r the interval from 0 to 1 the graph of this function 
Is the oaosp that ^i' the identity function. Tte rest of grajfe can 
be thought ji' as being obtaine^i by successively shifting this portion, 
between 0 ani ^ one unit to the ri^t. If a function }»5 a period 

1, ani X is an input, the jutput correspontiing to an input of 
X ♦ 1 is the fla»^ as t he outjHit associated with an input of 



Of coyrse, there are periodic function* with periods other than 1. 
For exMple, Figure 18 shows the graph of a periodic Tunction with a period 
of 2. 




X 



Fi|;ure l8 

We can see that any one secrtion of the graph lauBt be shifted tvo units 
to the right to I'it the next qectlon of the graph. 

The function whose graph is shown in Figure 19 is a periodic function 
whose period is j. Any one section of the graph tsust be shifted three unltfl 
to the right to fit the next section of the graph. 













7 I 


5 9 io U 12 *^ 



Figure ;9 

If a t\inction has period 2, and is on input, the output vill be 
the same ae the output Tor an input of x + L\ Likewise, If a function hac 
period 3, and x is an input, the output will bo the naiae as the output 
for an input of x + 3, 

Exercisefi ^"1'^ 

1, The Ace Car Rental Service rents a certain type of car for ^ per 
day with the agreement that use for any part of a day will carry a 
charge for the ful' day* 

(a) 'Hils stateasent involves a function. Below are 3 colucms 
^f currespondences belonging to this inunction. Ctudy each 
co^I\^ 8eparatel;^ > 



1%' 

o 

ERIC 



Ik 2^ .21 

Ih 3 m 21 

Hov do TO knov that this futieticm Is a step runctlon f 
(b) Dmw the graph of this step function. 

An electrical repair service charges ^10 for the first hour and 
^ per hour, or fraction of an hour, after the first hour. 

(a) Write inputs an<l their corresponding outputs for this 
functlcm. 

(b) Dmir the grsi^ of this function. 

the cout of SOT'ilng a letter by air laail In the Ualted States is 
10 cents per ounce or fiuctlonal part oV an ounce. Draw a grajm 
of this function. 

Dnav a gmj^ of the function 

(1 if 0 < n < 3, 

2 ir n > 3. 

Consider the function descrlfe^ by the following stateoent: 

OSmi cost of smkUUig a teiegraai betwe^ two given 
points is 50 cents for the first 10 words 
(or It^s) and cents for each wonl over 10. 

(a) Represent this functlm using arrow nptatlon. 

(b) Dmw the graph of the functlcm cm a cooniltmte systaa like the 

on** on th^ following p'^g*-. 



1 

t' 



•7 
►7 



{«) The function vhoji© gtmpb is •Uowa in 6(«) has tvo diffei^nt 
output*. What are th« outputs for this function^ 

(b) lUe functloa Vhose grmph is ahovn in 6{b) has the output ^ 
correBponding to an Indefinite nwaber of different inputs. If 
X repre«ent« the ami lent input iriioBe output is g , then 
what counting nusabor xsmt be repeatedly added to x ^"^l 
other inputs vhich have the itaage ^ ? 

(c) Look at the gmph shova in 6(of), and decide what output will 
c^rreapond to arj^ input between, and including, 21 and 23. 



2-8. gigmary 

Section . 

An introduction to functions was given in this section by way of 
a 'lificuflsion on autoTSobile travel using the familiar words, distance, 
speed, and tiiae. For a given cpeed, wo found that distance is a 
function of time; for example, 

if the car travels '>0 taiiea per hour^ the distance, d ■ f^Otj 
if the car travels miles per hour, the distance, d = l**3t. 

The avorago speed (in allies per hour) U the total distance traveled 
diviiied by the number of hours spent In tiuvel. 

Section ^".?, 

If a heavy stone is droppe^i from a cliff or a building, it 
travnls farther during the second one-second interval than during 
the first one, farther during the third one** second interval than 
during tho aot'ond one, etc. In this way, a new rule, modeled on an 
actual physical profciea, was introduced, Again, we have the distance 
as a function of tiasc. The distance which a falling body, or falling 
object, drops can be approximated by 

d l^t"^, 

A new syiabol, m, smning "approximtely equal to", introduced, 
and the above rule, or fonsula, is sosjatiaes written 

d s l6t^. 
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Sffction 

A function is m special kind of c^rrosjondtnce auch that cor* 
responding ty each input, there i« e)«etly one output* 

It is sooetisea helpful to imglne a function as a kind of 
t9achint* » 

Arrov notation ia a convenient way of representing a ^^i^ctlon 
in brie 5* fona, 

l^e arrow notation f ; n ^n can be rcmd ao "the function f 
which asagciateo with each input n, the output 2n*^ ^ 

If a c:>ri«spondence is a function, the reverse correspondence 
q»y jr tnay not be a runctii:;n. 

The text has introduced you to ^ ways, other than arrow nota- 
tion^ for rcpr»»sentin€ s function: 

{ 1 ) a stateiaent, 

(2) a table, 

{'5) a diagram, 

(U) a formula, 

{^>) a graph, 

^raw the ^raph of a t\inctlon" laeans to find a collection of 

points in the coordinate plane that will accurately picture the 
special kind of aissociation or correspondence which we call a function. 

When drawing the gmph of a funcrtion, unit of te«fccure T»y be 
selected for the X-axifi, and any unit of measure for the Y*ajcis, 

Itie graph :^f a function very often ahows the correspondence more 

clearly than a table- 
Certain f roi>ert.leg of a function can be easily discovered by 

examining its graph. 
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geetion 2-6. 

A simple, but iffls»rt4ntt functioa 1« tho idrntit^ function , 
I S X ^ x« 




A atep ftingtl^ Is a iXmction vha9« gimi^ is wkde up entirely of 
« nunber of horizontal pieceSi 

^ pqrioilc function la a fOnction \thoae gmj^i can be dmvn by 
finding that part of the graph vhlcb constantly Pcp^ito itaelf, and 
then sliding this part to the right always by the aim atKnmt. 
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This 1« tttf students* flrat forml Introduction to th9 io^ortmt 
taftthoMtlcal concept of function . Since physlcftl altuatlana often leftd to 
fifflctlons and gmplia oi functions the chapter also contains some introductory 
reoarka about mthemtical qiodele. 

Althoutfi the function concept is one of the moet elgnlfi(»nt id«u in 
the Q»theQatlcal vorM, the teitual treattaent is merely a &entle Introduction 
to the subject • Pleac^ treat It this vay* . "Hiat la, do not expect your 
students to oaater the concept at this tiaas * The student vUl iseet and voHi 
vlth the function concept through the rest of the sequence. 

A function is a cjrreaponf^ence between tvo sets of things, losually 
numbers, such that tu every meiaber of the first eet A there cori^sponds 
•xactly one meobar of the second set B. 

TMs statement can be illustimted as follows: 



Using the very descriptive words, inimt and output , we can say tt»t 
for ev«ty f roo set A there eortfesponds exactly one output in set B. 

output is soisetinies called the ivf^ of the oember of set A* 

We bavu Initially chosen to eoplMise the '*arrow notation** to represent 
a function since it seetas to convey to the student the basic fealing we would 
llto hio to giin about this concapt. Safine«ente In the notation will occur 
as ttmy are needed to tmdle more sophist leated situatl;»is. Do Intro- 
f dooe any additional notation at this tints. 

\§e usually write a formula ^ich tells us the sseisber of set B that 
6orres^»)ds to the s^s^r of the first set A« For exa^la, if A is the 




A function 



A function 



Hot a function 
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e#t of all integers, and x Is a timber of aet A, then 

is the function that takes any integer into its ssquare. B is the set of 
all i^rfect squares 0, 1, 9, l6, , 

Soaetitofta instead of a formula to denote the iiaage of a taeober of set 
A va use a deacrlption of this ioa^e in vcrds. For exas^ile, we my associ- 
ate vith each circle in the .plane the single point which ie its center ani 
write 

f : circle -^center of circle 

to explain the function which we have in mind, 

A brief version of the well-known story about Galileo is told not 
only to introduce an interestirig function, but also to give the flavor of 
what discoirery meant to Galileo, Ifevton and others. People have sought 
since ancient <lays to find a !aode] of reality, to discover t»the?iBtical 
rules fur uurrh physical phenomenon as motion. Discovery meant finding a 
fflodel, an ideal, or a mathemtica! description, which would approxinate as 
nearly as possible a natural motion J 



In Galileo's experiment, we think of i'alling objects as points and we 
regarrt the earth as a plane. Our mo^Cel Vov fUlling bo<lies is quite accurate 
for nearly spherical, dense objects dropped from a few hundrei feet off the 
grour.d. 

SUCX^Hi:V^^ TIMB SCHSDULS ; 
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Jouriin, **The Bature of Sfethematics", Jat^ tfevman, ed*, Vorld 
-21 Ifethfimtlco, ibid ., pp. 44-^7* Another reference irtiich might be of intei^ 
eat to the teacher is BudJlph Camap^s Hiilosophlcal Foundations of Physics 
(n* Y# Basic Booka, 1966). 
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2" ] , Travel b y Car 

'She student's introduction to t"unctlonc is voven into a discuasion of 
•utOTObile tmvel. This illuetratiyn is chasen for tvo reasonfi: 

(1) It is linear (a tena not used vith the students), and simple 

(2) Thin is a topic about which the students have some intuitive 
feeling, since this is usually a part of their pi^vioua 
experience. 



g]certTis^?o la (Class Discussion) 
1 • input iiiitput 





'\ ^ot 












d 


a 


liOt 






0 


0 


If 


t 




0, 


then 


d 


as 


00(0) 




0 


1 




If 


t 






then 


d 


a 


50(1) 


S 


50 


'J 


122 


If 


t 


^- 




then 


d 








100 


i 


il-Q 


If 


t 


n 


3, 


then 


d 


IS 


'jO(3) 




VjO 


k 




If 


t 






then 


d 


5 


'Mh) 




200 




I?'.0 


If 


t 






then 


d 


B 


50(5) 


8 


^50 



T^ie oludentu ii: n'-^t anked to 
plot his p^jints on the coordinate? 
axis, since thii3 is nwt the on^hasis 
in this section* The teacher might 
viah to return to 'his gmph when 
the students are studying 
Section I?-^*. ' 
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I6l 



1/ 



4 



1, While the Btudeat4i lave not had a "fonmla**, «• such, for coflgnitlag 
ftvem^e speed, this la & faiaillar ar^ outeide the classroCT, and 
they can Intuitively handle this i!Bportant Idea of «veia|^^%jeed. 



time 


yp/h 


^tal mllei 


Avexvge sjwed 


t « I 


65 


65 




2 


50 


115 




3 


20 


135 


is 


k 


60 


195 




5 




2^0 


50 



Cone of the values in the table above were given, but let us review 
how they were obtained and add the new ones: 

During the first hour he drove 65 oiles, averaging, of course, 
65 mileo per hour. 

During the second hour, he drove an additional 5O miles, for a 

total of 115 miles. His average spaed for the 2 hours wotild be 
1 10 ' 

^Jl 2 nilea P©r hour. 

During the third hour, he drove only 20 miles, for a total of 
135 miles. His avcmge speed for the 3 hours would be ^ « 45 
miles per hour. 

During the fourth hour, he drove another 60 miles, for a total 
of 195 miles. His avemge speed for the k hours would now incr^we 
miles per hour« 

During the fifth hour, he drove an additional 55 miles, jaislng 
his average s^jeed a little, to 252 ^ ^^^^ 

(a) Ho, T^b will al^s be ei^t y^rs older than John. Ihls can 
sejn from the grai^. 

(b) Yes, when John wus 8 y^rs old and Boh was l6. Bob vaa twice 
the age of John, In 1958. 
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(c) Yes, when John V8B k yearn old Bob vss 12, Bob'u age 

throe tioes that of John^o^ in 19!^^* 

(d) YeS| when John was 2 yeere old and Bob w&s 10^ Bob<& age 
wsi£i rive tioes that of John^s, in 19^* 

(e) YeSf when John was a year Pld and ^b was 9r Bob's age was 
nine tioi^s that of John's, in 19^1. 



2-2. Fa 11 in^ Qb ^ectts 

The story or Galileo is told to help introduce a function which Is 
perhaps a little different from the ones the students have intuitively dealt 
with before. In this story the idea of functional dependence ('function of) 
is encountered before the actual function is ascertained. Incidentally^ the 
t^lnctlon r'oncept is consiienefl to ^lave originated With Galileo. 

After graduating from "functional dependence" to the actual function, 
we iBSaediatcly turn to the application of measuring the height of a water- 
fall with a stop watch. 

Although "doiKiin" (the set of inputs) and "range" (the set of outputs) 
are not mentianed, we stress the idt^ of input and outp ut where the input 
value detersoines thn output value. The last part of this section focuses 
upon the varlablos which have b^en ignored in the cmrlier discussion, and 
brings to light the Biodel involved in a rothensatical description of a real- 
life situation. 





Bxe rc l geg 
1. 



t : niaaber of seconds 



If t » 


0 




1.0 




2.0 


2.5 


3.0 


3.5 


then d 


0 


k 


i6 • 


36 




100 


Ikh 


196 



If 


t 


^ 0,0, 


then 


ri a 


i6(or 




16(0) 


0 


If 


1 




then 








i6(.2:..) 


- 1* 


If 


t 


- 1.0, 


thf»n 








16(1) 


= 16 


ir 


t 




then 


■i = 






16(2. 2'j) 


= 36 


ir 


t 




then 


,1 s: 




S3 


16(1*) 


= 6!+ 


If 


t 


- • ' ' , 


then 


i = 






!6(C.2'J,) 


= 100 


If 


1 




then 








16(9) 


= 


If 


1 




then 








16( 12.2!)) 


= 196 



C'Jtnputlng 'liff f^r-nn-'^es from th^ table af problem 1 above, we have 



t, ■ 


0 




1 




2 


2. 'J 


3 


3.5 






4 


]6 


36 


64 


100 


lU 


196 



■UfferY^nco ir. d 



-Ll I 20 j 28 I J[6 \ ]^ 
iurini^ - flfyroml intervals . 



t = 0 
t - 

t - 1 



to t - 
to t » 1 
to t = 



t i.V> to t «= H,0 

t = 2 to t « 2,S 

t = 2,S to ^ ^ 3.0 

t ^ 3 to t ST 3.'» 



the rock fel 1 

k ft. 

12 ft. 

20 ft. 

28 ft. 

36 ft. 

ft. 

'>2 ft. 



j. If TO tate airrei-encea again w« have (reputing tho tables of 
problenc ! an-l 2, and exterAltie them), 




That Is, If tfp obnorve the Jifferen^^e between the numbors repi^eentlng 
the numLor of feet tfiat the rock I'd ] In cunoecutlve hair-scoomi 
lnt,!rva;s, vm wi;] nute a cunstant difference uf 8. From thlc tt, 
VP -an ,-xt>>n'i th<- tat!t> ty aJUng; I.e., 

•he ruck fell + 8 - 60 ft. between t 3.'; and t = J;; 
It fell ',0 + 8 = 68 ft. between t = 4 ani t = l*.':-; 
it fell 6t! + H = 76 ft. between t ^ k.-, and t = -j. 



j. n-JHie Examp ! cc ■vi_ Fuin-M.jnB 

-nac fle..tl:>n nmWy )mc. a rour-f;.M objective. It introduces the 
fJtutenti; tj; 

{ ' ) a Jew varied fund ions . 

(.') the machine interpretation of a function, 

(i) the arrow notation a-thod of representing a function, 

{!») the r..ven)ln|^ of the direction of correopondeneen . 

Tf;e claflo ilocussion exen-lses are deoigned to r,.%-lev certain f un ia- 
Tsontal Ideas from georo-to^ as wel! as to tost whether students can i^cognize 
the ntat^wnt of a functlona;. relationship . 

Aaslgn Exercises a^. When discussing these exercises with the 
otudonts, gamhaalze ideas rather tJian language. 
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1. (&) This statement Ijee net ieccribe a runctiun. Given u p.int in 
spti'.'e, thei-e are an uniimitp! numUjr or linen c^niHininf it. 

(b) ^liis atat^ment «iescribes a tXinr-tic^n, Through any two iirf-r**nt 
pointe in apace there is exacrtly one line, f ; (A,B) — ♦ ^ , 

(fj) l^is atate?sp?nt fi^es not rloseribe a run^'tion. Given a p.int in 
sparse, thfr-e are an unlimitt»<i number o:' planeo o^^^ntainlng it, 

(-1) Thii: 3t©tf?B»»nt i-jesi no^ i^Eii-ribf- a t\inotion. Giv^»n tw.j iiffervnt 
points in apav», thei-e arf» an imlimltei number jf plane.; .^wntain- 
ing thipm* 

(e) Thla atAteim^nt ies-M'iles u :'unvn,i:^n, Thrau^i;h any three pjlntn, 
acft al ; the oank' line, there ir. exactly jne plan?, 
f ; (A,B,C) ^ plane ABC. 

Exp r-i0f>o ;^*'3b 

U (a) Ar.iD.natf? with f*a*h meniLer ot* y^ur natheraati-jK clasB his or 
hf'T- age In yi*arn * 

Thin t3tatenu?nt if^B:ritjt?H a function. 
•* : !5**mt«'*f ^sg«^ 0*.' m^^tniiM- 

A.:l; fiat M *«i:h ^^h 'h as**, In yearr., a m^^'mbor vV yjuv ■m'rh^rna*. i v. 

*laiJ;', . 

I^ia atatemcnt ijos not describe* a functi'^n. 

(>■) Ainvlatf viih •>a/h ;-,tato the tJnltoi l^tat^v^ lh<^ namo it:i 
pff>nf?nt g:)Yernwr. 

Thifi :',tatensent le8(?riper a run^'ti^^n. 
V ; ntate ~t namf? prep«'nt guverHv^r 

Ai:;ii j.'iate with thp name on^h present governor in the Unite i 
»^'fatei5 the t^tate vhioh he serveo. 

T^ils i3tatem#»nt iescril>es a I'unctijn. 
g : nanse p^t* pent governor -estate 

(r) Anso*'iat^» with each heii.-ht , in in^-heo, a citiren jV the Unite! 

Thii.1 ntateraent JDea n:)t iesrrltf* a Tunftivm. 
Hit. 




Aiioociate with each citizen of th^ United States his cr her 
height In Inches. 

This ataten^nt describes a funcrtlon* 
f ; citizen -» height of eitlEen 

(^.) Associate with a first naoe fur A person, a last naose. 

Thiis stateitent does not describe a tXmction* 

Aoaociatf with a last name for a person, a first iwae. 

Thlc atats^iaent aoes not describe a l^mctlQn. 



Vftyu '^V Represent iti^ Functions 

•Rie objective of this sect! • is to introduce the students to signifi- 
cant (i) 1 itHii; , (n) a ymt^ul lam , an ^ (j) vocabuiaty , relevant to the function 

It io afcB-jiutPly essential ttot the students understand the content of 
this necti.>n. There are tyo major reaoons f'^r this stateiaent, 

(l) It prepares the students to cope with the remlnlng sections 
jf thio chapter. 

It aluo prepares them for nmch of their future vark in 

Although this section is not explicitly called a class discussion 
pxereise, it nhjul.! be treate<J aa one, but only after the students nave been 
In^^ructed to :!arel\aily read the entire section. 

•Rie text Intruduceu the students to ^ u^thods, other thaJi arrow 
notation, for representing a function. Bach of these ways should be dis* 
I'usoed an! in the jrier of presentation: (a), (e). Give special 

attention to pan (e), tht- graph s There are aany subtle, and significant , 
i'ieas Involved In this exposition. 

Concerning Sxerciaes 2*k , questions 8 and 9 will probably be most 
difficult for the students (*> and 7 to a leetjer degree). All questions 
should be astsignod, but especially I ^ it introduces the constant 
fttnction. a function which the student will frequently ujeet in subsequent 
cert ions. 
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1# (a) R : c 3c, c repreaento ft counting number, 

(b) So. Ttiere are &a ualiolted number cf correspondences, 

2. (a) 3 (b) ^ (e) 13 

id) f ; c c ♦ 3, c reppeaenta a counting number, 

3. (a) 9 (b) 7 

(c) Ro» li* V represents a whole nusaber, then representa an 
even number* ^erefore, 2v -t- 1 will represent an odd nuaaber, 

k. (a) 1 x: 40t 

(b) g : t kot, t > 0 

(c) li^O, 40 - 3 I - 

120 + 20 ^ 

('I) i ^ , If kot - r^O, then t - . 



**0 10 • h 10 4 k ^ k 



5. (a) 9f 36. Since 4 • 9 « 36, the second output is four times the 
first, 

(b) 16, 64, Since 4 • 16 » 64, the second output is four times 
the first. • 

(c) "I* seegg to h^** is an acceptable answer, 
The teacher shouM know that it always holds . 
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3 uoitfl 



6 unite 



3 -9 









, J J y 

— i \ — i 
















1 

1 
1 












f 

1 




1 






♦ 
t 

1 






f 
1 

1 




1 
1 


1 




1 
1 







6-36 



Q -» 0 



6. 



2a -(2b)'\ but {^af - (yn) • (L'b) = (ii ' Z) ' (r. • a) he^ 

(a) 3 (b) 6 ("j) 3 

(d) Yes. Ilie graph lo rising from left to right. 



7- (a) 


Input: X 


-2 


"1 


0 


I 


2 




Output : 2 




2 


2 


2 


2 

































-H 
































































































































































































































0 
























































































-1 
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(b) 


Input : % 


*2 




0 


1 


2 




Output? *1 


*1 


-1 


-1 


-1 


*1 















. I 

1 1 


H 




























\ 
























































z 
































































X 


















— i 


















































•-s 


— 




























— — 













Ttie graph of each function Is b line , and both lines are horiEontol 
( paml {gl to the X-axlo), 

The functljn, if-ocrit*iJ by H : x -#2, is such that re^rlless 

of the input chosen, the cortv^^ponilng output is conatantlv 2 
(liketfice V'iv the l\inction i)m 



B^i; ing Puint 




.100^ Bolli 



0^ Froeslng Point 



!Rrjenoo^ters are available in both F and C ocales. relation 
ia <lu^ to the mifiingn in theoe scalets. 
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^UhlQ is the point on ttm Celsiug 
(Centlgmde) Geale *^ere water is 
^ coQvert»d into atmm (with additiorml 
hoat) «nd atwQ is converted into 
vmtpt (vith removal of h^t}» 



^n.io io the point where water is 
J converted into ice (with romovml 
I of h^t) and ice is converted into 
^ water (vith additional heat). 



lid!, freezing point of water 
boiling point of voter 



Input: 


C 


0 


10 


2*0 


60 


80 


100 


output* 


2 Q 4 















If C ^ 0, 

then 2 e ♦ ?2 • 

0 + 32 - 



If C - 10, 

then ^ 0 ^ m 

I • 10 ♦ 32 « 

^^0 



If C - 40, 
then ^ c 4- 3i» 



2 .i.0 



J- 



If C « 60 
then ^ C 4 32 ■ 

2 . 6o + 32 



72 + 32 - 



108 ♦ 32 

1^0 
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If C 80, 
then ^ C ^ i2 



^ .bo -t- 32 - 

l?6 



If c » 100, 

then 2 Q ^ 32 . 

^ • 100 * 32 » 
180 ^ 32 - 









J 




























— t 

-1 




-a 




































00 


























































































d 0 0 

\n _ /u or* 






























til 




























































































































































^0 






































































































y 




0 


?0 


^0 60 do 


100 



































































Concerning this gmp^i, scro students will guess that the points 
which they havo plotted are eo1 1 inmi\ others will guess they are 
n£t L'oUlncar, In tonus of pruof neither group cEn Justify 'their 
gu££s. It is hop«0 that tho laajority of stuaentc vill agree that, 
^ ^^^^^ iiSC> ^^^y really tian't knov . At a futui^ time, the 
linoarity of theoe points will ha provei. 



Input : 


V 


1 


2 


k 




10 


20 


25 


50 


Output: 


V 


50 


2t> 


is 

2 


10 


!? 


2 


2 


I 



If V - 1, 
then ^ • 

*i0 

vo 



If V « 2, 
then « 

25 



If V ■ 4, 

52. 



then 



2 •2^j 
2 . 2 

2 2 



If V - ^1 

so 

then 



10 



If V « ^5, 



then 



V 

1^0 



If V • 10, 
then ^ - 
IP 

10 



If V - so, 

so 

then *j- • 

' 5C 



If V 
then 



20, 



V 

20 

10 ■ 



10.» 2 

10 * a 



'5. 




-4 1- 




4-t 
-4 



^0 50 ?iO 

t I f f t T t t f 1 



1;: :'u ir 



i'tV', a;; i : 



'•'!jp aoftnlr^ Jmpllclt In tills fjlat<- 





%thinf\ arc rtmii^y avaiiarnr? Vrjm th*? graph ji* a lXin5«t.i'jn it' it ie examintj i 
in an appropriate wuy, 

Ttxlii auction vili U? helpful L'j fitu^iontB in ievol^jping fwia^? ^^i<-*jr- 
ptantiing oV the taci** n^acono for attaining t'unctionc iin^i their t^mpns. I'^ic- 
analyola if iXinetions anl thf»ir graphs produec-a inf'^rBatiun -^f' a jtal" 
sort H'-Jt usually appGnj-n*" Vvm initla' ^^r:ervatljn jI' Mie r.m'ti^ria' 
relationship. 

♦'imt' jf *h'' Ti»in 1 if^aa in thlc s«?ctijn art*: 

(:) Tlie graph th«? Cun^^il^ri vry -^I'^cn lUvp'ayi: liuf !'im'-tljr;a 



(.') 'Hi'- 1 i<-titifitjatl jn j!' pr-(pvTT,iL:i2 oV a fun^'tijn can tc 'Tiaii- 

(j) r{--^p«->r, "f}!*' fun-'M -'H a^'" -Uc^'mil- ' I'r.TU tlio urapJ. nn i v.xn 

] i- i in a i.)r*"lifl i V :'uj.ihi.'ri 1^ liiuf-at" what thr jMi',t»-!-n 
migh^ b*? : Ikf! N-yjii'l t.hf* t-aiular valueOp 

f:ifM-*la : :y ii :'Vl -.4 : t,. 

l'ir..;i., m IL' r^'jy Kn^vN.jg«» Ifi ly t hf i'.T,u i»-nt,;'. in --i-i'M' '.^ aiu:w«';' 

*.hoc*' luf T. ^ i jrin . 1^1^ f in -lue-tiMjn ^♦^ th" jluN-ntc an- ii r-ft^i rm'f," a 

'ni«>ir IntulT.l .'.i.^u 1 av'^mp inr. Ti*o q\un;ti jnc arn inXnndm)^ 

prlmrJ 'y, t . •■'•iri:'.r n. m,>> at.ua*<*;^a' ;in.i*»mt.ati iin^ thi*ir n^'^wly u^Niuirr-i 
e:mcc^pt.i3, T^K? cnt i u'.-* i^hyul i ^'^^ accslgn^^'i, but jnl^ at*ler th<> pr**>vi'JU5 
n*'t hau i.<"'n ar..*' i^n^"' i ah i ii;v'UiJiu-?:i , 

1, (a) l'l;'.iri^. A:; 'q-'O in input piv an in*- I'oagf in t^i* 

JUL put , 

{•0 . A;; Tvm ;^'r .-wi; i^^r, i Itth ^ hr- a'gp gr^jvo ta: 

2. (a)" Tn ^^-nm; rlnlng >r t'a: :j.n^ , nJthlnp Is tiapp<*rin^ t-.. th'-* graph. 

A •'tittngf- in t^.'• input proiui'oc no ohang*» in Va^' out.pii-s. 



n'lati.^nuhip mun* fl<*ar]y 'ha a a tal \om (in thiu r.i's-tijn 




(b) As Tom grows oiler, frcsa iB to 21, he d oes not grov tallc-, 

(c) For the inputs (ages), frcstt l8 to 21, the function, h, 
bchavus like s constant function. (Refer the students to question 
7, Exercieea 2-4.) 



3. (a) Yes. 



(t) There is a I year period, between the ages of 0 end 21, 

in j[hlch Tom grew taore than i., any other I yf?ar period within 
this interval. 

(i) Coor'iinatos of the '(?ft endpoint: (IY,64) 
C^ordinati-s dV the right t-ndpoint: (l8,Yl) 

(f) Bf'twecn hie i [tti and !dth birthJays. 
(r) ;'l - Inches 

(g) Yeu, Thf? «t{?eTmes8 jf the segment Joining the points whose 
.-voriinatec oix« (l^,'.6i|j) and (lY,6i*) inaicates that Tom 
H^T^ ^f'tvfMH hiu l6th and 17th birthdays than in any 

>thi-r \ y^>ar pt«rijd, oxgluding Iho period between his i7th 
ani ]6fh Mrtdiiayc. 

(h) *Ai ' T/* ' { Inchen, - ^ « 63 ^ * ',8 ^ * *^ 



Exerciseo V- 

I. Bt?tvtH?n birth and his 1st birthday, 0 and 1, 
-j^ - J f (1* ^ inches) 

bt>tVfn«n Ms ;Hth and :9th ^drth^iays, ]6 and 19, 

n - '!] 0 (0 inchf-js) 

B<>tvo<>n his I9tn and .""Oth lirthdays, 19 and c'O, 

n - fl p 0 (0 inches) 

Bf*tw<*»:jn hie P.Oth and ^Ist birthdays, 20 and 21,' 

71 - ,M - 0 (0 incJies) 



(a) Hlo 9th birthday, hta lYth blrth^lay \ 



3.38 



(a) 





I 


2 


3 






6 


Y 


8 


9 


10 


Growth since 

prece^ilng 

blrth<iay 


4 






-'1 


' 1 


■1 






3 


1 



Ago 


11 


12 


13 




1*^ 






IB 


19 


20 


21 


Growth slace 

precfviing 

blrth'lay 








, 2 

i 2 


■ f 


2t 






0 


0 


0 



(b) 0 is an acceptable input for the l*unctiun h because the 

function asoaelatec thr ago, in thie case 0, with the height 
at t irth i'ur the agt% 



0 ia not an acceptable? input for the function g because the 
function associates age, in this case 0, with the growth between 
ppe^^f^iing birth^lay and birthday for the age. There ie m» 
precciiin^ birthjay fpr age 0, 

(c) Yeo » 21 io an acceptable input for our function g, since g 
osuQoiates age with the growth between preceding birthday and 
birt.h^iay for the age. 

l^e output is 0, because the growth between 20' and 21 
is 0, 



1/ /■ 




*i f'" i* ' /k?i'jw»'. *.H.':fM'# Hit' intei'pi'c'tatiun u 1 1? niaic 
''rJtm *'xaminin^ th^f graphs th^f t*uni'tl.mf5 i£3 t)\at while Tom 
la ^r^^vine ta! \>r, wit.ian Ihiti a^*- inU'ryn' , hr ic uing at 

tht> graphs thf? :'iinL*l 1 ji^s is triat while* Tom is growing 
tallf^r, within this age interval, he is doing so at an 



« 



: -I k|(; 



18 



inches 



1. (a) VSf prr^vlaus af^regment , the njtatlon (e.g., \ lOCC) imp Meg 
thi3. 

{h) Output u Jr iiaagea 

\ (ft) ^ua-lrant I (tho ist quadrant) 

(l.) J^ln ^'Qni3c?cativ*> points, l^^Qngirje tJ tho gmph the ^^in£?t^Jn, 
by segBiintD. 



4. 1 
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*nio \Oth ye^r. llio segment. Joining the points vhose coordinates 

{ /, /o:>5) and (lo, y-y^) is steeper thw any o.her segnent 
which riflgg from left to right, 

6. The ath yc^r. 0*10 segment. Joining the pointo ^^vae cQoriinatea 
ar*- -i^o) and (.^^ ' ^1';)^ is steeper than any other r^gtaent which 
'^allg from left to right. 

7. 2 ye?aru. If a cegnfcnt rises Truis left to right, then this indicates 
an inen^t-' in savings. The mxitsma number of consecutive segnents 
whl^!h io this U 3. T^iere are 2 3-year periods during vhich there 
w^-r.' ^ Incniacc's In savings, the )st j years and from the 5th 
yf?ar through the Vth year. 

^. Ttic! cogment. Joining the puinta whose cooi iinates are ,3X2) and 
i^u j.^O,) fann Vrm left to right, and this indicates a decrease 
in savings (i.e., a withdrawal of savings). 

%» 

9. o<-gnient, /Mining the points whose coor?iinatos are ( !02i) and 

(iu, .^^ o), rises from loft to right, and this indicates an increase 
in javifigs. Kroa question ve also know that this increase in 

nnvingc is oaximma jv(?r the ]:*-year interval. 

0. (a) $10, 1^^ 



^'-6. Thf^ I luntity Function 

In thio section the students are introduct to a significant function, 
vix., thi- Identity fun£tion. 

The P)cpoeition canceming the folding of a square-shaped item, such 
as a napKin, is excellent, it should lead to a vlsaal di^atratlon that 
wi ; iu-lp relate gecwtrical and functional concepts, and thuo contribute 
to a better underetan^iing of matheujatics. The word "bisects"^ appears in the 
text. At this time, do not attempt a forml definition, but be prepared 
disc'jiSfi the i.ic?a Infunaally- 



Exercises ^-6 are sot dilTicult, but they are Important, Both 



(a) 



(b) 



Input : X 


'2 


•1 


0 


1 




Output: % 


-2 


-1 


0 


1 





(o) 



Input : X 


0 


I 




i 


Output; 3C ^ 3 


S 




< 


^ — — 



Input : 


X 


0 


1 




3 


Output: 


X 2 


4- 


3 




* J 


(i) 


Input ; 


X 


0 


1 


'.) 


'< 


Output : 


X + *i 




6 


7 


8 




(a) All ; grsphi; are r^^a* 

(b) Ba;ii ray is p&ral U»! tu the line, 

(c) Y^9. T^e gra^ wf €^ach function la riain^ frcsa left to rigtit. 



■■■■.^.■■..f-r.'^:...-.... , 



TtUa decaiiifi vi; I acquaint che ctuientfs with new kin'is ^t' 
fuacticJiis, the att ^p t'unctl^ and th« peri&file iXmction , 

A ^ImQ dia^usc^iun exercise hai3 bees losorted Into ihla uectlvn. 
It serves a 'iual ro!*»» Step l\inctljfic are introduced first, an^l thla 
exerLnae atteajpts to neinforve learning relevant to this kin i '^f run::tljn. 
It also terv*»s tv separate the textual presentation of one function from 
tViat 'A' the I'ther. 

"Hie step funf'tl^n priw-vUes an €^rly exposure to discontinuous 
funr'iiuna, vhi-^h play an impai-tant part in Qom areas uf mathemati.'a, Soiae 
tjpl'ii V-jr y,rief iiacUiialL^n an 1 ^U4p>;ai;io with student a In^'lude: 

(l) The reaaun ve call it u "step" function. Thin io rather obvious, 
Lut Dtudenta right like to talk about It a little, 

(:') T*'^^^ i"un that thjj U\ a function--l.e#, fur ^^ac^h input there is 
u .lin^le '.>utput , 

{ i) T^iM rai't ^h^it ji^mph 1q "male up . . . -jf h'jrir.ontal pieces" 
!/Ui 'Ita* th** pie-vo are *iOt ;u?gaentfl , cin^-'e eai.'h lacks an en 
pwin*.. If thiG v^'pp not sq, then at eaoh value of x where one 
h^ri/,.;ntal pl'K-t* »'nia and 
thf n»^>xt r.f-ginr. wrt* would 
\mv^ j n ^ input with t^'u 
outputs. For exataplf?, 
the graph inli.^atei hei\f 
la n t the graph oV a 
function, since for the 
Input 1 it ehovs out- 
puts of b^th 1 and L\ Oj 1 2 

{^) "Hiiiuin^g" endpoints are indicated by open f'ircioc. 

Another opecia: function is the periodic function. A physical 
application of a periodic function 
il|%t^ eonaider a re*i spot on the 
wf^oi 3f a car. What is the graph 
of t1i^ motion and position of this 

ffpot as th-^ car giovea forvard? Certainly there are numerous exaaples of 
pdriotfie funetlons an^i thf> disc^usnlon of this sub.lect here in only an 
Introduction- 



y 




ft: 



C^incerning E5£tTjji£D :*'7b , tt is a^ln rec□TOlen4^^d aU questions 

U (%) A function la nas^a & stejg I'unctlQtt if its graph is mde up 

entirely -jf u number '^r hcjrisintal pieces. This is the iXinia- 
mental characteristic this i^ind of a function. 

(b) Yea, 

(c) F*:*r r!Qnvenj.e>n<:e i. representing the -lata* 



U (ft) l^t 3 cQlmans oT cQrrt?Q|k-ndence8, bolanging to this ''unction, 
la^ ly that ihe graph the fun^^tlun is taaJo up coc^letcly a 



5! 



3 h 
t:me (in i^yb) 



1^3 



(a) input 

Ebtamples s 



□utput 



(b) 



5 10 



i 



10 
-» 10 



4 



1 r 



16 

16 
16 



si 

2 



22 



10 



6 



TIMS (IS EOim) 



184 



6 J 



n 



WEIGHT (IN an^K^o 



1 — I — 



n 7 ^ 



f : n I 

I ^^0 ♦ %(n - ^0) if n belongs to {li, ]2, 13^ 




^ ..- ',-1 w \ 




(a) J (r.) : (0) a 

(a) 0 an.! ' 
(I) 1 

(?) an! ,m - H r> 

V.if in{<um, M an i 1 appmr In limwlng '-(c). 



Su^eotetl Test Iteao 
Ktir^ l£l ^ Choi 

U X'lentlfSr the gmph vhlch «1ogs not rep rpaent a fuaction. 




(^^) (E) (F) 

I'1ontl!V the iiagram which ijes ngt repmeont a miction. 
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3« Identify tlie dlagfmff whicli rcprmmt ftmeticms. 




\ - 





&ch of the dlAgrev belov shorn m corrsopcmdeoce* Identify the 
dlAgim ttnt repv^entB a functicm a|Bg vbic^ will gtill do 90 if the 
cornsspofifience l6 reversed. 





(B) 




Cogpleticm 

U A function io a special kind of • 

2« A function whose outinit valiie Is tte aam for each input value in 
the set of ii^ts is said to he a functi«i« 

3# ' The peria^ter (p) of a aqua tie ia four tiaea the length of me 
altle {s)« 

(a) Bxpi^eas this fustian ty a forsula. _ _ 

(b) Bxpresa this function, ueii^ the anw notation. 
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(c) Writ© H mtheoBtlcal sentence which describes the set of 
ftceeptable In^ts for this function. 

(d) An iniRit of 9 detemlnes an output of , 

(e) An output of 2 results from an i^mt of , 

km Tito nuaxbers are do related tt»t one is five tines the other* 

(a) Does this statement describe a function? 

(b) the ininit with a letter. 

(c) S&ne the output. _ 

(d) Write the arrow notation indicating this relationship. 

(e) If the input is 7, i^t is the output? 

Given the function, f , describe<i by f : x 3x + l^, find the 
output CO rrc*s ponding to each input in the table below. 



Input : X 


0 


1 


2 


3 


k 




6 


7 


Output: 5x "f 2 



















6. (a) Tho voloeity (ep<»e«l) of a falling bo^ can l>e found by using the 
formula v ^ 3*^1. Express this t*unction by using arrow notation, 
and naise the function f • 

(b) In the formula v « 32t, whleh letter refers to the set of 
inputs of the function? 

(c) the forsula v « 3?t informs us that an input of 10 produces 

an output of , and an output of 2^)6 oust have been 

pn>iu<?ei by an input of ^ , 

, (d) Vrlte a ontheiBatical sentence indicating acceptable inputs for 
the fjnails v = i^'t. __ 
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(f) What vili be the output for &n input of at 

(g) Describ?? this functi-jn uciog arrow notation. 



J C 







1 




1 
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w 
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I -« 
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(a) What mme Ir. given to a t^mcti^n that haa a gmph as is pictured 

(b) Frow the graf^, flU In the following table* 



Input 


'3 




1 








4 






Output 








0 


I 


1 



















1 
















3.11*. 


• • 
















1 


2 






5 i 




7 


8 




10 ' 

























10. 



(•) ttifl i0 the gzBFh of a ' function. 

(b) Hov f^r OMit jrou shift ai^ erne section of this to fit 

the next orctlcm of the gn^f ^ units 

Thm gmi^ below represents a function. 
TJ 




(a) This Is the gmph of a 



<b) flov mr Buot you shift any ot^ section of this graj^ to fit 
the next section of the gmpht units 



Problem 

U &ch statettB^t i»elow specifies a comwpondoKye. Sose specif^ 

ftaKTtions, sooe do not. For each stateaent that specifies a function^ 
use arrow notation to shov tte Input and the conwpcmdlng output. 

^^let Associate with each article in a store its selling 
price, g : article ^ price of article 

(a) Associate vith a fat!»r his four children. 

(b) Associate with each stt«lent in this mthe»tics class, who to<A 
the test, his or her letter gmde on the last test. 



i9e 



2. 



(e) As0ocUit« iritis «ch legul driver in th^ state of Gtllfamia 
bl« or hmr drltrcrrs lieowe number, 

(d) AflsoelAte vlth meh ordered pair oo a eoerdliiate plane 
ttie corrrapooding point F« 

(e) sasoclate %nth ea<^ non^^ne^tlre Intc^r (whole tnia^r) a 
poeltlire integer {ec^mting miater) of equal wlue. 

RevqrBe the correspowience In each of the statewnts abore, and for 
each tmi statewmt that epeclflea a fimctlcm i»e arrow notation to 
shov the If^t and the eorrB8|K»idlng output, 

(•) 

(b) 
(c) 
(-1) 
(e) 

For the correfltgattdencee shown in each table below, answer the 
following questions. 

(l) Is this corresiK^ndence a fuactlont 

Is the reversed conmpondence a functiooT 



(a) 


Znptt 


-k 


-2 


0 


2 


k 


6 




Outftut 


0 


1 


k 


9 


16 


2S. 



(b) 


Ifl^mt 


•^1 


0 


I 


2 


k 


6 




Output 


-1 


0 


1 


2 


k 


6 



(c) 


Input 


18 


8 


2 


0 


2 


6 




Output 




-2 


0 


2 


k 


6 



In the foraula 



b is tbe distance above the gromd (mesaured in feet) «Bd 

d is the approxloBte distance to the horiioo (aeasured in ailes). 



HbuBf it a penoa Vishes to see a distance of d 
gtxiauif Iw woBt he h feet above the ground. 



■lies over level 



193 



ERIC 



(•) Ifrite this rBlatloaBhip a@ a faactlon, uains tl» arrov sotatim. 

(b) Vtet is tte heli^t of a Il^tlunm fnm ^fy^m top tte horlEoa 
if a diotaaea of 2h all^f 

(e) Itet la tlia tel#it of a biaxooa If the dUtaaee to the borisoa 
Ifl k6 olles? 

(4) 1^ iitet nusbor ws the bel^t nuItipUed vhai the dlfltaaee to 
tlie horizon ms doidsled In queatloos (b) and (c)? 

(a) Repres«i£ tha id«stity fu&cti«i in arrov notation* 



(b) Draw the gni]^ of this function* 

i4 



Diw the gxaph of <the fts^tionn^ f ^ daaerlbed by f ; jc ~3, 



6« Dmr tto gm^ of tho fmsitUm, described g s x 3, x < 0« 
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Diw the gm]^ of the fimctlm, described \xy 



8« A fimctioa is expneesed as f;x-^2x^I^ x^0» 
(s) Fill in the follwing table for t^^^ixm^ 





0 


X 


2 


3 




9 


Outptitt 2x •C' 3 
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(b) Dew tte my ttot is tha gmj^ of IWietKm* 



9* Firet elMs pocita^ costs 6^ per ounce. For each additional 
ounce, or part of an otmee^ aaotber 6^ is chatiged* 

(a) What kind of function is i^pr^mited hero? — 

(h) Di«v a graph of thio functim for first class nil fr» 0 to 
6 ounces inclusive. 
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OR 
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10«. A dress Mimfteturer hu «ey«ml bolts of clotb of stucteni iridic* 
In onler to ate & eertttlo type of dress it Is neceosaxy to cut 
tbmcrjraind loogths from time bolts* Tte eorres]xsttlmce betvma tte 
li^gth of m tolt ftiid the muter of thrae-yard longths ttmt my te 
cut from It is a fimctlasi* The set of iiqiuts e^isiota of the bolt 
lengths and tl^ set of otitputs consists of the nuA^r of thre«*3nsrd 
iaigths obtained* Draw a gmj^ of this fuoctlcm. 

















































































































































































































































































































































































































































































































































s 












































s 
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i 




r 1 


£11 




i (I 




yaJ 


km 


[ 












A oirQUlAtlBg libxmiy (tervet 29 emtm tor the flrit 3 mod 
5 ^Rita fbr «beli ftddltloail d«y for mtiag ft certain type of boolu 

fiotfttim* 
(b) Dim A gmpb of this fuootl^n* 



Ito belmr shovs tt» first ten 0corai*(tesei * 100 points) 

eeme^^B gtud^t in e n^^tice elMS. 



Input: t«»t mmSfCT 


I 


2 


3 


k 


5 


6 


7 


6 


9 


10 


Output: test aeors 


90 


do 




70 


So 


75 




60 


90 


85 



(ft) * Bsprm Uie ''tftflt BcoveT fimeti^ i»in0 ftrrov t»tfttioo« 

(b) If wt wre tc revene tto eorrmpooctenee ihom in ^ tftble, 
would m still hftire ft fui^ion? 



(c) On tbe coordinate ayutmrn beiam, dmv tbe gm^ of th« •'test acore** 



functiof). 



-1. 
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< 




0 















































































































(4) TOe class averay for these tm tests vas Tj, Draw the gmi^t 
of f : * -*7^>t ^ i Op but use the saate coorilnate system on 
which you Jwfw the "test score?" function. 

(tf) Eicplain why it is not neci^sai^ to ct^oputo this stu4cmt*a average 
score In orler tu letemlne whether his average score above 
jr below lh<* class avf»m^ ocjre. 

(r) Wais this siu>ient*s livemaf? scope? abov^» ur below the class 
average? 

I j« Insurance Cv^^janles are Intereste*! in letting peuple know the stopping 
llstance v>r a car traveling at <4ifferwjt apeetia. If the Input 
is thf taoanun' uf the speed In miles per hour, |in<i the output is 
thi» taf>acun> the stopping Ustanee in feet, the function is 
••xpn'os***! ^y the f jilc/ving taMej 



Input: llpee! 


10 




.'0 


iO 




',0 


Co 


Output: :;tijpping Distance 


Itr 




78 ^ 


I2k 


ItiO 


2k6 



i 
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(m) Plot tlwee |»liita on tte cooi^lmte syeten belov, mad diw a 
saooth curve throi^ all these jpointo. 







"1 
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20 














































































































do 
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C 




19 20 30 i»d 






6C 




7C 


1 





























(b) Xu the giBpb of this nmctios a line? 

(c) Aeeoitti^ to ycmr gmj^, vhat distance (aj^roximtely ) Is 

neetied for a car to stop if: 

its speed is 2^ aiphT 
its speed is 37 mgAit 
its speed is kt» ophT 

(1) Speeding auto»bil«i often cause accidents* After such an 
accid^t^ a ^Uceoan or insunu^ c^opany repim^itative wy 
try to deterBdne how ftet a car nas txaveling ty owstiring tbe 
length of the skid aarlcs* Boir ftot ny he asstaiB ttet the car 
MAS travel ing if the skid oarks were cmsurBd to be 200 feet* 
60 feett 
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Anawere to Sw ypated Teat i;teaB 

tfaltmie Choice 

1. B 

2. C 

3. B, C 
k. C 



Coapletlon 

] , Correspoodence or assoclBtion 
2* Constant 
3, («) P - Us 

(b) f : B -»1»B 

(e) s > 0 

(d) 36 

(e) ^ 

i». (a) Y«« 

(b) n ( any letter will do) 

(c) On 

(d) f ; n -*^n 

(e) 3!> 



Ziq>ut; 


0 


1 


2 


3 


2» 


5 


6 


7 


attput; 3% * Z 


2 


t> 


6 


11 


\k 


17 


20 


23 



6. 



(a) f : t -♦32t 

(b) t 

(c) 320, 8 

(d) t > 0 
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10. 





Input 


Output 






-I 










0 


0 




1 


I 

a 




2 


I 



(f) 



(a) Step function 



0 < a < 1 
/ 

1 < b < 2 



7 



1 < c < 2 



Input 


-3 




-'i 


a 


b 


c 


4 


f5 




Output 


-3 


-3 


-2 


0 


1 


1 




5 





(ft) Periodic 

(b) 6,28 units (i.e., 2ii units) 

(a) Pierioiiic 

(b) 3 units 



1# (a) not a function 

(b) student -» grade of student 

(c) driver -» drivers license nuaber 
(4) P 

(e) not a function 
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• 



m) tetter of elilld 

h) not m t^MMBtim 

e) Mmrm Iteem^ ntater drlirer 

d) P {%,f) 

m) ]K>flitlve Integer noii^ii^tire mister 



ml) Tea 

bl) tm 

el) llo 

:•) fid 

b) iBh feet 

c) 1536 ^eet 

d) k 

a) I : X -♦x 

b) 



2 a2 



d > 0 



(«2) Tee 
(10) Tes 
((^) Tea 
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4/ 




r1 



8. (•) 



Input: X 


0 


1 


2 


3 


k 


5 


Oittput: 2x * 1 


1 


3 


5 


7 


9 


11 







M 




































z 


iO 
9 

a 
O 

7 
6 

5 
k 

3 

a 
1 
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0 




t ^ 6 7 8 9 10 11 

1 1 1 I 1 I T rr-H 









9« (a) A step functlcm 









1 . i 




































































































































































































M 1 l-i 


36 


































































































30 


















































ih 














































































































































l8 
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2 






5 










































tf 1 




PS 
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10. 



11, 
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t 
r 


6 






































5 
k 
3 

2 
1 
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10 12 . Ik . 1$ . 










1 1 














■ 





{«) f : n 



125 If 0 < a < 3. 

25 ♦ 5(n - 3) if n > 3. 



€5 




%5 

39 
30 
25 
20 



55 



15 
10 



+ 



ilil i 4H<'fi4->i 



Wsfte t It Is posAlble to iatexpxet the ^rdblem bvA tiimt the 
mrvcm aotatira for tho ttmstixm is. 
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f : n -f 



(25 If 
25 ♦ 5(b - 3) if 



a telm^ to (1, 2, 3) 
n belcmgs to [k, 5, 6, . 

Of eoimw, Ute gxi^ ^ differs f row ttet stoim atove. 

(a) f ; t^t nuater -» te«t score 

(c) ud (d) 



1 r 



90 




































eo 

70 










































































































































60 
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SI 













yitb reference to the gmi^ of f : x -»75, x ^ 0. We can 
detemine, jrioygyx, hoir the ew of tte distaneee of each point 
BhovB to f , comares vjtb the of tte dletances of 
each point belov f, to f» 

(f) OlnriouBly, above the claas ayexa^* 



a)7 



13. (•) 
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-t 




9 










-/- 














1 ^ ^ 


# - ' ^ 








JO. 

/I 


















, 






















) 




r 














































( 




10 


ao 30 M) 50 60 

fc^ |[ ii i4iLgg pa m 


70 

ssn— 


60 














1 1 M 1 1 [n 1 1 1 









(b) %o 

{c) 2^ ^ 60 (approxlntely) 

37 103 (approxlwtely) 

li*> 150 (^rovlwtely) 

(d) (^raimtaly) ^3 ^ 200 
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^relgefl 2^1a (Class Blscussloa) 

!• Co^Iete the folloiring teble* ShM your woric belov. 

Distance tmveled - ^0 ml. per hr* K so* bra. tm^eled 
d - 50t 



(tine 
In brs.) 

Input 

t 


(distance 
in miles) 

output 

50t 


0 


0 


1 




2 




3 




k 









If t »^ 0^ then d B !^(K0) » 0 

If t 1, then d - 50(1) « ' 0 

If t ^ 2f then d - 

If t - i, tten d ^ 

If t « 4, then d • 



tfwyof?rc(Tr 




If t - then d - 'iO(^) - 250 
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on SBECT 



(tiw) 




(dUtaoee) 




I. Cgopleta tte vork 


t. in hm 


WF/** 


VW IRA 0 






t - 1 


65 


d - 65 






t « 2 


50 


d - 115 






t - 3 


20 


4 « 135 






t - U 


60 


d « 






t - 5 


% 


d • 


50 















jPlq d distance s 

During 1st hr* he dnnre 6^ niles* 

During 2nci hr# he drove 50 nl. for m total distance of 65 ♦ 50 • 115 »!• 

Durlug in hr. he drove 20 ni, for a total distance of 11:3 ♦ 20 - 135 «!• 

During ^th hr, he drove 60 mi, for a total distance of 

During 5th hr, he drove 55 si« for a total distance of 



Find avemne speed 
Average speed 



distance 
tins 



At the end of V hr. , average speed ■ ■ 65 m/p/h. 



At tlw end of 2 br,, avemge sp^ad » « 57 Ts/p/h, 

At the end of 3 br,^ avemge speed » m m/p/h. 

At the end of k hr,, average speed » » . n/p/hm 

At the end of 'J hr, , average speed m » m/p/h* 
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OUT GBRr . 



2« fill lis this table 
frcNR the e^i^s 






•«» 


4 warm 


1990 


8 


m 


1951 




1 


1952 






1953 






195^ 






1955 






1956 






1957 






1958 






1959 






1^ 







Fnai this table 



(a) tea Bi^ and Jcto ever be tlie sms aipe? 

(b) Ites Bob ever ttrlee tte age of JoimT 



If so, vhenT 



(e) 1^ Bob ever three tlwa the age of Jatnl 

(iS) Mm Bob ever five titaes the age of Jctot ^ 
(e) Was Bob ever nii^ timm the age of Johnt 



If so, vtoi? 

If so, when? ^ 
If so, when? ^ 



2U 



Follw tho problem in yow tert, and fill in thii t»bi|*. 



I. 



2. 



3. 



'liffenoi^e 
telMen distance 
fallen each 
hal f-Mcotid 



Wiig ayace is for your aork * 

1. If t - 0, d - 16(0)^ » i6.0 « 0 

If t « d - - l6(.25) - 4 

If t - I, d 

If t - d « \6(i.of - l6(2,2t>) . 36 

If t o 2, d « . 

If t w 2,5, d - l6{2.5)^ • l6{6,2^) m 100 

If t - 3, d • 

If t • 3-5, d . l6(3.5)^ • 16(12.25) - 196 



ERLC 



2. 



3. 



t « 


0 




I 




2 


2.1i 


3 


3.'^ 


(no, ft, object 
falla) 

d m 


Q 


k 




36 




100 




196 




Chapter 3 

Changing s F l ^t Tine 

You have experience! wiy tls^s the need to follav instruct loos in 
order to c^rry out so&e proceso successfully. For example, putting together 
a oodel airplane, fol lowing a recipe, playing a new gaae, caap lying with the 
nileo of ccm^luct oet dom by your parents, are all instances vt»re it io 
oecQfisary to follofw instructions in order to canry cmt a prcKseas. 

Definition . ^ j_isi^ of inat met ions for carrying out s^^g jrcyegg 
otf>p ty atej g ^ oall^ an al^3rithaa « 

HpDt processes can represented as algorithtss in tqany different 
ways. Heft? is jne algoritrm for changing a flat tire, 

Algoritha for Changit^ a Flat Tire 

U Jack up the car. 

J. Unscrew the iv^* 

i. FUwve the wheel. 

U« Put on the spare* 

V. 3cn?v cm the It^. 

6. Jack the car down. 

You aay feel tl»t we have not ^ enouf^ steps into our algoritha. lie 
\mrc not c'^nsilered getting the equipoient out of the trunk, placing the Jack, 
r^Krving the hub-caim, loc^enlng the It^ before Jacking up the car, etc. 
These are goo^l otJecti<^. Ctill, our list is good esioxi^ for getting 
acftMia tt.e i i<<a of an a!gorithou When we get to the stage of writing 
algorithas for nthemtical processes we will have to be auch oore precise. 

A flow chart is a d lag mm for picturing analgoritha^ We will give 
a flow c^hart Cvr out flat tlitf al^ritliv BnA t\mi eicplain it. 
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, I 


1 Jack up the car 




1 2 


1 Unscren the Xuga | 




f 3 






k 


I Put m the s|ittre J 






[ 6cr«v OQ the lugs] 




6 


1 JTsck the (mr dmm] 







Flipnre !• First flov chart fte a flat tire* 



In thia nam chart, aa in ooat. W9 aae 




and 




He alap (^Mierve in our flow chart that each inatniction ie e&clcmed 
in m rmm or hox ^ A little later on w vill see ttait the sh^ of the 
tmm telle ua what kind of inatruction a^Mars inaide* C^rorwry^ff to t^ce 
action are vritte.i in rectangular fmaee* 
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In Flisure 1 mil iQstructlcma are of thle fom^ so they all have 
reetMgular frasKS. 

To carry out the process shoim In a flov chart ve go to START, follov 
the arrow to the first '*box" ai»d cmrry out the Instruction glv« there, then 
fo!lair the arrov to the next bo%, etc* 

After dravlng a flow chart we aluays look to see vhett^r ve can laprove 
It. In the flat tire algorltha m forgot to check vhether the spare vas flat. 
Drlrers seldov think at a serrlce station to check tte air In the spare tire, 
at^ sOQ»tlnes It Is flat vtm It Is needed. 

If the spare Is flat thai ve certainly do not imnt to go to all the 
trouble of changing the tire. Instead ve should call a gaxa^. To aake this 
decision we introduce a nev kind of fraae Into our flov chart* The fzme is 
ofval in shape. 

( ) 

Inside this frame we find a stateaaent on whldi we make a decision* 

(The spar, tl,. la^ 

We have two exits from this box, one labeled T (true) and the • - labeled 
F (false). After checking whether the stat^ent is true or false, we leave 
the box at the correspcssding exit and go or to the next box. 



The spare tire ic flat 



( Change the tire j 



I Call 



a garage 



T 



Such an oval box is called a decision box . When we put this flow 
chart fpsjcs&nt into our flat tire flow chart of Figure 1 we obtain the 
flow chart of Figun* l>. 




I JiielE up the or I 

'* • f 



I l^tt OP tllO 8] 



E 



, r- , 

|aetw on the lugs J 

I Jack Oie car dovo J 



I C^U a garage ( 



Figure 2« 8eccmil flw ctert for cbaqging a flat tljie. 



Then Is still iXB mom It^raveoent mold XlKe to mice on our floir 
chart. Let look at box 2 In our flow chart. 



I ttocrcw the lugs | 



Actualljr this staads for a omber of tasks, or rather the nepestlng of the 
sa» task, Sloce this sutoaohlle wheel has five lugs, one i«ay of shovlDg this 
Is to have five fmaes. 



k>l6 
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I Utoflerev a lug 
I Uigcrev m log 
I tfnserew a lug 

t 

{ Ungcrew a Xug 



Uoscrew a lug | 

I 

Thia Is correct but we can sl«plit> this diagram by Intro^iucing a loop . 



j Xftiserev a lug 



Ve ae^ that vhen ve leave this box we are sent right back to rapeat the taafc* 
The trouble with this Idaa as that ve have no Moy of getting out of the loop 
to the oext task. We are (»i^tt io aa csidli^s loop, He correct this 
situation by placing a decisis box in oar flow chart as shown In the figure 
below. 



T 8 
} Onscrew a lug | 



£ (AU the msB have be^ uaacr^v^d) 



We get our4;inal flow chart for changing a flat tire (Figure 3) ^ 
replacing box 2 by boxes 8 and 9 and oaking a similar replacemit for 
box % 
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2^ 




rrtoe spare tire U tlMt\— 

I ' \ 

I Jadt up the ear | 



I tJnscreif a lug 1 
the luffl haTC been unacroifBd^ 





f 








f^we the vhael ] 



I Put on the Bpare"| 



3 



10 

I 8crci» op a lug ) 



— TaII the lugs tmrm heen screved oo^ 

— t* «. — 

} Jack the ear dovn | 




I Call a gaiiage I 



Figure 3 
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Mirk*« f^ttoHs fbirorite brsAkfMt etmlsted of omoge Juiee, toast, 
milkf and I fried egg (sunosraida up) tMMited in btttter. On Fatliors* 
Diy, Itirk teclded ha vould surprise his flsther cooklsi brasjEftet 
for bin but didn^t knov bov to frjr tlie eiK. Mirfc^s oldar sister (vbo 
IAS « eonputer prjgmassor) constructed • flov chart shoirlog IfeurlE how • 
to fry ajo mgg the fsiy their father lltod It cooked. 

lb start, 0iifk*s sister listed the basic processes needed to co<4i^ 

Im Place fnrlQg pan on burner. 

2. Set heat tmdsr fx^lng pan to aedix»*lotf. 

Put butter in pan, 

Bresk egg Into f ivlog pan. 
3* Bbste egg vlth aslted butter • 
6. Serve egg to Dad. 

(a) Ccmstnict the first flow cimrt for frying an egg. (See Figure 1, 

(b) It is always possible that the ftaily «sy be out of butter or 
eoB* Change your flov chart to account for this possibility by 
inserting a decision box in tto correct place with the stateoent 
"We baire both butter a»i ^ges." 

(c) As there are tvo »lts froa a decisicm tox, labeled T (true) 
and one labeled F (fUse), the sister decided tl^t if they verB 
^t of butter or eglgs Bbxi(*s f)ather vould be served cold ceraal. 
Ctange your flov chart to take accoimt of this |K»S8ibllity. 

(d) Before braaking an ^ into the f tying pan the butter should be 
aslted. Insert a decislcMi box vith the statetarat, Hhe butter 
has melted", into the flov chart. 

(e) If it is T (true) tisit the butter has oslted, the next step 
vould be to ''break the ^ into the f tying pan". If the stateaoxt 
is F (mise) then l^rk n»t "nait ^ minute". Using a loop and 
a rectangular box, change ytnir flov chart to accoimt for this 
possibility. 
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(f) To detemLoe vfaetb«r the egs la eocAsd or not, the vhlte should 
not be tmmipAreat. If It la traaapai^at, tbeo ^re bwtlng is 
needed, Cn^}^ irour flew cfart by iRtttloiE In e declslcm bojt, end 
loopp vith the otateonst "the ^ white is tranfiperent". 

With this lest chuce, we ®et our flael flow chert for frying an egg. 



3-2, A^orlthns , yiow Charts , and Corouters ' 

first jTPu should know that our study of algorittoe and flow cimrts is 
insplrod by computers. Basically a cotsputer does arithmetic; it can aid, It 
can subtract, it can wultlply. It can divide. The cosqmter can perform these 
opemtiaos veiy rapidly. In fbct, the cfoaputer can do milllcms of these 
arlthaetic opemtioos In a single second. By combining a vast ausdber of 
simple arithmetical calculations a computer <^ solve in less tten a minute 
a problem which miglit requips weelcs of hmd cc^i^taticms. In an hour it can 
handle a problem needing years of ^land computaticm. 

The conputer*s great speed in performing an arittewtlc opc^mtion would 
be of little value if aft.er each of these calctxlations we had to stop and 
give the Inst met 1cm as to what to io next, The tltse required to give the 
cc^xputer its millions of Instructiot^ would make it l«i|mslble for the 
co«9uter to reduce co^nitlng time by much more than Nilf, Itte secret is 
that all the instructions are put into the computer at the beginning of the 
problem so that the co^ntter can get at these instructions using the same 
kind of speed which it uses on its arittoetic ope mt ions. 

Still, if the cosputer is to perform milllotm of opemtlona, will this 
require millions of instrtutionsf Surely these trwld require an enormous 
amount of time to prepare. The answer is that as few as ten or twenty actual 
instructions my be used to tell the eoagniter to sake millions of <ml eolations. 
The secret here lies in algorithm Involving repetition . On a smll scale we 
have met this idea in our flat tire algorithm in the preceding section when 
we introduced the loop in the flow chart. He passed throu^^ this loop several 
times before leaving it to perform another task. The instructions given a 
ca«5>ttter are in the form of algorlttes, involving a»ch lo<^ing, so ttAt a 
small nui^r of Instructions can result in a large nus^r of opemti^is. 
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Th0 first tsak In preparing a problea for a cotaputer is to construct an 
algorit^ for the problem. Usually it is not possible to see in advance Just 
«au3tljr vliat the cos^puter vlll do at each step* tfe do Rnov that if the 
iastnsctions are folloved the correct answer will he obtained. It sees 
difficult to Ulcers tand hotf ve can give iofitructions for solving a problem 
but not knov in advance what steps will be taken. The following exercises 
vlll illust ate .this. . 

Exercises 3"'g& 
(Class Discussion) 

!• Huppose a hiker is lost in the woods without a csap or a compass* V? 
will assiaae for sin^ilicity that the man has found a river or stream. 
We want to construct an algorithm %hm>t will help the hiker find his 
way hack to civil izati{»i so that he does not vander around aimlessly 
and never fini a town. (We will assuBse that all rivers flow towarl 
the cmm ) 

(a) Aftpr tixe hiker has found a river what is the first cooaand that 
you would give himt 

(b) If the hiker rollows the river and cot»b to a town, then ^fhat 
coYmaan<i would you give him in the algorithm? 

(c) What would you instruct the hiker to do if the river flows into 
anoth*?r rlverT 

(•0 What would you instruct the hiker to do if the river flows into 
a laket 

(e) What would you instruct the hiker to iio if he cowes to a river 
that riowB out of the lake? 

(f) What wouli you instruct the hiker to do if the river flows into 
tho sea? 

(g) Compare your answers with the following ilow chart. 
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FoUov t\m river doimtrem 




2 



•father rlwr 



^Ycu cms to » toMP^ X- 

3 



I 



ft body of vst«r 



FoXlov the fthorellBt of th« bocSy ^ 
wter with tl^ v«t«r on your left 



TOU (^8(6 to 



F / The river flovi out of 
"V^he body of w«ter 



5. 



■ river 



tovn 



Figiurt >», Loit In ttm vsods. 
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As you can see, htm tbcm^ m \mve no IdM vtast pftth the lost hikcir 
vlll •ettally ttmvcl la folloiriafi our flow chart, w believe that this How 
efaftvt vlll fimlly iMd hio baek to eiviliutira* 

Of eourae, tfcenr are oangr dlffarwat algorlttos that could coiaitructfsd 
imicli ifould also lead the bltor hacli to civilieatlcm. Hotice tlat In tvo of 
mr dacisigo boxes the emits are labeled vlth vords rather than T or Ft 
Also notice that the "b^Kiy of natar** referred to can be either t!w sea or a 
laks. 



1. ivo parties of huateri (A, B, C, D in one party, and X, T in tlw 
other) on Oull Island becaoe separated during the hurricane of 19^. 
Iheir pcNsitioas after the stora are shoim cm the oap in Figure 5, l^ch 
followed the flow chart of Figure k to find hie way back to civilisation. 

(a) For each hunter give the town he finally raached. 

(b) List the hunters In the order of the distance tl^ traveled . 

(c) Which hunters fro© different parties reaetwd the same town? 

(a) Which hunters from the sa» party arrived at towns ttat are the 




farthest apartl 
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lo 1768 Oull lolmii v&a • tmyen Tor plmtes, ani it la claitae^i by aome 
thAt buri«*i tr^sure still exists soBtevhere on the island. An t?)(l 
plrati*u* log book vua found n ctntly which indicstc^d that th<> tna. ^^r^ 
was burlcMi under an old chUl tree at the headwaters of nam stxma on 
Gull Id land. It is kncmn thRt there are old oak trees at points 

C, D, E, %f an<l Y whoso jK/sitioas are shown cm the on 
the prf^c^dinK pege* inotr^ctions given in the log book eire chovn 

in th*' following flow chart* Figure 6. Find th^- point >*«?re th*- tn'b::ure 
huntero should dig for tha treasure. 



Go to the mouth ot* 
one of the rivers 



Follow th«» river 
upstreatB 



1#aIK around the 
lake I keeping the 
lake c« your right , 
until you c<»Be to 
a river 



KYou eoae to ^ 
a lake ) 



C 



You coae to a fork 
in the river 



C 




Follow 
the rl^ 
fork 



You Voce to an old oak tree 
the headvaterc of a river 



!> 



P 



Figure C 



In coBputlng vork « wrlablg is m letter used to repres«it • nwaber. 
Tou tew ■MS eaa^iec of letters used in tMB la such fomiXas aa 

A « L • W, 

vhere L mnd V stud for the leogtb And vldtli of m reetaii§Ie ud A 
repreetntB its sres. As another emss^le w have Ihe fonsula 

If - R»T 

for co«qwtlng wages. Here, R staade for the hourly mte of pay of a worker 
In dollani, T for the ti«e wortod in houre, and W for his va^ In dollars. 

la cfonnitlng vork, at any particular ti»e, « variable esust represent 
one definite number. T^is nus^r is called the wluy of the variable. Al- 
thoush at any particular tim each variable tee Just one definite valU0| the 
value «ay change from time to tine. For exa«ple| we might wlsn to use the 
fomula, W ■ R • T, to ccajpute the ^mgm of several workers who tny teve 
different pay rates or igay work for diffenmt periods of tiae. Soon we will 
develop a flow ctert for doing just ttet. 

Before cSrawlng thlo flow ctert we will devise a aode l which will show 
very clearly how variables are used In coaqiuting. 

We isagine ttet for each variable used in our probleo thBve is an 
associated window box* On top of each box Is engiaved the associated variable. 
Inside the box is a slip of paper with tte present value (or current vmlue ^ 
of the variable written on it. variable is a nrae for the ni^jer ttet 
appears insl^ie. 




Figure 7. Ilea»ry 



tech box has a lid which my be opened when we wish to assign a new 
value to tte variable. &ch box has a window in tte side so ttet we my 
rsad the value of the variable without changing the value. These window 
boxes mke up the wmovf of our ewaputer. 
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ea^xtmr^ moA tvo uslataatB called the "Molgner^ and the ^'reader**, (In a 
riAX eOQUter their tatka are perforaed ^ electrical clrcultst) ^ oaeter 
eesQiuter mceivei hla inatrueticma from a fldv chart and gives certain tas^ 
td the aeelttaate. 

SuiSKHie M viih to teve a vorker'a ifagM co&^ted using the fomula 

W - R • T. 

The Ifiatructicm to cooirute the value of W vill come to the meter c^aputer 
in the folloviBg flov chmrt box. 



Xnaide thie box ve find an toaiamwmt etatetgent , To read this statement aloud 
ve oay^ 

"^Aaflign to VT the value of H • 

The left pointing arrov is called the asaiiotBent openstor . This 
arrow is to be thought of ao an or3er o** a co^and. Rectangular flov chart 
boxee will aXvays contain aoslgnment statements. Such a rectangular box is 
therefore called an aflsiflffgent box . 

Bext, ve shall see what happens when the taaster computer receives such 
an instruction* Ve shall assume that H and T (but not tf) already have 
the desired values^ say those shorn in Figure 7* (Bov they obtained tbeae 
values vill be discuesed later cm.) 

The cooimtation called for in the assignmcmt statement occurs «s the 
right-hand side of the arrov, so the master computer locto there first. 



8e sees that ne must knov the values of R and T. So, he ^lls the reader 
and eends him out ta brixig these values from the meosory. 
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•Hie n?aier gooD to the ittmory an J finiB the winlov boxes latelei B 
mxki He reaHc the values of thc»ce vari, lea through the wtniowB, 




The aaater ouasputer computes the value of h* T using the values of 
R an'l T brought to nim by th- r- fid-r. Hi' ^f^t.- th^- value ^4 for K • T 

Hov tbn tmnt^r ^-omputpr ' joHzb at the left-l»n'i eiJi? or the arrow in 
hie infitruction. 



He that h*- aust assign the c-3raput*;i value or R» T, namely s4 to 

the variabN> W. Jo h** writes on a slip or paper^ calls the assigne 

tuii tt.ais him t J aciiign this value to the variable V. 



Tile asslgner goes to the gsetsory^ findu the vlndov box late le i W, and 
duops out its cont^ts* 






We say tJjat acelgnaent is destructive because it destroys the former 
value of the variatle, Reading is noaiiestructive because this process in no 
way c^»ngeD th<> values of any of the variables in the laemory. 



Check Your Rc^ijJfjg 

In computing vork what is a variable? 
What will you almys find Inside an assigiaaent box? 

3» , ^^^^ pointing arrov is to thought of as an 

Why do Wf» say assignaitent is destructive? 
Why do w« say reading is nondestrurtive? 



or a 



o 
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Beerciaes 3- 3a 

(Class Dlscusaian) 

(«) Jphe starting (or InitUi) yaIuss of B sad C are given In the 
tsblc belqv. Pill in the valim of these variables after carrying 
out the infitructlon in the asalgns^nt box ^ the rliJit, 





B 


C 


starting values 


9 


k 


final values 







(b) Instructions the sa»e as in part (a)* 





B 


C 


start log values 


) 


k 


fimil values 







(r) If ve compare the values of B and C after either of the 
assignment stat^wnts 

B € — C or C # — B, 

what do f UsdT 
(d) Are the effects of the ssslgnent statattents 

B i C a^ C i B 

the same or different? Why? 
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2. (•) 



The starting vaXi^ of ^ and C are giT» In the table. 
HhB tm aflBlgtomtB <m tte right are to be perfonied in the 
indicated order. Fill In the valu^ in the table* 





A 


B 


c 




starting values 


9 


U 


13 


1 


values after first 
fissigtSBsnt 










final values 








(b) lnfitructi(»8 the hs 


in pert \ 


a) • 






A 


B 


C 




starting values 


9 


U 


13 




values after first 
assigxBi^nt 










f ii»l values 









A 




B 










C 



B 




C 






A 




B 



(c) In vhst way are the instructions in the assign^snt boxes of psrts 
{«) and (b) tl» Basel 

(d) In what wy are they different? 

(e) Does the order In »dxich two assignaient statements are carried out 
affect the final restatf 
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Exercioes 3"3b 

COTs^pute tne values of V and A according to the tvo assigmsants 
oo the riiEht for each set of values of and H given in the table 



belov. 





L 


w 


H 


V 


A 


I. 


7 


3 








2. 


8 










3. 


1 1 


9 


7 










-'.3 


4.6 







V •-L 



I?^_t and Output 

In the pr*?viuufi section the waster COTputer vac instructed to perfona 
the following aflolgnoent: 



W < R * T 



Tht? vTilues of H and T at the tifl^ were 2 aiKl 27. The taak was performed 
with the result U«t the n^nsory looked like this; 




want the computer to produce tl^ answer so we csn see it. This will require 
on instruction to the uaster cc^puter to print out or output the answer* While 
w ape about it ve jmiy ns well hnve the computer print the VBlues of R and T 
aloiv? with the vniue of W, in this way, in case we have to corai^te the wages 
for several workers we will know which wager, go with which v^^lues of R and T. 



Sf if t&kea this fom ; 



V« tee tlAt ve have a nev sshape of flov chart box. Inside the box, separated 
by covsaa, are the variables whose values ve wish to Isnov. This bcx is 
called an out^t boy . When the taaster co^i^ter receives this instruction 
he sendD the readier to bring to hia the values of these variables. When 
the reader returns with these values the taaaster cotai»iter types then out for 
us to see in the saiae order as they are listed in the output box. 

The shape chosen for our output box si^gests a page torn off a line 
printer, one of the most cosBaon coi^mter output devices. 




Figure 'I. Output fnaa line printer 

In Figure B vc see how the output ;iata for our problem might look if printed 
by a line printer. 

Putting jur two flow chart boxes together in the proper order we now 

have: 




We notice tj»t the actual numbers , the values of t^^ variables being output . 
do not a jyear In our flow chart. 
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Sow wc give our attention to how the variables R and T get their 
values , Remeaber that we are making a flow chart for finding the mges of a 
Wker whose hourly P»te of pay aiuJ houra worked ire glvra. The r«te of pay 
Ud houn worked ouat be read In as Inait from outside the a»chlne, Junt as 
th« ftctual output vml\»i of our variables do iwt appear in our flow chart, 
Mither do the input values of our variables. 

Inetead, the Baster ccmputer viU be given an Instruct ion to take vhataver 
values are supplied from outsiije the machine and assign these valuec to R 
•nd T, This Instruction will tnhc the form: 



H, T 



The Shape of this box Ib ouppooed to cuf^ect n punched data card of the type 
shown below t 
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|?|I!:•!!^•:!••n^I:f•u:::::lM:::If::L^•:•:::!••:•M•••»i" 

.I..MM......,.„.U......MMU...„M,,. ..„„.„..,.,...„.„,.,„„„„..,. 

»»••••••••» II..U..I ,„„„„ ,„„ 

• , ,„„ 

" ..........„..„.,„„ ,„„„„„,„ 

???f?!f?;i!!i'n''!i';''Miin !;!!!"l«>?"!'i"i..,.>. .,..„„„„„„ 



You nay have seen ouch cards and refiTred to them as "IBM cards". We will 
th«, vm^ih nmr^t or "ifcll^th mr«m' «ft»r lfen«^t^ vho InvtwtM 

them la t he late i /th .-e-ntuiv. The holt-o puii<-hed in the card are a ni^ecial 
code for thn nufflborB printed 'Jlnjctly -ibovc t.hcm. 

When w see an ^pput boj like 



we iuioM therf wiU ■ stack of pi^n.-h cards, each onrd hnvln« tw > 
mjBbero printed on U, When the mnster cwaputer r«.«-iveB the Instruction 
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f 



he wds the arat card in the stack. He then gives the 



vaXuM printed on thlo cNiH to the asslgner tD be asaigne^ i^speetlvely to 
B %a4. T» g^e gur^i vhlfcU we rea^ reupvet! from the stacks 

Before procee<iin€ to the neJtt part of flow charting, let ua reviev the 
l'!f«s stu^iled thus far. Ve have dlficusse^i fjur kln^is of flow chart boxes. 

T^e aaolgnipent box. This box 13 rectanguJar In Rhape and alvays con- 
tains an arruw pointing left. 



On the left-hani sl!e of this arrow w always flni a single varlatile, <>J 
the right-han'i nlie of the arrov we find an arithmetic expression^ The 
aoaignasent box Ic a (TOTOBni to; 

(l) rea-i fr^ thf? rjoiaputer'a memory (wlniov boxes) the values of 

any variabler* rj^v'urring to the right of the arrov; 
(?) using these values for the variables, confute the value of the 

#fxprffiul:3n on tht' right of the arrow; 
(i) assign thin value to thp variaLlp yn the left of the arrow (that 
is, put this value in the asG;»fnateii window box), 

Ttie Jeoision box. This box is oval in obape and always hfis two 
ejcitoi onf* labeled T (true) anl the other labeled F (false). 

{ The apare tire ia flat — * 

— =7r 

•nt#' I'^ifll^n box always :ontaino a i>tatea»nt inntea'i of an instruction. 
At^te ' -he-'king whether the Gtatement is true or false, we l^ve the box at 
th.' '-;>rretjpunding exit and go tD the next activity. 

Thp jutput b^x. This box is shaped like a sheet of i^per torn off a 
lin^ printer. 
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laiHe the box we find m olngle variable or • liat of varUbles sepamted 
by comoB. no o^sputatlon tatea place in an output step. O^e output box 

is ft ecjOTRXlcJ to; 

(1) real the value each liatefl variable from Its vln^low box; 

(i-') print aut thpee VEluea in t^ie order listed. 
■ 

iilEHi haiL- Thla tox is anapp,] » punch cart. 



A, Q, B 



InsMe th. f ve finH a nlnglo variable or a list .r variables sepame.! 
by coBBau. So coaputatlon takes place In an input step. The input box 
la a " jnaaEin l lo: 

(1) rPa.i, for ea<-h llDtfi variable, « value supplieU rroa outside 
the -aniputpr; 

(.') aeolgn these values In orler to the variables in the Hat. 

W*. n^t^ thaf aiifilgnmeni la calleJ lor in an input box as well as in 
on anulgnsent. box. T!,e .irferem-. ic that: in an aaslgnisent box, tl^ 
asnlgned valuer ar« .Ltalne. fro, .-a! .ul at ions done inside the computer using 
values obtained froB inside the .oaputer; but in an isEut b«c, no eoBPutatlon 
is inv^lv^ and thg vaiueg cwta? frog outotde the coBamter . 



o 
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(m) What do you think wouM happen It' ve ha^! wj input box like this- 



A, B, A 



(b) Suppose t^tat the punch tranj to be read I5; 

/ — TT 1 r 



WTi&t vslueo would bf in the ®?mory after the cani has been rea<i? 

(a) What, .io you ctipposc that the computer vouM print out :'or an 
Jutpui toy like thin; 




(t) nupp.'JBr t\mt the oofl^uter nw^mory r-ontalnc the -/alues 19 an.i 

11 for c an I T, reapectivfMy, What wjul'! the -otaputer print 



□ut? 



A' tb- fcnowin^ are vali \ asnlp:nmfnt b'Jxetj? If not vain, 
ten Vhy. 



(a) [ A, B, c' 



B + C X D 



(f-) ( A ♦ C — » B 
(j) I A ^ 



1 ^ 1 



(i) 
(J) 



B or C 



(h) I A *B * C I {i) |v E X E X E 



!tar« l»t \m ritura to the flov chftrt for tbe cooputation of ya^* 




W < R • T 



R, T, W 



Figure 9. FIot chart for cosqmtizig viges. 



The ste^ iavolved in this flov chart, tofiethar vith the flov chart boxes 
which call for these actions, are shown on the following page. 
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Start. 




Go to box !• 



Input tvo nus^ra ind assign 
them to H snd T. 



Go to box 2« 



Compute the vmlue of H > T 
and ftsfiign thlji value to W, 



V R . T 



Oo to box 3« 




Re«d the values of R, T, fti»S 
W tnd output these v«lueo. 



R,T,W 



Return to box 1 and repeat t1» 
process vith « nev net of (teta 
vBlues , 
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You oay hmvm noticed thmt the t*lov ehart^ In Fl«ui>e 9f provides no 
Instmeticm to atop ^ Vlthout such ad Infitruetion the flow chart vould 
suggest u "endless Isop**. Ve could Introduce a decision box before box 1 
so that our flow chart would loolc like this; 




We will not ordinarily do this. The -eason lo that ^£ of the .loba of the 
input box iB to atop the computing proceaa when there are no more gat ig to 
be read, Hoat coB^nitero require a special card at the end of a data deck 
which tella the computer to stop. However, we will agree that 



If a flov chart srraw carries uc Into an 
input box and It turns out that there are 
no' cards left in the stacKi then the 
computation lo to stop. 

To help you really understand ascigniaent an^l variablea we urge you to 
act out the operationis of a siaple coogniter that are described in the follow- 
ing ClaoB Act^v^-ty Sxprcises* 

Rxercl,Bes 3-Ub 
(Class Activity) 

A Sirole Cotgputer 

ftirts t The Master Coiaputer, The Assigner, wid The Reader, 

^jterjals: Three window boxes (shoe boxes with holes cut in the side will 
do)^ blackboard, chalk, pencils and two pads of paper. 

Ijo ynaare for the ope mt ion of the comuAter ; 

(l) Ifcrk the t^,^ of one window box with the letter 
another T, and a third W# 



(2) Put the follcrwitig It^iuts a deck of six carda and put 
the output hidings 00 the blackboard* 

imiT OUTHTT 





T 














2.10 








1.'^ 


5*0 



Ope m ting the epgguter ; 

(1) Each line in the input list repres^ts a punched card, 

(?) The Bfester Computer should work through the flanr chart of 
Figure 9. 

( i) Arter starting, the ffeeter Ccnsputer should re6»d box #1 which 
tells hio to input values of R and T. He tells the 
Ai30igner, "Pick up the Tirat data can.' and put tne value of 
F in the B box and the value of T in the T box." 

(k) The Maoter Coiaputer then re^ds bo< ife. He says to the 

Reader, "Co read the values of R and write them down^ 

ani bring them back to 

(*;) *nMr Jtester Computer then coagsutes the value of B • T. He 
then says to the Assigner, ^'Vake this value of B - T and 
put it in the W box." 

(6) *nie tteater Computer reads box fi next. He says to the 
Header, "Co to the R, T, and W b09Wfl, write down these 
values, ani bring them back to me." 

(7) The Master Computer then tells the Assigiwr to write these 
valuQs on the board under the appropriate Output headings. 

(8) Hepeat steps {3) throu^ (8) until all data ^xids axis used. 
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To more clssely pamllel the operation Df a cog^uter the Pcftd*?r an 3 
the Asslipier should rwlly iwrt'om only one tiuik at ft tioe* One can observe 
that '^reaaing the value of the variable" is nandestructive and that "assign- 
laeat" is 'Itatruftlve . 

Also as the "atople cooputer" operates it iB helpful to obsryrve the 
role of the variable in ccRajiutin^ vork. One can see that the variable 
represents, at any particular time, one definite nuafiser, an^J that the value, 
of the variable raay change fro^ tlioe to time* 

Exerolgea j-Uc 

!• The flov chart or Figure 9 is tj be carrie^i out vith four nets of 

valuea of F ani T (four punch carlo). The valuee on these carta 
are founi in the table belov: 





R 


T 


First card 


2 


27 


Second card 




31 


Third <2ard 






Fourth cBrd 







(r) Dloplay the jutput using one card for each tine through the 
output bjx 3» 

(b) rja»* as part (a) but this tiat? ruunil off the wages to the nearest 
penn^. (K is given in iollanj per hour and T in hours.) 
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The i*lov chart of Figure 0 i& shovn Ia silhouette. 




Using the data shown in problem 1, find the values of the v«riable6 R, 
T, and W at each of the follovlng stages: 

{h) the second time ve arrive at the |x)int marked (l) , 

(b) the third tiaie we arrive at © , 

(c) the last tixae we arrive st (?) 
U) the f Irct tiro we arrive at (D , 
(e) the first tiro we arrive at (l) , 

t No^g : In come partis or this question you wi31 be unable to give the 
valuec of socie of the variables. When this happens Indicate which 
varlablec do not have their vsilues determined by the available informa- 
tion.] 



The vjimne, V, of a box is given by the formula 




Draw ji rijw claart for inputting various values of L, W, and H, 
conqjut^ng the values of V, and outputting the cot^uted values. 



3*7* tf g^a^ s Vlarl&ble as a Cornier 

In the last section ve built a flcm cY^rt for eo^mting the va^es of 
eoployeeB* If m drav thlB flov chart vertically Instead, of horizontally it 
looks IDca this: 




If the input <Jata are the roUcsvingj 







/ — m 










1 




• 


i 






r :• 


• 








• « 










• 











then the output values Icwk like this: 

2 

2.15 
1.S7 



27 

3'? 

37.25 

2k^ 



5^ 

83.85 

78.0725 
72.U5125 
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Vd oSi^t vlsh to have our lines of output auabered for easy refexwce so m 
to appear as follamt 



X 


2 


27 


5* 


a 


2.15 


39 


83.85 


3 


1.8? 


W..75 


78.0725 


k 


1.9^5 


37.25 


72.Jf5125 



In order to nuaber the lines of out^t ve put an extra variable^ vhieh we 
vill call 5| in our output box* 



5, R, T, W 




We would like to mlse the variable N take on the values 1, 2, 3, 

In onier. To do thl» maabi^rinfi ve place in our flow chart an additiaial 

asBlgznoent box* 

m 4 — K + 1 



To see vrhat this infitruetion iseans we remnber that an asaignsaent 
stateisent is a comand to: 

first, look up the valued of the variables on tbs ri^t; 

second, using these values ccsqnite the value of the expr^eion 
m the right; 

third, assign this c^]puted value to the variable on the left. 

To see how this works out with the instruotiwi, I? <- S ♦ 1, suppose 
tt»t the value of S Is 5 before carrying out the instruction, Wfe look 
up the value of H, 




Window box before 
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wtiicb la 51 w compute n 4^ 1, yhich is 6i m Mslgn thU 5»Iue to » 




Visdw box after 



The effect of thli inatruqtiaa, thm, is to increase thm value or K ty 1, 
Tbie is juet what we iMted. So ve place thia box in our flov cfeart ae 
follow : 




11 i 


/ 


T 






- H • T 




1 k 


1- 






Figure 10 



mc 



2: 



1. 



3. 



Bxercises 3*5a 
(Class Diseufision) 
Tmce the pair of data values 




through the flow cbart la Figure 10, 

What is your Instruction when you come to the newly added aasigmnent 
box 



Is it possible to follow this instruction? 

What change in the flow chart must be aade so that the instruction 



can be followed? 



To aolve this problem we give the variable •'^ an "initial" or 
starting value. This taust be done Just once . Therefore, we put the instruc- 
tion in an assignment box outside the loop, as shown in Figure 11a, 



2kB 




[SUBS] 



R, T 







- - ' 










R, T, W 




R • T 



S, H, W 



R + 1 



Figurf- Ua 



Figure lib 



. In Flgunp? 11a, we assigned the variable H a starting value of 0 
insteu't of !. if we begin with the value 1, it would be stepped up to 
2 in bux h boforo any output. The first line of output would then be 
numt<»rf»l a result which of course we do not want. 
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It is possible to start S off vith tte val\» 1 if ws xwrzuge 
tbo toxBs. lbs flov chsrt in Figure lib scUev«s tte saw mult m thst 
ia Figum lUt Za Fifuro Ut vs stsp up tte vaiuo of B after, ratter ttea 
tefsrtj tte ottt^ step. This probably isea^ mors aatux*!. Bevever, 
Figure Ua tea tte advantage ttet we sii^liry it ia tte feUeniiig 
wmers 




S 4— 0 





Figure 12 



Wtensfw^r tvo or wore assignments are called for in sueeeasioa vith no 
Other stepB in tetneen, we vill allow all tte assigsaest steps to te put 
Into cme flow ctert box vith tte understanding ttet ttese steaa are to be 

carried ojjt jyj order reading froa tgj to bottoa ^ 
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jBxercises 3*gb 

(Class Discussion) 

Ao eoployer using the flov chart Qf Figure 12 vould also lite to knov 
the total aocnmt of his payroll (tt^t is, the total of all the va^ 
paid). This can be accrapllshed by introducing a variable F (for 
payroll) Into our flov chart. &ch time a ifoticer*s vages are cdtsq^teli 
the value of P is increased by the value of V. 

(a) Vrite the asslgnssent stateaent that orders the litester Co!^uter to 
increase the value of P by the value of V. 

(b) Vrite the assignment stateinent that assigns the starting value 
of P, 

(c) When vill F have the lesired value (that is, the sua of all the 
vages pali)? 

(d) Revise the flDW chart of Figure 12 to in^flude the above features 
an'i to provide for the output of only the final value of P. 
ginj r you vill want to use the flov chart box; 



Estercises 3*5c 

UiJing the r!ov chart developei in Class Discussion Bxerclses 3-5b, 
write the co ^lete output for each of the follovlng pairs of Input 
datax 





R 


T 


(•) 


2. 50 


32 




3.00 


38 


(c) 


3.hO 


22 


(A) 


r',7'3 


1*0 




3.60 


39 



3-6. I>ecigion anj Bnmehlng 

In our inform! "flat tire" and "lost in the woods" flow charts ve have 
fie€m decision boxes, ^ch decision box with ita tvo exits introduces a 
branching. Often one or both branches lead into a loop. We have already 
note<t tt\t* inportance of looping for cotaputers. 

We are ready to consiUer oatheaatical flov charts involving decision 
Loxefl, T^ie otalctBcntc that app^r inside these decision boxes ar« mtheimtl- 
cal stateraentB, either cKjuations or inequalities. S(w examples are: 




As a simple example Qf the use of a decision box, suppose that we wish 
to Inoju.ie an overt.itae Teatupe in uur payroll flow chart. If an etjgjloyee 
reoeiven Joublo pay for all hours worked over forty, then we need the 
folluvin^ ir-cinji^n ^ox in our flow chart; 




B«foro proceeding with tho devel opunt of our flov ch^rt %Pe nwi to 
find m fomulA for the i««es of mn employee which wtll Include the pay he 
recelvet for vorking overtime, Ite followlog exercises will develop such 
• for«ulm starting with the ramlllar fonaulei 

W • R • T 

where V represents his ia^s, B hla pay per hour, and 7 the niOEiber of 
hours worked. 

Sue rc lees ;^-6a 
(Class Dlscusslim) 

1. If the employee works kQ hours for R dollars an hour, then write 
an expression tlmt represents his wages for the ^40 hours, 

Pm The e^loyee is paid double the houily rate ^en he works overtioe. 
Write an express ion representing his rate of pay per hour for over^ 
time wher& R is his regular hourly rate, 

3. If T represents the total nuaber of hours worked, then write an 
oxprf?flDion which represents the nuniber of hours of overtiae (i,e., 
the number of hours he works in excess of hO hours). 

k. Having found the rate of pay for overtlTse, (Exercise 2), and the 
number of hours of overt iase, (Exercise 3}, write an expression 
rep roGen ting the wages for □vc?rtin» work. 

To the regular wages of the ei^loyee, we fouet add his i^es fur overtime 
work. Write an expression which repr^ents tho total wages of the 
eB^Jloyee that includes the pay he receives for working o^rtltae. 



By using the asoigna»nt box 



we obtain the following flow rh»rt which provides for extra pay for overtime, 
for output of the weekly wages of any employee, and for the total aTKnmt In 
the whols payroll. 



^^3 




STOP] 



If #— R . T 



5 t- 


- B ♦ X 


P 


- P ♦ W 



— * — \ 

5, R, W 



rscu* 13. ?Ioit Ort for pi^roU, iaeltdlng double nte for overtl4». 



llotlei» ttmt ttmrc «r» tvo output hoima in Flgwre 13, ana for th« vsgeo 
of th0 In^lvidiuAl ««9lciye9 one for tts« total payroll* 

1, Tmce through the flov el^rt of Figure 13 with the Input given belov. 
Olve the output for each tine throu|^ the output box 7, and flcall^ 
the output for the total payroll (P), box 8. 





H 


T 


Flret <mri 


2*15 


39 


Second ^rd 




kk 


Third cajnd 




27 


Fourth card 




UO 


Fifth card 


2.26 


^5 



2. If two asBlgniaent statmaents oiscur in the saise asBigm&ent box, give 

con'litlone und^^r vhi<?h the two statements my be interet^ngei vlthouu 
i'lhanglng the values vhlcrh vlll be afisl^r^i to ar^ variables. 



^5 



20j 



• 



3. Tm^^e throvgti th^ f 'Allowing flow chart anl give the output vaiu<?n. 

In carrying out such a tpac»e you should have a piece of paper on vhieh 
to list the output values an^i a scrmtch pad on which you keep a 
running i-ecor i jV the latest value assigned to each variable. &ch 
time you assign a nev value to a variable, croos out the old value 
and write down the nw one» The appearanc^e of the output sheet and 
the o'?rat4'h pad ar*» given below for the firat three times through the 
loop. 




H t— 1 
T f— 1 
S 4— T 




H 


OOTPOT 

T 


3 


1 


1 


1 


2 


3 


k 








k 


7 


16 




^yX^— \ 





SCRATCH PAD 



R 


t 


i 


i 




T 


i 


i 


i 


7 


S 


i 


i 


i 


16 



2^6 



2( 



Answer theoe questions about Exercise 3. 

(tt) Describe in voris the output list of values of H. 

(b) Do the Qamt? for the list of output values of T. 

(f*) Bach v&luf in th^? liat of values of S (after the finst one) ?an 
be found by a^idiog what other two nuabere in the output llotf 

(d) What Imjtru'tion In the riow .rhart lll\U3trateo ^our answer to 
part (c)? 

(e) Can you express the output values of G entirely in tems of 
the various output values of Tt 

( f ) Pill in the blanXs, l^e result of part (e) can be expressed by 
^ylng that the purpusse -jV the variable 5 is to keep a running 
^f the values of , 

Tracf through the a<'croa5ianyin£ flow chart and give the output. Carry 
yuur w'jrk t'j the ntagr where H has the value 1%. 
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^ + 1 


A 




B 


B 




S 
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6. Hacrall that 2^ represeats 2x3x2x2x2 and is equal to 3^. 
tr 

SiBiilarl^, 2 , K a coimting nusber, represents the pjroduct 

2X2X2X,,,X2 

vhere there are K factors all equal to 2. This aui&ber is called 
tba Ktb pover of 2, We vaat to mke a flow chart to output each 
power of tvo frcsa the first through the 20th. We cannot use an 
instruction vith a string of aots in it and ve vill not penait the 
uae of «scponents« The table belov vill help in figuring out sone 
correct instruct ions, (P represents the value of the Rth pover 
of 2.) 



K 


1 


2 


3 






6 








P 


2 


k 


8 


]6 


32 


6k 









(a) How Is each >«lue of K obtained fron the preceding onet 

(b) How is each value of P obtained from the preceding one? 

(tr) Fill in at least five njore coluasia in the table* 

(d) Uay Tsake your flow chart. Be sure to give K and P starting 
values and also provide for a stopping mechanism. 

7. This problem is aiiailar to problem 6. The number "five ftictorial" 

is written 51 1 and tsi^ns 1x2x3x^x5 i^ich Is equal to 120. 
Similarly, if K is a counting nisaberi th^ Kf is defined as 

1 X 2 X 3 X 4 X ... x K, 

that is, the product of all counting nus^rs from 1 through 

As In problem 6 we tabulate a few values here. (F represents the 

value of Kl) 





1 


2 


3 


k 


5 






F 


1 


2 


6 


2h 


120 







(a) Kow is each value of K obtained from the preceding valuef 

(b) How is each value of 7 obtained from the preceding value of 
F and the i'urrent value of K7 
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(e) Fill in tvo wore coluons la tha tatile* 

(d) Dmv your flov cbart, Arr^nefi to stop yfbmx IS valuet aro 
printed out* 



A tMcher ftssigned her students a problem of ccmstructine a f lov chart 
as follovs: 



(1) 1^ input consiBts of the lengths and vidths of several 
rectangles • 

(2) The purpose Is to out^At a list of eoneecutively m;^>^red 
linea, starting at one^ giving the lengthy the vidth^ and 
the area of onl^ those rectangles with perioeter greater 
than 12. 



The flov charts shovn cm the next tvo pag^ were sut^tted by st\«ients as 
solutions of ths problem. 

1, Which of the solutions are correct, axtd vhlch are incorrectf 

2« For those that are lacorrect, in vhat way will the aoavers produced 
be vrmg? 

3« For those ^Ich are correct, list them in order of efficiency vith 
the one requiring the least aiaount of co^rutation first. 
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le the previous exercises you have seen tlAt there are sevens correct 
flow cimrta for th« deilned algorltlasu Ifeually ve v&nt to flad the xaost 
efficient one f roa a cotaputational vlevpolnt, but sotaetiCM ve wnt another 
feature included which aay not lead to the least nua&er of caXcuXations. 
The basic njquireasent for any flov chart is still, "Will it voritr Singjlify- 
isg and *'streaqaining'* the flov chart can be accomplished as needed. 

3*T« Flov Ctertinff the Division AlAorithis 

A playground director found a sack of mrbies while cleaning up the 
storeroom. Inst^d of throwing them avay, he decided to divide them among 
the seven hoys on the playground irtio were helping hlsu If, after dividing 
the oarbles eqtmily aiaong the boys, there were any left over, he would put 
the extras away for the tiiae being. 

Sere is the way the director distributed the marbles. First he lined 
the boys up« 

John 
Paul 
George 
Pete 
Tom 
Ocrdy 
Lsrs 

Then he reached into the sack and t<x>k out seven aarbles and put one 
narble in front of each boy. He repeated this process over and over. 

Let us tate a look at this process soa»where in the middle. Ve see 
that the marbles distributed form a rectangular arxtiy. 

John o O O 

Pisul O D O 

George o O O 

P«te O O O 

Torn O O o 

Ocrjy 0 0 0 

tors O 0 O 




o 
o 

O O 

o o 

o o 

0 o 

o o 



o o 
o o 
o 

o 
o 

o 
o 
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Of- 



We know that the total number of imrbles in the Br2«y is equal to the ausber 
of rovs tioses the ouoher Qf eolumna (rows are borlsontal; columns are verti- 
cal). As there are seven boys there ure seven rows. Lot Q 1^ a variable 
representing the nioiber of colusma. Than the number of taarbles distributed 
ao far is 

We see that the niiaber of marbles already distributed plus thc»e reBBining 
in the sack is equal to the total number of marbles that the director found 
in the storeroom* Thus, if we let B be a variable representing the number 
of marbles remaining in the sack and let N represent the nus^r of martles 
he had at the beg^nnii^j we tove the formula; 

K 

Total 
number of 
aax^les 

This formula is true at every stage of the distribution process. 

Ve can recognlaje the director's process as an algorithm and we will 
dmw a tlow cliait for it» The basfc step is taking seven mrbles out of 
the sack and using them to form a new coluam of the array. In doing this we 
decrease R (the number in the sack) by 7 and increase Q (the number 
of columns) by U These activities are represented by the asaigniaent 
statements ; 

^ R #— R - 7 



^ 7 > a 

nusiber nustber 
distributed r eraalnln g 
in Back 



Since this process is to be repeated over and over we write! 



1 

a « — R - 7 

Q « + 1 
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33ie difficulty vith such m loop is that ao w»y is provided for stopping. Aa 
you PBoaaber, itt order to eaeape froa this ^less loop a decision box tsust 
be introduced. 




The Dtateoent to t» pl&ce<i in the decision box vlll stea from the fact 
that in ilstributing the marbles there com&s a ti»e when to cmnnot reoove 
seven mrbles from the sack be<»use there vill not be seven mrbles left. 
In other vonis, in order to reioove sevra a»rbles it is necessary that the 
iismtnder (of mrbles) be greater than or equal to seven, ttet is, 

B > 7. 

If we place this statetaent In the decision box we will provide a iseems 
for stopping the process* 



! Repeat process 



I Output results 



I 

I and SSOP 
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C<Htf>i&lj)g thia vlth the Above asaigmi^nt box ve have: 



4. 



T 





H « — 
Q •— 


R - 7 







That la the heart of our flow etert. (fely minor details reo&in; nawely, ti/ 
provide output and to give starting values to our variables. 

As output we Bwrely give the values of Q and R, thus: 




We want to input the value of !4: 



We start R and Q out vlth the values they should tmve before emy mrbles 
have been distributed. These are given by: 



R 4 — H 

Q 0 
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Puttlflf mil our flov ehart fmgmniM tc^ther we get the coopleui flov 

etert. 




Figure 14 

Utte final value of Q, the value that is output, is the mn s^ r of 
coluns in our final array of taarbles—the nus^er of mrble$ each hoy gets. 
'Stm final ^lue of R Ib the nuai^er of extra marbles ls»pt by the director 
and is one of the nua^rs 

0, 1, 2, 3, 5, 6. 

Ilie algorithm can be called the algoritta for integer division vith a divisor 
of 7* VTe tave divided M garbled Into 7 pll^ of Q taarbles each vith 
H taarbles left over. This is the best distribution that be mde vithout 
breaking anr mrbles. 
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The flov chart of Fl^urQ Ik li sham btXow. 




S «-B - 7 
Q ♦ 1 



^^^^ 

Using on Input value of 17 » flo^ the vmluaa of tte ?mriAble« Q wd 
K at each of the follovlng stages: 

(a) The first time ve arrive at the j^lst taatl^ (^« 

(b) 7^ second tine ve arrive at 

(c) The second tlsje w arrive at 

(d) Tfee third tine we arrive at (i). 

(e) The first tlasp w arrlw at (!)• 
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We cee thftt thurf» an? four nimbera involv^fi in this Integer Itviolon 
process. 



cuaber of thlnijs 
to be dlviciea* 



7 

Divisor; 

sunber of 
piXeo into 
which the 
dividend 
iD to te 
divided. 



C^otientS 

number of 
thiugo in 
each pile. 



B 

Hessinder; 

nwter of 
things re* 
mining un* 
diatributed 
( rests indor is 
leoc tlian 
di"lfior)« 



or (^ource, the* uaTne kin'l of r^^jjoning would work ror any divisor. The 
iiviaor <iOf-o not have to be 7, To mike a flow chart for integer division 
ror any ^ivioor, ve uao a variable, D, to denote the divisor. We call for 
totn Ui#- iivi Ion! ani th^- Uvisor ta be input, and we replace each 7 in the 
pr^rf»-Jing rirjw chart Ly 1. Ttion vt? will have the flow chart! 



/ — ■ — 



R ^ — 


M 


i4 < — 


0 




TWb tisie we have called for tbe output or tho '^aluea of all tht? 
variables M, D, ani F in this orier, go as to suggest the fonaula 





He can think of integer ^iivision ps a t^^lctioa whoae input i-. a pair 
of aua^era (the livldend and the divi'-^or) and vhoao output is another pair 
of nuah«rs (the quotient and the remainder). 



(17, 



tnteg<»r 
divlnion 



dividend 
divicor 



quotient 



— ressinder 



The dividend and the divisor are a pair of whole numbers (with the 
divisor not 'rqual to O). The quotient and the reiaalndor fom another pair 
of whole nu'flbf?rs--the only pair of whole numl^ers Q and B saticrVlng the 
two conditions 

(a; M D • Q + K, 

{^4 H < 1), 

During an application of the algorithm the first of these conditions hoMe 
at every otage. We repeatedly deereace the value of H by subtracting D 
untl^ the se^^ond ccMidition is satisfied. 



*IV'. i vh^i. wi.: l«appen in our algorithm for integer 'livieion if we 
!ij'jV:f*y imst rut?cloms an l input the value* 0 for D* 

Tra^'c ihrou^i < h«' f;jw f?^jart uf Figure vith each vaf the follu^ng 
pfiir:2 jf Input, • Kur ^^a<*h pair ot' input values mke a tAl^e 

oiiwing th** m:uec li!! four variaMee at each passaue through 
!iOx j jf tho !'lav t?t«K, T^e last line in the table will Le the 
•utput uf th'* rljart. In eairh uf th^ysi? pairs t).e livi ienfl is 

givr.. : im*. «*n i tU#? Uvlcor *3ecim'i# 

{ ^ n (<!) iO,'^5) 

, (f) (73 ^6; 

Wf» i/!v*' th<^ .rolutlon to part (a) sji an example: 

:4 I) H H 

• na s • 1 X6 

^ ' :^ > 



'J 



In 'h • inr'*.^. rh- p;v»^#.iing prybi^Tw yyu nuto that th« vatuea 

M J ' ni'V'M- '*brf,r. What iv, it atuut the flow chart which 

ClvHi Mjf ' jia! rfi vB]Uf»u i*or M antJ D perform the 
mvv;^3ar>' Uviiil.r. an I finl the ''□rrrspcmtlij^ pains of output vxiluea 

0> f Sl^ (i) (62,1) 

(•) (^*S (h) (12*, ,12^) (a) (?72,i6) 

(0 (^v,0 (i) (1^4, (n) (3l6B,7) 

f<'^ (^v,-.>) (J) (BJ^,12) (o) ()!i8,236) 

(a) '*'ha* wi: .-output values c and PifM&n Dhaw 



# 



(b) What vill be the output valxies of Q and R If the Input value 
of D Is 1? 

(c) If you are given the outlet values of Q and B, are you able 
to detersLlne vhat the input values of M and D veref Explain. 



3-8. Nummary 
Section 

An algprithm is a list of instructiona for carrying out souse 
proceoD in a step- by- step, sequent la 1 manner. 

A flov chart is a dia^ra^s which represents the steps in an 
algorithts. 

In a flov chart, coem^as to take bobs* action are enclosed in 
mctangular boxes. 

In a flov crhart| statetgents on which we are asted to make some 
^iecisiun are encrlaseiJ in oval frEiiaes, and these bojces always have two 

eXA.tS. 

In a flow chart, a loo^ is a convenient loethod of handling a 
rf*p^»titive proceDS^ but there mst b*? cotae way out of the loop to 
prevent it from tecoming an endless process. 

Section A<U 

When preparing to solve a problem with a <*o^uter it is usually 
necessary to construct an algorithm for the problem. In preparing the 
algorithm it is not necessary to know exactly what the conqputer will 
do at f^ch step, t;ut It is necessary to provide instructions ^ich, 
if followetl, will lead to the correct answer. In other words, in 
constructing a flow chart we try to provide for all of the alternative 
paths that the r^omputer might take even though w@ do not know exactly 
what paths our computer will follow at any given stage* 

Section 3-^ . 

In any coaqmting problem, there corresponds to each variable 
used In that problem a location in the cominiter^s ^5>mojy. ^y 
assigp in p a number to a variable we mean si^ly putting the number 

l-'7i 
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->efitruf!tiveiy Into the Jtomge lot^tlon correspwllng to that variatlo. 
In evali«tlng arlthaetlc exprecfslono s variable is to te tr<?ate: as a 
naoKf for the auater la the aorr^poaJlng siemory location, T^ie nunfc^r 
In tho ^orrf»spOTilng latjiiory location is referrel to as the value {-r 
currffnt valUw) the variable , Durii^ the course of cocqjutation mny 
tiff^fvnt vaiuftc (pertiaps even tail 1 Icms) may ix? ac^ign^i to a giv^m 
varlatil*.% Thuo it viU not be ttteftnijig!*al tu epeek of the va!uc of a 
variable without opt^cifying th<^ tiwe, or morp precicely, th^ stage ot 
thf? !oi8putin*5 protrf*cy. But on^v* tht» 3tagi? the pro'^ss is Gpf*^-if ie^i, 
tho valuer jV th»f variaLU* in unigmely Jetonainf J, 

An annigrM>i*nt statrfmtmt is always pia'io*! in a rectangular i ok 
likn rh.. fulluwlng: (H^ H T | . We reai this £:tat<-nif»nt 

"acclgn tv I Utf* valU'» of P • H • T". 
•Hifi: f ! '}ifi,','f \ 'fY 1:; -ai :f>.| an agsjgn^^^nt \ jy , 

Ai;:'4gn!o^.*nt ii; legtruf tjv^^ in tl*at it itrsstrjyo thf former value 
.^f th«' vnr:.t».i«., ! fa tinig tht* valu*- :>f the variaL!'* ic not <p.^tru<'t ive , 

^ ^^-P^^^ -'^^ t in a *r ov ./^art, r'unt4iln6 a oinglp variable or a 
i.:^ o:' variai If'H vfii^'i; U a <'onmn'i to n^al th*? valuer, uf tne 
variat V-;: an f prln* m*. ^h^^sir -mluea in the orier Ui;te t. 

An inj?uv t ox . In h flow i-tiart, contains a single varlatN* or a 
' i.;?. ^f vBria^;<»i; an i 1,'s a consmnl tu sm^lgn the value of the variables, 
in 'ho glv^m j-i^r, to the appropriate place in the TOaory, Another 
:'un -ti,jn :f 'hr input \ ox is to gto p the i'oisputrr wtien all of the iata 
'*anir *ittv<^ * wn ur.'*i. 

Jkimetlisn'n ve* wish to count tho number of oetfs of lata assigne^i to 
he aenory jr numijrr the actjeptatle outputs. We uae a variable in an 
aB«ignnient box like the following to ac-ong^Iish this process, 

Yot mist N*- ijufv ♦o aosl^ the vmrlaMe an initial value such aa 
d-^tlj] tL*r 9] ♦^'^ ccnmting can begin. 



Section '^-C, 

Bran<-'hlng is InfJteatei in : low tiharts ty a lieclsion I ox that is 
ov»l In shape* The flee is ion box gives ufl the ability to choose a new 
path depcnilng on v^ietlier a certain condition is satisl'iel. One of 
the runc?ti-mj al' the Jecisija box is t^jat it enables us to get out of 
an cnilOL^s I'jjp in a t'l jw ciia-^.. 

In i*] JV ffiarting the Uvioijn aigoriltim for integer divioi on 
thlnic .jf it. as a fun^^tijn vhose input is a pair of numbers (the 
iivi ieni ani the iivlcjr) ani whose jutput is another pair of numbers 
(the qujtlf»nt ani *hf rf»iaain<ler), 

W^ien Wf? input a value jf 0 for D in our flow cJiart (that is, 
try ty iiviie by ^ero) we get io.*kefi into an endleac loop in which the 
quotient lncr*?aQej in ief initely . 





Chapter i 
IHFOraWL ALGOBiraMT, ASD FLOW CHARTS 

Gene m l Coiamentg 

A mexho'l ut' coaaunis'atian l^twe*"n an In iiviiual nn i the f';^!aputer has 
b^en accompliBhe*! by the ievelaptaent j:' pru^edural !angi^gpr,. They r^avo 
their purpose the taak of i-elating tz tht^ oon^uter oon»> "unamijlgucmr. plan 
telling h'jv to L'arry jut a ptDcesr; 3n a rinlte numi>er Jt' ;jtepfl," The 
algorithm (as the plan ia c«allei) i^ulres a highly sequential step-Ly-:;tep 
oethO'i or rumput ing an answer jr answ^ro to a pru^ilem. An early link in this 
lin<? of eotamuni nation is the r 1 ov I'ha r t , 

3iB5)1y jtatei: 

(l) /a algrrithm 1g a pr'ji.eiur« a. Ive r.uose protlem problems. 
(:*) A rijtf ^'hart -ine c'>5prf» .sc 1 jn o^' an algorithm. 

One jhuul 1 b«?ar in taiai that th*» :*1 ov -J^rt, though le:;:^ T'^nnat ttian 
the taachin^ language, requirvc the r.tuif'nt to put iovn a series jf lov jriler 
steps (with wo'i ji^i.-ipUnel 'ar-#» an 1 :'ji>*ttu)ught ) fjr a iJimplff ininieJ 
Qiaohine. 

An expresoicjn jt' how lu do tiJmothing eoijontlally what is m^nt by 
a flow -^hart; hwwever, it in exp^li^mt :*ur pe^iagjgi" i*easQnB, as well e 'Jjur 
teBire ^lave thin wurk .'usputer jrient^vi, tj a-Jjpt i3ultabl<; riyw i^hart 
language. 

language iB a laeanii ^^xprf^saing an<i futsmtmit^ating uur i i^s. In 
""naputing want tu te ab:f» t/j ••onsiuni^'at'* nut only with peuple but altjj 
with I'ompiten'/. To )TiBnunic*ate with people* we normlly uoe the ''natural 
language'* we have lf»arnei fio ''hil iren. i^tlll, in opeclalize'l i;^pi.'fl, people 
have always ruiind it ouet'ul tu ievise special i/,efi Jargune an*1 languages, 
Tou will iisf' over that the flov cfhart language helps uo to ievelop, liaplay, 
ani ^lifli'UiSiT alg^rlthtr^ in an unatat)iguouB vfsay. 

We kn^^w o*' ^nj Jther way to express algyrlthmo that can l*e ae e*;*e'tive 
SB a How 'hart In highlighting slgnirieant points. After an algorithm has 
been exprer,.^ei n.' a "l.-w *hart, an <^ulva''-ent m*hine language pr^gi-am mUi^t 
be ievel^/pei ♦hat a ."jmputer 'an *»xerute the algorithm. However, the 





tmnslatija ^'r^tu t'luw *?!Art langw^e to a mchlno language becomes nearly 
painiestf ty expiultUig a pru<'eluml language as an Intenne^ilate stage. 
Conv«^rtfi^m an aJg^rlthta Vrxm chart laoicuage t J a pri/ceiural language 

l3, for t.h«* aonr part, a nii^l*? tnanfllation pnDcf»fio, Translation *Vjnj a 
pror?eiiuml language to a aac^hina language ie ^ione aut-^ticaHy by a i^omputer 
prograoi <-al]e'< a "oi^tier. 

Learning ana using the I'l'^w irhart langimge will enu'L^ucage the :t?v^I'jp- 
m*Mit ani uo^ jf a pnjtl«?m oulving tf^Thnique uf treiaenious pjver. T^iis 
process vlll jemonBtrnte Uov to fiubJivl'ie relativeJy «• Jfl^>l Icatei pr^t Uta;: 
Inti^ slmp't^r, mijr*r eaaily unlerst-ji suLprutlefss. This le a terr^inique vital 
t i IV.) 1 V ing p rot ; <»ma I n a ! ] «4 1 Kr. ^ i' II :V. 

nOTB TO TEACHEKl 



Bao^J prpviuun eTfperi»*n^'e am^ the estitmtes ul' the authure or the 
pfv*Mm!nar7 "litlvn (invluiint? Junior high ti*-h'joI tt'si'hf^n: ), it is n^c-jnsaen'ieH 
tl-*at tht* t#^'hlng tinm : -»r thir. 'fiaptrr n^t m-jiy* Vmi JO lays , in^?!u«iing 
t«T»t lng# 

T'fi 'h<'r.: 'i'" .-f-rslnici that 's^mph?!** m^tery o:' the i'un<v»pt3 on l 
pr i'efiiuv. In Milr. '»Juipt**T' ,;h'..u! i iu± i^o -"xp**.'! f-U H inror-m- nt ani further 
t^vel'/pmen* ^*ie.:«« '.^n'trp:,:; an^i prv'*«!:i;fi;, will j '^'ur* In a ^plml mfin*»r In 

IVcfnori: arv* urg^t t jy^f tj <.x^'ei* j th<» «ugges3t»? 1 titac? allotment 
iv.i fljHt puplM. tfiP HJt mU-i5 thf* 'haprers at the of the ':»gun?e. 



5- ' • njglnjg a Flat Tire 

T^ie 1 :f f%n filg'jrittiTii an i a :M^v f'iiart teen purpw*;;<L-iy intr^iutrel 
in a nwn-raathemt 1 'a^ iu>'ting. Hc-'p*' *'u M y , th" atu lent vi!' learn that nijst 
prv/c^'i.iiiM-; .'an ^ i* : r .Ken l^yfti Int o a ti«frit.»B of ilrected steps an i a^.Bi> t^iat 
the aruienr wil' I'-ai^n Tj l^w thfr.t? «teps. Alr,^, it ehoul I b« ^'lea^" that 
ther** "an te a >^n^* variety jt' '^fiartij aM o'/ vrhit^h can recu^t in a 

earre<*t ut i,in.* 1^^^ c-on^'ept f*ouM be the thirst &tep in helping the 



*5ut^; In Inioi-.ti'y, aan;,- prjgmtBiJ *J»y l^e r.uS taittfii for thf> ;?o:uti;3n 
of a sing]^ prui>l*na- It Ia the !*uni.'tljn jr the tmcter prograosi^r to 
leterBiint? whi-h, jf thuse subaiite.i, will vurk the aoat e:Ti^*ient ]y am 
thui? the -a^^n* !nf*7rp»*n.^lvf*^y. 
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the itudent avoS i rlgil thinking In OBtheaatics. 

TJie langua^i* m\ nutation uaei In this section is n\>t the final riow 
chart language or notation* Iheret*ore do not €aq^l»^ize tbe language or 
notation at this time. Btaphasis, it' any, ;3hotxld be placed on the step^by^^step, 
sequential levplopwent of the flov chart illufitmted in the Class DiccniBsion, 

^^jgj^n to% ans the i(>i g are tvo bits of flow chart notation that 
ar'» In final *'jmm At this j:tage o ' the iev^-lop^ient though, the language 
whi'.'h ♦ 'ont-Hin la not» ^'tu^lents 3hauM know that the decision box should 
iTuntttin u :;t^t»ri»'ni. (nul a lueotlon) that can be ansv'=»r^d either T (true) 
or P (:ia:n'?) ani T.i.at thtrrc taotir. two exits from thif> box. The bacic! 
id*?a c:* th'» \-JO ^ Ir t;jit it pr-»vl le^i a £jl!iq)le raoano to perl'cns repetitive 
steps. The ♦'un'tiun of the loop *jhouM be etigjhaaized tu the etudento, 

FinalU', :,tUilento uhouli i)o rode to iwJize tJjat if the flow chart 
.y' tJi<*l r n V^J't^^iB ^-j^'H r.o' j/rfiVlJ*' h t:^:^* tor. * v.-r^ ' Intf- f rlu^n ♦h^'y hav^- rio* 
vritten a H^g::/rlT hai > 

It iii •.Ti-gge;itei tliat th<' inr^tniirtur i^velop this exercise eittier un 

tti<* :'ha!k^',/fir J .^r vlih thf ^mMliea 1 pi"oJtr*'t.v:'. :.*tU'lento should develop 
♦Kflr :*1.^w '^jEtrt fmgj»»nti^ u^i'jtx: the Inctrucrlur pruvl lee a suitable 

in ■ :* t h«' • ' ragiaea*. • 

Tf^ 'hif^ nu^Act X jn i 

If yuu !f»v*>!op *hr«n'» t'Vjtf ;'hai'tn on the ('halKtoard bt? oure that the 
Initial rivw .'iiart lia^ an^>!tf r^oa bt»twe^ byxec to insert the required 
rerin*s»L5nU? fui yuu piugreuj through the development « 



1. (a) 






1 1 


Place frying poo on burner 




2 


Set he*t under fiylng pern 
to medium' law 




3 


P Put butter in frying pan j 




, k 


Break egg into frying pan 




!) 


Baste egg with ^x»lted butter 




6 


3erve egg to Da J 




I^tudents nay t«ve drawn the flow c^*art but omitted the ( START 
ani [ HTOP j • This will provide the opportunity to remind the stud^ite 
that tht? inaL*hint» must be start e<l and stopped in some tmnner. 



(b) ( aiyuiT 




¥e have both batter and egg ^ 





1 


Plac« flying pan oa burner 




, 2 


Set heat under frying pan 
to Tsediua^Iov 




'3 


Put butted in frying pan | 




, k 


Break egg into frying pan 






Baste egg -with raeltod butter 




6 


Serv#; pgg to Dad 








RetSLind students that 
all decision boxea 
require tvo exits. 



(c) 



nTAFT ) * 




We hav^ b^tn tutter ani ^?gg ^ 



Plac^« frying pan an burner H 



'.*^t hc'ft*. uninr --ylng pan to ajf-.Jium- U 



f^t I'uttiM- in frying pan 



Serve Da-l col'.l <-?e!va} 



Bn-ak ngg into t'rylniJ pan 



Hnr.t.f^ with lutt<>r 




v.m. J U> v?>ll rt>ltonati> tj^^t nat only i^es a lt^(^l8i;.n 
^ !>M'U;v rwj »xita tut tj^at b;,th oxim must lead sotae reasonable 
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Q Vfe have both butter and egg^^ 



Place frying pan on burner 



r>et htsat unicr Trying pan to taedium-low 



l\Lt butter in t'tyinfi pan 



Serve Dad cold cereal 



-(^ The butttfr hac Taelted 



Break egg into frying pan 



Baate t'gg virh taeitr?ij butt(,^r 



Ijprve egg to Ea-i 




It might \^ well to cpend coijie tii» in discussion of just where 
thf F (falae) exit will l«al and what to do if "the butter bBS [ not ] 
mpUfv^', F'>r example, with heat under the pan and butter in the pan 
thert? i£3 nu f>:m;yn to asouo^* it won't Bieit in tice . See if the 
stui^nts oan Le i to t^ugget^t that waiting will result in the butter 
i&olting. 
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Q ' Wb hav both butter »nd ggg ^ 





f 




place frying pan on burner 




s 




Set heat under frying pan to is^ii^lov 








Put butter in frying pan 





Walt i^nuti? 



1 



'Stc butter has melted 



Serve Dad cold cer^^ 



Braa^k egg into frying pan 



Baptc egg with malted butter 



Serve egg to Cbd 




The tisse, ^ minute^ is purely az^itrary. Remind students 
that waiting too iong^ thou^, tsay result in bu^t butter. 
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26 ^ 



(f) 



^^^^ 



Q Vte hive both butter and egg^ 



17o 





Y08 




PlAce f xvlng pmn on burner 










5f»t heat under frying pan to mediusi-lov 



butter in rrylng pan 



EI 



wlnutc 



Ho 



Itje butter hsfi laeited 



Yes 



Serve Dai cold cereal 



Brfiak egg into frying pan 



Baste egg vith salted butter 



^ The egg white la traaaparent ^ 



5u 



.'k»rve egg to Da4 




At this at^gp the ievelopja^^nt ritmJents should have little 
fiffifulty Ins'^rting the i^^'ieion box in the requirefi position an'l 
looping VecK rarr^cf.lyt 



In ihlfl uefTtlun ««- try to tsotivate the qentmi topic uf this chapter, 
ai^rlttoSEi. We are interested Ip details of actual eofsputors only ty the 
extimt that they are oeeesoary to B gjrttvatp or explain certain aspects o:' the 
stud^ ?f al^rlthm romitrurtlon. SfOme etudfnts vill wnt to knov tauch tsore 
abcjut huw congju^** ni ar^» built yr how they vorit. Questions on the const "tic- 
tlon ^t' C'JtsputeR* an t hw tht?y t\mcrtlcm artf concldered to be out of the 
acupir j:' thikj '?^apll•r ani particularly this oection# Hweveri soae isaterial 
ani o^imcy r*?iv>ft?ncei; pertinent to these topi^rs will be included in subsequent 
portions 'jf tht? 'haptor, eml these aay help you satisfy the queati^mi or 
your ut.uif>ntR# 

A «'M«iin 'tiamctvriijtic uf algorithw lo that Uk? step-ly-step plan 
must l)« ummMguouG. We ^'anno* t«'ll a «*oBQ>uter to ''either add or subtract," 
Rather^ we must aay "If speciric conditions are satisfied, then add; 
If thcof? :;po.*ifl4' conditions ar^ not met, then cubtmct." *nic*re can \e no 
v nm fur dout t as to thf' rac^aning of the otef^ in the algorlths. 

A r.n"mi i'o!j8swn chamctf?rlptlc of useful algorithm is repetition . 
In a tausl^'ftl •'.)n5)onltl^, r.p#v/ia: cyuU^ols aiv uiied to tell a p^jrVuTwr to 
iT'pf^t a jmrt i.if t.h^' pi^?c*', Tn th'* satK* way, it in extrp®t»1y useltii to 
r»»p*fU< tt tj'Tift; j!' tittfpti in a f';»mputln^ algurithnu Ono reason coaputera 
arf* a ) uc^-ri' iti ♦j«t a';gorithfEK ^ leptmd heavily on repetition and the 
^oa^ter rfi i vt^ptHi* th*» saoif r.t'»ps ti:""es6ly and without eoi^laint. 

Kxercl BOB (Clans Dlsfustilon) 




Thr^n* Hnr» n^a^'y iwo \ini**ristandlni^ that can be developel in these 
exercloec, 'Hiey ar^?; 

(]) An algyri*,h!S Is a step-by-fit<:;p set of Instructicsje which 

guarRn*^v»c a ourcessful solution to th*» prolleB, but it is not 
nHC*-r?aary ♦.u know ejrpiiciHy wljat the cooputer will do at each 
L i'*pf an { 

(/) Tfjerf' an- mny possible "goo^i" algorlthao, Soe» of the aZgorithssi 
t»y appear to be more efficient than others, but OBny times the 
.'hJlcM as to tfhl 'h is **U?tter** is an att>itmry Ju«igaE^t, 




l« (ft) Follov the riv«r davastrc»a« 

(Of course other consaande are possible, such as, "Foil w the 
river ui^treisu" sasver given is the one that is 
generally aceeptatle to voodsi&en, but there could be 
occt»al«» where other dlrectlona vould l» more appropriate. 
For ejcaa^le, if the river flowed into the desert and 
disappeared, then the above conwand oi^ht not be too useful.) 

(b) Stop, {He*B reached civilizatism. ) 

(c) Follow the nver downs t ream, 

(d) Folloif the shoreline of the lake, keeping the water on your left, 

(It would be Just as correct to say, •'Follow the shoreline of 
the lake, keeping the water on your right.") 

(e) Follow the river downstream. 

(f) Follow the shoreline of the sea, keeping the water on your left. 

(This procedure was chosen becai^se it corresponds to irtiat 
happened when the hiker cause to a lake. As you will see 
in the flow chart, this enables us to coabine these two 
Dtepo in one decision box.} 

(g) (llie comparison can be valuable if the stufient is led to un^lei^ 
stani that there can be lawiy differmt, acceptable algorithms 
for a given situation. You might point out that we used "body 
of water" to refer to both the and the lake. ) 



Bxercises 
1. 



(a) Hunter A 
Hunter B 
Hunter 
Hunter 
Hunter 
Hunter 



reaches Seaside 

Inches Woodland 

reacl^s Fock Beach 

roaches Seaside 

riches Interlachen 

r^<?hefl Rof»k TV^fh 
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(b) Huntera traveled dietance (shortest longeat) In giv«x orter. 

D 
B 

Y 

C 
A 

(c) Huntera C and Y reach Bock Beach 
(i) Hunters A and C 

The treasure hunters should dig at point F, 



Ve Include in this section of the Teacher^s Coroentary a little 
historical background about computerB. This article Q»y help you anaver 
float questions that lalght arise in your classroom. It is an excerpt from 
Algorithms. Cosqsutatlon and Sfetheaatics , Revised Edition, SMSC, I966, 

^'NSan's efrorts to ease the Usk of calculaticm can be tmced back 
thousanrifl of years. It is a story of famous people, such as Pope Urban II 
vho introduced Arabic calculations into tenth centuiy mogastaries. H^pier 
(the inventor of logarithm), Leibnitz, Pascal, as veil as unknown contribu, 
tors vho ieveloped the abacus, invented Arabic numerals and positional 
notation, and ieviBed the flrat notions of arlthrotlc. Regretfully, ve must 
skip over these ancii*nt contributions as veil as the aore recent contribu- 
tions of jwople such as the inventor Charles Babb^ (19th century), the 
English B»theMtician Alan Turing in the 1930*8, the American Howard Aiken 
in the 1930»s and l9J*0»s, and many othera. 

"Beginning in about 194v, a retnarkable series of inventions and 
advances in understanding has made computing the fascinating and important 
topic that it is today. 

'*Four recent develoi^i^nts stand out as being instrumental in detei^ 
mining what the possputer is and hov it is used today* Brieily these are: 

!. rf»placeiiient of mechanical devices by electronic ones, 

^% S'loptlon yf the ''stored program" cotncept, 

^. *?)ft*-nsiv?» u0^ of "solid state" electronics, and 

2^ 



km Introduction of *^pracedural languages'* aa a meaos of 
ejrpresalng probleos. 

Ilt9 first and third of tt^se developoents will be mentioned cmly briefly. 
They *r« Largely engineering (levelopronta and our Interest will be n»inly 
in the oat hesoat leal aspects of tising computers. Nevertheless, these 
developcsentfl tmvc been Important In detenalnlng the chamcteristlcs of the 
coapucers ve nov have. 

"1. Elecwronlc devices replaced mechanical devices In 19^6, when 
J. P. Hckert and J. V. {>&uchley at the University of Pennsylvania con- 
structed a tsach^ne called ESTIj^ (for Electxvnlc Numerical Integrator and 
Calculator). Barller calculating nschlnes hac3 depended on soise kind of 
oechaR'lcal movement like rotating gears (or toothed wheels), or switching 
electromechanical relays to perform arithmetic and record results. EKIAC 
was the first machine to rely basically on electronic devices (in this case, 
so«ne 18,000 radio or vacuum tubes). For the first time the speed of an 
addition or multiplication was limited by the speed with which an electronic 
circuit could rsect to a signal rather than by the speed with which a wheel 
couM be turned (or some other mechanical device t^ved). Kbw a thousand 
steps (think of them as additions) could be done In a second, as cosQBre<i 
to ten or twenty steps per secund before, a really tremendous dlffei«icel 
Suddenly, the solution of problems that -equlred enormous computation became 
practical* Sclent ists could think about calculations ten, twenty or a 
hundred times more extensive than they had been able to think about earlier. 
Continuing improvements In the speed of electronic devices and clrciiits have 
now produceti machines that can perform rou^Iy a million steps in a second, 
perhaps a thousand times faster than SSIACI 

"2. T^e second HBjor developn^t that we have singled out Is an idea 
suggesteti by John von Neumann and his associates In 19^D« Calculating 
machines to that time (and Including EKIAC) could store data for any problem 
in its "memory" but special wiring was needed to control the stei» to be 
taken to operate on the data. Sach rmf problem m^nt different wiring. 
Von Heunann suggested that numerals, to \x tr^ted as instructlcsi codes, 
could be stored electronically and so ellmiimte the special wires. A 
machine could be designed to Interpret a i,to re^i nu»t^ml as a code for a 
particular Instruction. Once the type of instructs ^i-* was determined It 
would establish connections between '*'*tronlc clrc.«-ts equivalent to the 
special wires thai had to be added to e^rUer nschlnes. Since a series of 
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Inatructions controlling the behavior wf a machine is celled a prog ram , this 
idea has come to be called the "stored program" concept. 

"For nachines built under the von Heumanii plan the time and effort 
required to change a taachine f rosi solving one prx>blem to solving a second 
one was drasticalljr reduced, A computing taachine could nov be thought of as 
general purpose . It could help in solving a wide variety of problems without 
having to make external physical changes from prabletn to prohlem. 

**A more subtle result of the stored program concept. >'»^ lw3v:^xAnt 
oTiQf is that a series of instructions (i.e., a program) £5torei in the machine 
could, when executed, maKe changes in another sequence of instructions. That 
is, a program cou! 1 make c^ianges in another program, or, in met, in itself. 
In thiri way, a program can be ieslgnf^ to mo<iify itself to do different 
calculations depending on what has happened before. 

"These two ievelofroents provide the basis for the modem device with 
e long-vin lei namf*: s lured proRiBm digital electronic computer . (From now 
on we will refer to this as nlmply a computer.) 

"-i. TJie thirl level upmeni is the videuprf?ad use oV "calid state" 
electronics in ^omputf^rs. lioMd state, as used here, refers not only to 
the tmnnint'jrn an i nemiconJuctlng di:;des with which you are probably familiar 
from thoir uuo in ratijo, but also to certaia tEmgnetic ceramics, magnetic 
coatings an i inkc, an i fxtn?mely t.hln films praJucf»i to have specific 
electronic' f.dia racier is tics. In fact, much current rpsear^h in advanced 
electronics ic srimulatel by the desire for ever better, ever faster 
computers. 

"Thp application ;.f this- research to co^^ter design and const met Ichj 
has r^suito'i in both increased r.peed and simplified mbrication. The net 
effect is tiiat the k-cst of con^ting has decreased drastically (although 
cou^jut^^rs are otil l vr»ry (expensive Infieed), Moreover, modem electronics 
haf3 male the computer far more reliable than previously. 

"In the early !9* 0*b, when computers were made largely of vacuum tubes, 
one could reasonably hope for a few hours of operation before a tube failed. 
Ijoaetic^ a tube would fail after only a few minutes. Although vacuum tubes 
were later improveil consl ierably, the use of solid state components throughout 
a computer has drastically reduced electronic t'allure. Failures still ^ppen, 
but most jftf^ thrry ar^ connect p1 with m<^chanical equipJient. Basically this 
me^ans that a rt^search prjblem can n^v run fur an hour on a mouem computer 
without fear o*' equipment failure?, while the same problem would have taken 



MM long as half a year on WIAC even ir there vere no equlpoent failures 
to Introduce further delays. 

^The hi^ lovei of reliability of aodem ccsaputors has far reaching 
Is^lications for the uae of cooputerB* Ifov it is pmctical to ufie c^nputero 
ill situations in which continuous tventy-four hour operation is laandatoiy, 
or vhere a co^sqmter malfunction vould be potentially disasterous. Such 
situations arise in the autotqatic control of oil refineries, the monitoring 
of blood pressure (or other vital functions) of a patient in an operation, 
the control of air traffic around biisy airports, or coznputerlzed telephone 
switching syatewe. In aituatlons which can tolerate no failures at all, the 
cooputor is supported by an iJentlcal twin cotaputer* The twin is always 
ready to taJce over instantly Mhen and if the rare laachlne failure does 
happen, 

^k^ The uerlps of coded Inst i-uct ions or nunftjers that taake up a coflaputer 
prOfcTM must bf? written out in advance. To opcmte correctly, each Instruc- 
tion must be properly coded and tauct relate to the other instructions of the 
program in the Intenled way. An the coiaputer dovelopei, the task of preparing 
progracffi b^caiae the luttlener-k in solving problems. It was not unusual for 
a perBon to opend oeveral flays preparing the code which took the computer 
only minutes to int^»rpret and carr7 out. Computers got f^ter but people 
coul<ln«t speed up. Of course, once coded, a program could be used as often 
as necessary to solve a given typ^ of problem. So, with repeated use, the 
Investment of a person's time was worthwhile, Nevertheless, some way sunely 
had to be found to either slow down coa^mters (obvlotisly a step In the wrong 
direction) jr to speed up the process of preparing programs, 

"The notation jf nat hems tics has been developed over hundreds of years 
to enable people to quickly and concisely describe ways of solving problems. 
If the computer could be controlled through the use of raathemtlcal notation, 
people would have an easier anti ffer more powerful vay of expressing problems 
for ccoputer solution. This Is essentially w^^t has been accoo^Iished by 
the development of proce<iural languages. The use of such languages has had 
a major positive effect cm our ability to ey is probleas for solution on 
a cos^ter, and Is the subject of most of the ^est of this book," 

If you %rish to i€*ani more about how a cosq>uter ox^erates you can read 
Chapter 1 and Appendix A of the book referred to at the beginning of this 
article. A simple ^lypotheticai cot^uter, SAMOS, is discussed and the 
details of how a computer operates are presented in these sections, 

j8.^ 
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3-3« AgalitnssKit and \^nable 

The aoMt fuadAaemt^i IdeM in this section are tho«e egncemed vith 
vnrtabies mnd aaeigOTenta , The cemcept of variable is vexy explicit, 
fe«l t!»t tbis is one of the more iiajNirtant by**proclucts of flov charting* 
We hope and expect that the student irill cany this interpretation of variable 
vith his to other chapters* 

Ihe merit of our attitude toward variables in Uiis context is that it 
enables the student to manipulate vith more coi^licated arithmetic expressions 
without continually asking what they mean. He knows that the expressicm bas 
a value which can be determined by looking up the valiies assigned to the 
variables and making the indicated cosqmtations. This visi»l BWdel for 
interpreting expnessions relieves the student of the necessity of knowing 
at all times the value of the expressicm* 

This attitude toward variables is that a " variable " is a letter or 
symbol. Acsociated with each variable there is a window box. (to the cover, 
the assoclatel variable is engraved* Inside the box is a number. The 
variable on the cover is to be regarded as a name for the number inside the 
box. Hie number inside is the " value " of the variable. This value changes 
from time to time, " AasiOTgent " is the process of giving a new value to a 
variable. In this process, we destroy the old value and put in the new one. 
When we wish to make a computation with the value of a variable, we "read " 
the value through the window. IhU reading does not alter the value of the 
variable. Once a variable is assigned a value, it will keep that value 
until rome other value is specifically assigned to it. 

fl^SS TO TSACHEH 

Assignment is quite different from any concept the student will have 
met in mathematics. Because of its sirilarity to "equality" it is often 
mistaken an such. "Hie use of the window boxes should avoid such a mis- 
conception on the part of the student. 

Class Activity ^^ercise in the next section, will be of great 

value in firmly establishing the concepts of assignment and variable. 
£e sure this activity takes place . 



teerelaee yiji (Clssa Discussioa) 
1. (•) 



2. 



(b) 





B 


C 


Starting vmluta 


9 


if 


FSz»l values 


k 


u 





B 


C 




Starting values 


9 


k 




Final values 


9 


9 





(e) The final values of B and C are the 5as». 
(d) Different. They assign different values. 

(a) 





A 


B 


c 


starting values 


9 


11 


13 


Values after 
first assi^oaent 


n 


n 


13 


Pinal values 


11 


13 


13 



A B 



B C 





A 


B 


C 


Starting values 


9 


11 


13 


Values after 
first assignment 


9 


13 


13 


Final values 


U 


13 


13 



B «-Cl 






Ia! 


^ b| 



(c) In both cases the assigns^nts are the satse, t^t is^ [A b) 
ana [ B «- c| . 

(<\) The orfier ia tfhieh the assignsents are carried out has been 
interchanged. 

(e) Yes, Coaspare the final values in the two tables. 
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&te reisers 





L 


H 


H 


V 


A 


I. 


7 


3 


2 




&i 


2. 


8 


3.!> 




ll*0 


171 


3. 


11 


9 


7 


693 


l»78 


k. 


13 


2.3 


it. 6 


126.96 


186.76 







w *-t-v-n\ 






A #-2. t(L'W)*(W.H) + {H.t)] 



3-^# Input aqi Output 

In this auction we discuas two Bore tMic Isinds of procedumi steps 
cftlleJ Input anl output, '' Input " and " aaelgn^^t" ststefmsts are cloaely 
relatefl in thftt both result In the assigning of values to the variables. 
Moreover, Input 1b doacly related to output in that one process can be 
thought of as the reverop of the other. Hence, all three concepts, input, 
jutput, and asnignaent, seem to be directly or indirectly related. 

P'^r L«larifXcation it should be noted that there are two kinds of 
input associated with the eogqmting process—input of data, which Is what 
we are i scuoslng; and input of the program (i.e., the set of Instructions 
or comaando). Program input will not t& dlecussed In this chapter. 

The phra«es ''read a specific value into stomge" and '^ vrlte out a 
specific value from storage" are often used in sp^Ueing about Input anti 
output procesoe^?, Mo<iem coinputers are equipped with a variety of Input 
devices which can read siata supplied through appropriate input media. 
Coaputers at banks, for exaagsle, have input devices which read account 
numbers printed on checks if these maabers are printed with a special 
magnetic ink* When typewriters are attached to comjmters, the data laiy be 
supplied sifi^ly by typing It. One of the most popular ii^t devices Is the 
canl reader which reads punch cards, so you can see that it was i»tuial to 
adopt as a flow c'hart conv«ition the silhouette of a punch card to syggest 
the input pTXicess* 
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(e) 


Invmlld 


(d) 


Viilld 


(e) 


Vtelid 


(f) 


lOVftlld 


(6) 


iQvalid 


(a) 


V^lld 


(b) 


Xnmlld 


(e) 


Inv&Ild 


(d) 


lamlid 


(e) 


Invalid 


(r) 


Invalid 


(g) 


Vklld 



(a) 



k. (a) 



fo cogitation should be Indicated In aa li^t box. 
Only >«rlables should occur In an Input box* 



Eo coi^utatlon should be Indicated In an Input box* 
An asslgmasnt symbol ohould not occur In an Input box* 

So c(»|utatlOT sho\ild be Indicated In an output box, 

variables should be sepamted by a cc^saft In an 
output box* 

Only variables should occur In an output box* 

Selther c^n^tatlon nor asslgmarat should occur In an 
output box. 

Qhly variables should occur In an output box* 



The oachlne vould accept the card, ^A, A 



and rsad 



Into storage, In oraer . the values assl^ed to the variables 
In the list* Vtoi t)» seccmd value of A Is rsad Into stom^ 
the first value ifould be destroyed* 

B vould have a value of 9* 

A would have a val^ie of 7* 

The coisputer vould print out three valiM, Ite first and 
third values vould be the saw* 



(b) The cQiq^ter vould print out 



19, 11, 19 
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3. (a) ISVAlid 

(b) Vialid 

(e) Invalid 

(d) Vmlid 

{e) Invalid 

(r) Invalid 

(g) Invalid 

(h) Invalid 

(i) Invalid 
(J) Invalid 
(k) Invalid 

(i) Valid 



Tbfivo is no aasigz^nt arrrv and no arithtaetie ex* 
press ion in the box. 

Otie arrow la pointing the wrong way, ThB arittwtic 
ejtpreflolon should be on the ri^t-tmnd side of the 
arrow and the single triable on the left-hand fiide« 

2 is an arithrotlc expression which can be assigned 
to the variable A. 

A single variable should be on the left-hand side of 
the arrow. "2" is not a variable. 

A single variable should be on the lert-hand side of 
the arrow, "2" is not a variable. 

A single variable should be on the left-hand side of 
the arrow. "2** is rjot a variable. 

T^ere is no assignment arrorf given, and no single 
variable to assign the value of the srithiaetlc ex- 
pression in the box. 

"B| is not an arithmetic expression. 

"B or C" is not an arithaatic expresslcm. 

The equal sign, should not occur In an assign- 

laent box. 



Bxercises 3*Ub (Class Activity) 

•nie actual, physical sinailation of the opemtion of a sis^le computer 
seess to be iadispeoflable to the understanding of the ideas of aasigms^t, 
varUbles, input, and output. You are strongly urged to introduce this 
model of a colter in your class n^ro. You ony vant to draw the vindov boxes 
m the board instead of usin^ shoe t^xes. The student tJ»n cmn show destruc- 
tion of a value of a variable by erasing the value befoi^ be assi^ it a 
mv val\». It might also be helpful to have the flow chart in Figure 8 
on the board. Ihe input and otitput values are listed below for your 
eonveni ence • 
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. 2: ; 



2.00 


27 


2.00 




5't.OO 


S.50 


38 


2.50 


38 


95.00 


1.75 


36 


1.75 


36 


63.00 


2.10 


ko 


2.10 


ko 


3U.0O 


2.25 


39 


2.25 


39 


frr.75 


1.95 


1*0 


1.95 


ko 


78,00 



1. _ 



B 


T 


V 


2 


27 


5^,00 




39 












37.2-^ 


72. 4512!? 



(b) 



B 


T 


V 


2 


Z! 


5i(.00 


2.15 


39 


83.85 


1.87 


'♦1..75 


78. or 


1.9k') 


■37.25 


72. '»5 





H 


T 


V 


(Hote; Diseusi this 




2 


27 




problem ^refully.) 


(b) 




1*1.75 


83.85 




(c) 


1.9l»5 


37.25 


78.0725 




(d) 


2 


27 


Bo value Jmown 





(e) So v«luefl know 



« 



Thl* la tho fir»t flw chart that the Btudrati will cjMxstruct for 
thm09lve« invplvlng a aathflaati<»i algonthta^ Be prepared to accept 
•OB trarUtloi In thalr r^pemB^, Bie basic criteria for ao acceptable 
flow chart to, ^'Itoea It workf" It night be InfoxmtlTO to diicuse 
•eireral "atudent venlwa" la elasa. Here are two poasible flow 
charte. 




C 




Tliere are no 
more cax^ls 



/ — ' 


P 




i, H 




3*5. Ug^qg a Variable ag a Counter 

Ihere are three basic Ideaa presented In this chapter. 

Flrsc, we wet the situation whers the new vhlue of a variable is 
calculated la teroa of the fon»r value. If aoy of your students are still 
thiamins aeslgmaent In tew of '^eqiallty'' here la m opportunity to 
cUrlfy the mnlng of such an assisnssent box. In the aaslgtn^t 5 4-S ^ 1, 
it Should be obvious tt»t the value of 5 cannot be eai»l to erne wore than 
Itself. 

Second, the idea of tl^ necessity of a variable having a starting 
value la brought out clearly in Class Piscussion Exercises 3-5a. It is 

2y6 
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•ug||e«ted thftt the teacher itmee through the flow chart on the chalkboard 
gt M the ov(9rhMd projector aa the students trace through It at their deeKs* 

'■r^^-f^- Piually, Figures ila, lib, and 12 are all exaoqples of different 
flw^^rt« of the imiae aliSorithn« ^iJi| it can be pointed out to the 
studM^that the choice of vhlch Of the three flow charts is moat deoiiable 
usvtaX3y 4ependB on vhich one le the si!sqplest and most efficient, natsely 
Fi^re 11, 

Clasa Discussion Exercises 3-'jb re^lsea the flow chart of Figure 12 
t^*lncorpomte an additional output. Since Exercise 3"'^^# wtilch follovs, 
im ^pendent on the revised flow chart, the teacher should be certain that 
the at^dentfi have developed it correctly, preferably in conjunction wirh 
the te«cl^«r'D development. 



^ei*oisefl 3*^>a (Class Discussion) 

1. The reason for this trace is that hopei*ully the students will arrive 
at the aaolsnment | B R + l^J and realize they cannot go any 



rther, tec^ause H ioes 
gign to R the valup of f? ♦ !• 



r B R + id Md reall 
ioes nX hive a start! 



rting (initial) value. 



Ro. The varlatUr, N, has not been assigned an initial value. 

An asfsignment box auat te adde<i to t)^ r'lov chart that will aesign 
an initial value to R. 



(10 



']b {Class Discussion) 



F «- F ♦ W 



[lEeI 




(a) P will have the ieeired value when all the vagea have been 
calculated and totaled. 
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3-6# Deglsloa and Bmnching 

Itie develops&ei4t of dec la ion boxes that contain mtheositlcal statefsients 
enables ua to construct flov charts for algorlthss of any degree of cos^lex- 
Ity. "Bzmncbing** gives ub the ability to choose a nev path depending on 
vhether a certain condition is satisfied. A decisicm box al^s has tvo 

exits and it is in this way that it differs from all other box^n we have met 
la flow cnartiag. 

Sxerclaefl ^-6^ (Claee Discussion) 

Bote: If your students are familiar with the distributive 
property, then you talght want to discuss the 
slBsplificatiOD of the expression developed in this 
section. Don*t overemphasize this simplification 
process as it will be trcsated at an appropriate 
tiuie in a later chapter. •Rie simplification steps 
arc as foUovs; 

• R ^ 2 - R • (T - i*0) 
? . F •{20 {T - ho)) 
2 . K . (T - -^0) 

1, UO«P or 4qb 

2, 2 . B or 2R 

3, T ' kO 

I*. 2 .R. (T - ^0) or 2H{T - ko) 

t». UO • R + ? • R • (T - ^♦O) or kOB ^ 2B(T - kO) 
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1. 



H 


H 


f 


V 


I 


2-15 


39 


83.85 


2 


2.6k 


kk 


126.72 


3 


1.98 


27 


53*^6 


k 


2.15 


40 


86.00 


3 


2.26 


45 


113-00 




order of tvo afislgmaent stateaentA taay be loterchange<l if; 

(a) the varlablee to the left of the arrova are different, 

ASP (b) the value of the variables on the right of the arrow in the 
second assifiimmt is not changed by the first aesigcanent 
stateraent. 

{ ifote ; Both editions muat be mt») 

For exaiaple: 

In the assl^niaent box 



A 

A *-3 



the order of the assignoents 



g^ot be interchanged without altering the values assigiied to A. 
In the asslgnaent box 



L «-2 -A 
A 'W 



the order of the assignsi^ts 



cannot be interchanged without alterix^ the values sflsigned to 
the variables, L or A« 
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Output 



5 


T 


S 


X 


I 


1 


2 


3 


k 


3 


5 


9 


k 


7 


l6 


5 


9 


25 


6 


11 


36 


7 


13 


1»9 


8 


15 


6!^ 


9 


17 


81 


10 


19 


100 



(a) H has an loltial value of 1. H increases by otie eacb tim 
throng the outjERXt box until a valiie of 10 is zwched. 

(b) T has an initial value of 1. T is increased by 2 for each 
output until a fijml value of 19 is reached. 

(c) After the first value of each value of S »n be found by 
adding the current value of T to the previous value of S« 

(d) The assignment ccnsmnd S T. 

(e) Tes. Add the eurrefflt valixe of T to all of the previous values 
of 7 to get the current value of S. 

(f) Sum, T. 



0 


ir 


1 


a 


3 


k 


5 


6 


7 


8 


9 


10 


U 


13 


13 


Ik 


15 


1 


s 


1 


1 


2 


3 


5 


8 


13 


21 


31* 


55 


89 


Ikk 


233 


377 


6lO 



(a) Bach value of S is obtained by increasing the previous value 
of K by 1. 

(b) BSich value of P is obtained b^ multiplying the preceding value 
of P by 2. 



Cc) 



K 


7 


8 


9 


10 


11 




P 


128 




512 




2(Aa 





301 




P ^2-? 



7« (ft) Sich ^lue of K U obtained by inctmsing t!ie preceding; value 
of I by X. 

(b) Steb value of F U obtained by uultiplylAg the preceding value 
of F by tte cuxreat valw of 



K 


6 


7 


8 


F 


720 


5<A0 





3<e 

3 - 




F ^ i 




Eacgrelaefl 3-6c (CXftss DlBcussion) 

1. John, George, Tern, end Crortly had correct soluticms. 

2m IHul's solution id ^Ticarvect because hie outputs would be numbered 
starting vitb 0 instead of 1« 

Pete's solution is Incorrect because his outputs vould not be numbered 
consf^cut i ve ly • 

lars' solution is incorrect because ^ vould be able to input only 
one card. 

Bob* 9 solution is incorrect because he could only get one output. 



303 



3 

i 



3« Tcmi*B !■ the mnt efficient flov chart. 

GordjT Asd Jaitm are next since they vilX do fever coaaputatioos than 
George because an in|rut vlll be rejected if the periaeter is less 
thaa or equal to 12, and the area eoaputation vllX not be done, 

Geor^^B ia the inefficient because he vill cot^te the area 
for all input values of h and V« 



3-7. Flov Charting the Division Algoritha 

Thia section uses flov charts to analyse the process of divisicm. 
In this particular case, division is presented as a fora of "repeated 
subtraction." 

Itie flov chart for division by 7 is de'.-eloped prisarily to enable 
the student to easily laake the transition to a flov chart using a general 
divisor. In TQsMng this transiticm, the student needs only to replace the 
7 vlth the variable D, The developo^t and use of the flov ctort of the 
integer divisicm algorithm should enable the student to ii^rove his under- 
standing of the division process. In addition, the developaent provides one 
model for transferring from the particular to the geneml. 

Bacerclsea 3-7a (Class Disctwsion) 





Q 


R 


(a) 


0 


17 


(b) 


1 


10 


(c) 




3 




P 


3 


(e) 


t? 


3 
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!• PoUw the flow chart of Figure 
D ■ 0. In the Aaslgnwnt box 



R R - D 



Use any Input for M and let 

R is MSigned the v»lue 



H - 0, aad Q ia increased by one* R > D for eveiy step* The loop 
vlll contlni^ indefinitely y R will renin the same, and Q will 
increase indefinitely. You therefore find yourself caught in an 
endless loop fn^ which there is no way out* Hate ; Here is a visual 
representation of why division by zero is taeaningless and this flact 
should be etBphasized, 

2m (a) Done in the text. 



(b) 


M 


D 




B 


(f) 


M 


D 


4 


R 


IS V. 




f . 

) 


n 
u 




1 Sb 


15 


o 


o 


f 3 


2nd 


21* 


*j 


1 


19 


2nd 


73 


6 


1 


67 


3rd 


?M 








3rd 


73 


6 


2 


61 


i*th 


'^k 


*) 


3 


9 


i*th 


73 


6 


3 


55 


*;th 


2k 


^} 


4 




!jth 
6th 


73 
73 


6 
6 


k 


1*9 
1^3 


(c) 


M 


D 


Q 


R 


7th 


73 


6 


6 


37 


1st 




2k 


0 


I; 


8th 
9th 


73 
73 


6 
6 


7 


31 

25 


(d) 


M 


n 


Q 


R 


lOth 

nth 

12th 


73 
73 
73 


6 
6 


9 

10 

11 


19 

13 
7 


1st 


0 


23 


0 


0 


6 


(e) 


M 


n 




R 


13th 


73 


6 


12 


1 


1st 




6 


0 


2k 












2nd 


2 k 


8 


1 


l6 












3rd 


2k 


8 


2 


8 












Ifth 


2k 


8 


3 


0 
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3. At no place la the flow chart are there asfilgtiBents to either M or 
D that vould cbM^ their input values. 







n 

n 




2 


3 


(b) 


3 


0 






1 


(d) 


6 


0 


(e) 


1 


0 


it) 


0 


17 


is) 


3 




(h) 


1 


0 




-a 




(J) 


1 


0 


(k) 




0 


ii) 


62 


0 


(») 


17 


0 


(n) 




k 


(o) 


if 


Ik 


(•) 


I Md 


0. 


(b) 


N ani 


0, 



(c) So, Since .M • D -d ♦ If only Q and B are given there is 
not enough Inforwation to deteraine M and D. 



Ihe fpl loving is a oore pmctical flow chart develo|^nt for the 
divioion algorithm incorporating the ideas of our place value notation. 
Because developsa^it of the abbreviated division algoritta is so tlTO 
ccmsuaing, we have omitted it from the student text. Ve have included 
it in the teacher's coaaentary in anticipaticw that students nay wish to 
investiipite the division process more thoroutfily. 

ttw gemits, it be of value to reproduce both the flow chart 
and the trace and go over the process tn class. It (wi then be pointed out 
hOT closely the flow chart describes the "escalator** or "ladder" »thod 
of division learned In elemmtary school. 
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llfcKlng t!£ Dlvlslem Algorithm Pmetlcal 

Is the pr9e«4iiig lectioo we constructed a flow chsrt for mn Integer 
dlvUion aUprithau Thi» algorltha is perfectly correct as it alvays pro- 
(iuces the ri^ ansver, but it is rather Inefficient, For emsple^ if ve 
use this algorithm to divide 'il6Q by 7, our input values of M » il68 
and D - 7 yield output values of Q - 1*52 and P • 1*. iJio trouble is that 
to obtain these outputs by using our algorithm requires 7 to be subtracted 
U"}^ tines I 



This ia extreiaely time consuraing and you Hnov ve vould not do it that 
way, Itie thing that is poor about our alg^^ritha Is that It does not take 
advantage of the shun eutu uffered by our place value notation. In our 
base 10 (or aecimal) notation, multiplying by 10 is especially easy. 
Bach tijse ve neefi to miltiply a vhole number by 10, ve merely tack on a 
zero at the end of the numeral. 

We use this idea in division in the fol loving vay. First we Multiply 
our divisor by a pover of 10, namely the largest possible jKJver of 10 
that gives a product no larger than our dividend: 



Thus 700 • 7 • 100 is the largest such product* Subtracting this number 
from our dividend Just once is equivalent to subtracting the divisor 7 a 
hundred times. An obvious short cuti 

In flow charting sur li^rovcd algorithm ve must r^se^^er t^^^t each 
time ve subtract 7 • 100 f nsa our remainder ve must add 100 to our 
qiK>tient« Let us try to vrito a flow chart that includes our id^ for a 
short cut. Beside all the same variables as before, M, D, B, \fe will 
have a aev one, F, that is tl^ ai^ropriate power of 10. iniat is to say, 
P takes on values such as 1, 10, 100, lOOO, etc. And instead of decreasing 



3l6tt 



3161 
310i* 
31^7 



etc. 



70 < 3163? Yes^ 
700 < 3l68f tes. 
7000 < 31^? Kd. 
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the ^lue Qf R by D w will in our short cut decraftie the vmlM of H 

h 

<J ^-Q ♦ f 

VhAt shotad w do to the vmlus of Qf Voll, you oust reoei^r thftt Q in 
just kmplng count of th« nmb«r of tiim D It subtzmctod* Since D hu 
been subtmcted P tifi»| the vmlue of Q vuet therefore be lacreMed by 
P to keep the count correct* 

k 

R *-R - (P*D) 

Q ♦-a ♦ P 



We repeftt thla process af ouy tioos fts m ^n. 



1» 











4- 


P 



^ oBoy times u we cm*" ve neen long ee R > P • D". A decision 

bQ% is necees^ry to tell us vhen to leeve the loop. 



3 



Q R > P,I) ^ 





T 








it 


R ♦-R - 


CP- 




Q -f- P 





T 



tbis is the bssic laechAnista in our flov ehsrt. 



j08 



The next ttef) Ic to rmluco the vmlue of P aiuS go bftck Into the loop 
of 3 AOd Bov doM P got it« new mlasT 'Rm mmwr ic; by 

divldSng tt» old vmlwa by 10. (B«r« m suit astuae ttmt the coi^ter Iehom 
hw to perfom cuch el«ffM!t«iy divleioas ai dividins 10 or 100 or lOQO 
by lOf imich Mrely eratUtc of loj^lng off a &ero.) Of course, thlfi cMsot 
be done aace P hu already obtained iXM loireit peroiedlble value of !• 

Vlth thMe features our flow chart looks like thiit 



Fismlly ve sust find hov P gets the value tfith which it firot enters 
box 3# P tsmt be the Urgest power of 10 (l or 10 or 100 or 1000, 
etc, ) iuch that R ^ P • tto get thii value by starting P with the value 
1 and etepping It up throu^ the values 10, 100, 1000, etc#, until the 
next lariger pover of 10 (tint is, 10 • P) would not work, that is, until 
the statetaent 




R (P • D) 



Q f-Q 4^ p 



B > 10 • P • D 



is false* 
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A flov ctert fimgHmt for M«Qapliablae this li: 



10 



T *~10 ' P 



1 P 



10 • P • 0 



r 



enter box 3 



Al 1 that remin« U to put on the begiming and end of the flow 



chart. 






D 




i 2 


Q 4-0 
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310 



3 



0 



AsccobllBg th« piee«« we mt Imat Ymve ec^leted our flov ctmrt for 
effideat integer divlBion. 








P 










R ♦-M 


t 


Q ♦-O 



10 

p ♦-10 • p ! ■ 



P 



-^B > 10 . P . 

p 



i ^ 7 


'p . 1 








Efficient Integer Division 
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<y of Flow Chart for M g 3X68^ D « T 





FlOV 
CHsrt 

Box 


Y' ." VBluea of 

jsi: 


a 


blea 
R 


p 


DeclBlcin 


1 


1 


M • 3168. D * 7 










2 






0 


31^ 






1~1 


8 








X 




U 


9 










^68 > 70 T 




• 10 








10 




6 


9 










3I6B > 700 T 


7 


_IQ , 


■% — " - ' 

^ , 






100 




8 












3168 > 7000 P 


9 


J 


— %V 








31t>« i 700 T 


- TO - ^ 






100 








U 












2i*68 ^ "700 T 


12 


— M 




200 


I7SB ^ 






1^ 




/ — ^ ' 








1766 ^ 700 T 


14 
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X06B 






15 




^ ^ 








106b ^700 T 


iT" 




hOQ 








17 












368 > 700 F 


lb 


6 " 










100 ■ 1 F 


19 


7 








icr 




20 












368 > 70 T 


21 


, ,^ ...... 






2 in 
























'f ' 














^ 








> 70 T 










i?H ■ 








i 










1^^ > 70 T 


27 


u 














4 










88 > 70 T 


29 








IB 






30 












IB > 70 F 


n 


6 










10 « 1 F 




.. ^ 








1 
















18 > 7, T 






u 




















% 




|_ 




— r- 






.-41— 












U > 7 p 


38 • 
39 


;6 • 


K * ii6^, D - :^ 


1*!^ 


k 




1 « 1 T 



Suflgatted fest Item 

U Vhleb of the follovlng U not a valid assignaMmt box? 
(A) 



(B) 



3 



(C) 



s *-s 



(g) I W I 



3« In the asslgniBfint box j^S <"C | the aytnbol B C wans 

(a) assign to B the value of C. 

(B) ftasign to C the value of B« 

(C) B is eq\ail to C, 

(D) B and C have the saoe value. 

(E) none of these, 

3. Which of the following are valid injmt boxes? 
(A) f R «T 



A + 7 



(B) fw >T j (C) f B { 
(E) f B, C, X), B 



Vhich of the folloving are valid outset boxes? 



(A) 



(D) 



P, A, S, SI 



FAIL 



(B) 



(E) 



(C) 



□=3 




Psx algorithm is 

(A) one of the syi^ois used in fiov ct^rt diaesaost 

(B) a flow cltfirt diaczaa. 

(Q) another laiae for a decision box. 

(D) a list of inptruetion« for ^rrying out a process^ 
(B) a divlaicm problem. 
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£• In coaputar work m vsrlftble is 

(A) u (^zmtion ua«d In an mMlgawnt tax, 

(B) tte OMBOxy d9vic9 of tbe coogRxtttr. 

(C) ft ut 0t iastntctloac for dmvlsfi • flw eto&rt. 
{£) • specific number tbnt never chnngm ite«i«lue« - 
(B) m letter thnt r^rMentfl m nutBher, 




T!he flguTB mbove is s flov chart of the Int^r Division Al^rithm. 
nie divisor in this problem is 11. toswsr problems 7-10 usln^ tbis flow 
chart, 

7. If the divideaci is 56, then utot are the values of «^ and Q 
the first tine you pass ? 

(A) ^, 56, 56 (B) 0, 0, 0 CC) 56^ 0, 0 

(D) 56, 56, 0 (E) 0, 56 

8. If the dividend is 56, then vhat are the values of R end Q 
the first time you pass (z) ? 

(A) 11, 1 (B) 1 (C) 1*5, 0 

(D) 56, 0 (S) Kone of these 

9« If the dividend is 67, then vhi^t are tte nilues of B and 4 
the third tioe you pass ^) ? 

(A) 3 (B) 23, 3 (C) k3, 3 

(D) 36, 3 (E) ^ne of these 

31^ 



10. Find tbfS output Q, R vben H Is 8l. 

(A) 8, 0 (B) 7, U (C) 6, 5 (D) % 3 (E) ^ 






N - 1 


1 — • 



A L • L 




The ftbOTe diagm is a flow chart for finding th« area of square 
regions given the lengths of the side L. ProbleoB W^X^ refer to the 
above r.ov chart. 
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12. 



13. 
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What is the output if the input L ir ? 

(A) 1, 3, 9 (B) I, 3, 12 (C) 2, 3, 9 

(D) 2, 3, 12 (E) toie of these 

What is the output if the input L is !if 

W \, 5, 25 (B) 1, 5, 20 (C) 2, 5, 2^ 

(D) 2, ^j, 20 (S) Sone of these 

What vas the input if the output for A 8l? 
(A) Uoi (B) 9 (C) 36 

{D) 81 it) Sone of these 

Input the following three values for Ls 8, and l6^ and 

calc\Uate the corresp<mding outputs. Eov are the outputs for A 
related? 

(A) lib relationship. 

(B) Tlie value of A is doubled vhen L is doubled. 

(C) The value of A is tripled irtien L is doubled. 

(D) The value of A is lailtlplied by h when A is doubled. 
(B) 5one of these. 
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15. If the input for L ws: 1, 2, 3, k, % thea the Ust output 
vould be 



(A) 5, 5, 25 
(D) 1, 3, 25 



(B) 3t 5, 25 

(E) Koi% of theee 



(C) 2, 5, 25 



Froblem 

The initUl vsluet of A, B, mnd C are given in the table below. 
FoUov the inatrwrtiona indicated by the flow cl»rt fx««^t on the right. 
Fill in the value* in the table. 







A 


B 


C 




initial values 


10 


15 


20 


1. 


valuee after fint 
aseign»ent 








2. 


final values 













A ^B 






B #-C 



im TSB FLOW CHART BELOW TO PROCESS THE DATA IHDICATED OS TBS PWS3H CARDS 
DISPLAXH) AT OTE RKST. CCmSTE ISS TASIE SO OHAT mm ROW i<Et'KMamH 
THE PSIHT GOT FCS? OHE RELATED DATA. IF ISBRE IS BO raiST OfT FOB AHY IHPUT 
5TA3E THIS FACT. » 






T 


A «-L « V 

H + 1 






5, L, 


W, A 



3. 
k. 

5. 
6. 
7. 
8. 
9. 



GUI 



iX3 
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Txmcm throu^ tbo flov chmrt balov usizig tlxa table to the rlg^t to 
list t1» output mlUM Mch tioD thrt3U^ tlie outisit box* 




a 



i 10 " - ^ ^^^ 





? 


T T ♦ » 


J 





ii3 



10. 

11. 

12. 

13. 
lit. 
15. 
16. 
17. 
18. 
19. 
20. 



5 


T 




- 











































In tiw spftcs below, copy the above flov st»rt but ebaw^ tt» order o£ 
the aaal^mamta . Trace throu^ this new flov elart tulag tte table to tbe 
Ti^t to list tlw outpitt VBliUM eAch tlse throue^ tbe output box. 



21. 
22. 

23. 
2i». 

25. 
26. 

27. 
28. 

29. 
30. 



11 


T 
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Ill • prevloiui chftfrter, yvu leftmed thAt in tte "falling body" function 
an input of t (fieeonda) outputs l6t (feet)^ that is^ f : t l6t • 
Hhe foniula, vhich serves to specify tbis fUQctlc«| is ejtpressed as 
D « l6t f vhers D is the distance tmveled and % is the tise spent in 

Belov ifi a flotf chart of this fonoula vith the necessary infomation 
BissiniS froa each box. You are to si^ly the variables, coianands, estpressicms, 
or declsioQfi that belong in each box in order to flov ct^rt this forvula. 
Be sure you output all the variables , and retaeober^ the cosqiniter cannot com- 
pute t in this fom» 



31. 










A l^ere are 
V taore cards 









3% 



> 




33. 




36. The arf»a of a triangle c»n be found by multiplying ^ the nuiaber of 
units in the base by the nus^r of units in the altitude. Thvm, a 
foroula for finding the area of a triangle can be specified as: 

A*jb-a or A - — ^ — • 

Construct a flov chart that inputs the nusd>er of units in the 
base (b), the nis^r of units in the altitude (a), and outputs 
the area (A). The purpose is to produce an output vith consecutively 
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ouabertd lliM giving thm faMe, ftltituds, Md «rM of roU tte»g trimiml,eg 
teving u arsA greater %hn 2 a^uaty uniSS- (&SSl* ^ill telp if you 
eoutruet m t«bl« vith eoluBra for Hp a, b, and A.) 



1. 


B 




9. 


A 




2. 


A 




10. 


B 




3. 


c, 


S 


11. 


E 




l». 




c 


12. 


A 




5. 


D 




13. 


B 




6. 


E 






D 




7. 


D 




15. 


C 




8. 


B 




















1. 


15 


15 20 


16. 


7, 


28 


^. 


15 


20 20 


17. 


8, 


36 


3. 


No print out 


18. 


9, 






Bo print out 


19. 


So 


print «it 


5. 




5, 20 


20. 


print out 


6. 


2, 


9, 'j, ^5 


21. 


1, 


0 


7. 


80 print out 


22. 


2, 


1 


8. 


3, 


10, 8, 80 


23. 


3, 


3 


9. 


^, 


1, 6, 6 


2l». 




6 


XO, 


1, 


1 


29. 




10 


11. 


2, 


3 


26. 


6, 


15 


12. 


3, 


6 


27. 


7, 


21 


X3. 




10 


28. 


8, 


28 




5. 


15 


29. 


9, 


36 


15. 


6, 


21 


30. 


So 


print out 
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31. 



32. 



33. 



3»». 




(5!«irB Are A 
more orta J 



c 



D 16 • t » t 



t, D 



36. 
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TIw foIlonlBg 8 pttgei coataln thft flw clairtfl or th* flotr chart 
•iltouattei of the vsorm Iqportant algorlthas eovemd In thia chapter. These 
pa|^ cao be moved and eltlwr dittcm or ovesiiead tmns|»r«ieiea oade from 
thm, Thia stould provide the neana for the student to easily develop the 
flov chart at hia d^sk aa the teacher develops it oa the cbaXSboard or o^r- 
head projector* 
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3\: 



3 



<: 



6 



FlMl flow etert for dsnglng a flat tire 
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o 



c 



<: 



3 



3 



o 

Floal nov ctert for filing mn «8g 
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Tlov chart for payroll. Including double mte for overtlop 
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loteger division 
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Siudt^nt'a T^'Xt 



k"!* Intr&dugtloa 

n&themtlcfi does not deal dlr&ctly vltb l^hyalm objects. Sfathesatics 
does talk about Ideaa such as pointa, lines^ nuaiberB, and functiana. If 
theae tvo statetMxts are both true, then how can you use mthev&tics to 
Bolvie problems dealing \flt)\ real life objects or sltuaticwf ^Oie follovin^ 
stoty, told by a nathen^atician, oay h^lp you see the ansver to this question* 

"on a recent trip to Rev York, I got off at 
Pennsylvania Station* I walked to the taxi platfors, 
but the train had been crowded and 50<m dozens of 
people poured out of the station for cabs. Some of 
them waved and yelled; some stepped in front of the 
cabs; some^ 1^0 had eiq;)loyed porters, seeiaed to be 
getting special treatment. I waited on the curb, 
convinced that if I acted in a civilised, proper 
manner I would attract a cab driver. Bowever, when 
a driver stopped, he was snatched out frtm under 
me* I finally gave tip, tool: the subway, denouncing 
the railroad, the cabbies, %nd f^^ple in general, 
and hoping that th^ would all get stuck for hours 
in the crosstown traffic* 

'^Several weeks later, on a trip to Fhiladei i^iia, 
I got off at the 30th St. Station. I miked to the 
taxi platfonn. A sign told me to take a nun^r* A 
man in cl»rG^ loaded tl» oibs in numeri^l order, and 
I ws soon cm my imy to the hotel* It ws quick^ it 
was pleasant, it was civilised. !Ihis was an ^mople 
of a fine, thou^ very simple way in which mathematics 
can affect social affairs, l^e rule for loading was 
the order of arrival on the platform* The nui^ra 
have an order, and were used as a model of people 
standing in line without the inconvenience and indignity 
of standing in a line, ^e niBBbers were used to help 
turn raving madmen into polite human beings."^ 



^rom an address delivered by Philip J« Davis at the Anmal Dini^r of 
the Society of the Sigma XI, Auburn University, Auburn, Alatma, ^y 23, 



ym^f tn vhich mthemtics is used in the solution of re«I world 
probleu is indicated in the above story. In order to solve prohlews sbout 
rsAl life objects ve usually create a ''^themtlcal Jtodel"* in which the real 
life objects are represented as iqathewitical objects. It is the purpose of 
this ctepter to review and present s^ae ways in idiich ?aath«9ati<»l models 
play a part In applying mathematical ideas to the r^l world. 

Let us begin with the uses taade of the so-called natural n^beji: 1, 
2f 3, « Ihese niisdJers are also called counting nuaberS f You can easily 
ioagine situations in which even qiUte pritaltlve peoples would have a need 
for something like counting. It is also easy to li»gine that once this dive 
into mtheraatics had be«i taken such things as "addition" of counting numbers 
woiild be invented to describe soaething about happojj vhen two sets of 
things are ccnabined and ttot soro early t«thes»tl<»l genius might discover, 
for exasq^le, the caaawtative property of addition of counting nu^rs. Our 
mln point here is that what you have done for sonie time in applying nimbers 
and geotaetry is not very different in basic spirit and method from what Is 
done by men wh? write about how to use mathemstlcal models to solve problems 
in business or an Blnsteln who seeks oathewatlcal tsujdels for the functioning 
of things in the universe, (working out oathematical models for such problems 
usually requires more mathetHBticai knowledge than you have now, of course*) 

With these things in mlnd| please consider the fjllowing exercises. 

gyerelses 4* la 
(Class Discussion) 

In each of the following exercises you are given a mathematical ftodel. 
Try to imsgine and describe a real sitiatlon that can be represented by the 
given mathematical model. 

Bgsggle: Given the set of mitural numbers and the operation of 
addition. Describe a sitimtlon that is represented by 
the above model « 

toswer ; 'Hie total number of sti^ents in a mathemstics classroom 
where there are 16 boys and 1^ girls. 

(The specific mathematical swdel of this situation would 
be (l6 + 15).) 
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Give examples of aituaticwa in th© world for which the Bftthe!»tlcal 
aodel produced la the vorld of »thOTatlefi involves addition, or 
mm tlpH cation, the set of natural nuabcrs, and one of the relations 
<, or >. 

Give a situation using addition where the nia^rB that represent things 
In the real vorld are natural ansaberE but where actxal counting would 
probably not be possiblep 

Give an exaaple of a situation in the world for which the aathmaiticai 
model would involve fairly amll natui^l nisalmrB and subtmction. 
Now think of a different klml of sltuatlcm for which the mthemtlcal 
moiiel would be exactly the saise. 

Give an e»i^le of a slt-^tlon for which the mthCTatlcal model would 
involve natural aumberr. and division. Sow try to think of a quite 
different situation w»ilch would have the same msthemtical wjdel. 

Give a altuatlon wb^ch would be described by natural nusabers in the 
real world but wh-ire counting of individual objects probably did not 
load to the nxaaterB, 

Give a situatSon where the initial deecrlption is in terms of natuiul 
nuabero but vhere manipulation in the world of mthenatics forces one 
to consider fractions. 

Give a situation for irtilch the appropriate mathenatical description 
Involves negative integers* 

Give a situation from the real world for which the mthen»tical mod®] 
wouM Involve both geometry and arithmetic. 

Give a situation where the appropriate oaathematical mcidel involves 
an equation, or a function. 



One advantage of describing real situations by niaibers Is that numbers 
are '•portable'*" that Is "2" is ^ler to nasve aruund from one place to 
mother than two cows , numerical informtlon c»n be sent over telephone 
vlresi used in computations done on paper, or ^liy "fed Into" a congmter* 
Another advanta^ is that the aaasg nua»rlcal expression ml^t serve as a 
mthenatlcal model for mny different kinds of situations in the real world. 
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In the first part of this sectioa you found a ulftu&tlcin jr probles 
which eouia be represented by m given wthemticftl oodel. In the following 
exercises, you vtll be given m prjbl^ situation «nd asked to suggest a 
oatbeoaticAl isodel which could represent the situation* 

Bxerclsea ^"Ib 
(Class Discussion) 

1* Suppose that you* re standing on a spot in a rooa and could shoot any- 
body in the rutMB with your vater pistol. Are there any rooa shapes 
which voul<l prevent you froa doing this? 

Suppose th&t you are the naaager of a baseball tessu You need a new 
shortstop. You can trade for Willie Much or Mlclsey Little, t^th of 
whom appear to be eqwlly good glove wtim In previous play Villle Much 
has cow to bat 22^ times and has ^3 hits. Mickey Little has coae 
to t4it l6i times and has ^3 hits* Ob the basis of this inforo&tion 
which would you choose? 

A T.V. antenwi wire enters a room at one of the comers formed by two 
walls and the ceiling. Ttte owner of the hoiise wanted the wire to run 
dawn through a wall and un^ler the floor to the opposite comer formed 
i>y tw> wallf] ani the n cor. What is the shortest length of wire he 
can usef 

km Suppose that yju go to a picnic and are invited to Join either of two 
tatles. At table A ther« are now sitting 7 people with 5 «iuarts 
jf ici» cream. At table B there are sitting 10 people with 7 
quarts of ice cream* At which table will you/ share of ice cream 
be greater? 



1^0 previous exercisers aay have given yju some understanding of the 
nsasons why people are encouraged tj learn a good deal of mathematics. It 
turns jut that laathetaatics is not only convenient, but very useful in dealing 
with real wurld events and problems. TOis is true even though HBtheastlcs 
itself is ma/ie up thin^ tl«t are not *'real" at all, at least not in the 
sense that molecules, cows, bacertia, rockets, bridges, etc., are "real". 
*nie discovery jf a goo<i mathematical «>del for a given sitiiatlon is an 
interesting but challenging pr^ess. 
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SlttatlQM Leading to Qecaaetric Hodgls 

In Chapter 1 yju repreat-ated wthcwtlcal VUma, oueh as lines, rmya, 
planes, aad anglea, with dmwin^ that were ref«fre<l t::; uaua! ly as g^o^trir 
fl^rei. Such figureo and their chamcterl«tlrts serve aa a ri'^h source jT 
■athMatlcal laodeU of real life altiatlgns. 

In Chapter 2, you confildarei the pro'^lem of falling ot,je(ns ani 
Galileo's experlaent. Bfow m vant t;:. take a Iv^k at mci'leUng pr^-esc 
iovgived In theutf ?hBpt«'r;i, 

We i»de the r'ollowlng aeoitmpt'jns when talking abuut GaUle:5»s experi- 

oent: 

(l) tff thPU^t of the fa' ling Jbjecte an points , (M^re accurato'.y ve 
thought of the locF.tijnc ji* the ^bjeota ai> being pijinte. ) 

(?) We thought jf the surface jf the earth ais a plane , ani we th-.ught 
jf the jgajhg c;f the uljet-ts as being paral lei line segg^nts, both 
peri^niic?u!Br t-» the earth's surface. 

(3) We fieglectej air resistance, that ic, vre sail tho jb.lecto were 
falling in a vacuum, (no air). 

(h) We afldutsvi that the height that an ^bjeot Ui iroppel from has no 
effect on hov far it travels in une sccanJ. 

FlnaKy asauwe^l that the iistanre traveled by a falling objecrt 
is given by the formula: 

w'lene t is the time in seeonda and d is the distance In feet. 

T^iQ lu a rather otrang-? picture of the world! The earth Is a plane 
with nu air above it snJ a falling ubject Is squee:'ed down into a single 
pMlnt , 

In fkct, eveiy jne of :jur assui^tlons is wn>ng. We teow that the ^rth 
10 roughly spherical In ahape and that falling obje-ts win fall toward the 
center of the earth and their paths will not be parallel. 
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Purthen»>re, the dittAnce tmvvled by « falling body in qm lecmd is 
not Independmt of the heli^t of the •tArtloi point. Bran if vo m^Ieet the 
fiffect of ftlr resiotance, u object falling from « mile hi^ viXl fftU lece 
far in a second than an object dropped near the earth's surface. The Mount 
\ei6 would be about one part In 2000* (the ctange In the pull of gravity 
, due to the distance above the earth Is responsible for the diffenmee 
oentioned here*) 

Air distance is certainly not alvays negligible. It is becsuse of 
air resistance that s piece of paper falls sore slowly than s penqy. 

All of these reoaiius must have weakened your confidmce in our fiodel* 
'Sluit was what they were sup^^se to do. Itov we aro going to rebuild your 
confidence. 

Although the earth is a sphere, it is such 6 big sphere that a soall 
^^rtion of its surface is very nearly a plane. If two objects ars dro^^ped 
80 t^Jlt they lanvi no sore than 100 feet spftrt, tfmn their paths miss beii^ 
pamllel by about "^q^ ^^e degree, which is pmctically negligible. 

T!ie effect of the heif^it of the starti:^ point only produces a 
difference of one part in 2000 for objects dropped from a mile hi|^. The 
effect will be even i^re negligible if we c^isider only ob^ts droned frois 
within a few hundrsd feet of the egrth's surface, 

T^e effect of Air resistance is very cot^licated. Its effect depmds 
on the weight, s^»pe, and speed of the falling body. For objects th»t mre 
nearly round, fisirly hegvy, and falling for no oore tYmn two or three secmds 
(so as not tu build up too such speed), we can comfortably neglect air 
resistance. 
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So our TOdel far the motion af t')»lling badiea la not so t*d after »U. 
In, fket this Bodel im us«H for very accurate iclentlflc calculaticms In- 
volvlflc probl«9i vhare the diatimee abav9 the earth la relatively short. In 
such vorfcy hovevtri the tsare precise fonsula d « l6.lt is used Instead 
of d • l6t^. 

(Class Discussion) 

The follovlng exercises give saw situations %mich lead to geometric 
laodels. Try to describe these models and^ if possiblei indicate vfmt 
assumptions about the real world you have oside to get your model. 

!• On m shelf in a maricet stand tvo cans of beans. Hie first is twice as 
tall as the second i but the secmid has a radius twice that of the 
first. If the second can costs tvice as mch as the first, which is 
the better ti^^ 

^. Hlspolecm's foreec, nrching into eneqy territory, case upm a river 
%^se width they did not toov* Sapoleon desanded of his officers the 
width jf th,-? river. A young officer imediately stood erect on the 
banl^ and pulled the visor of his cap down over his eyes until his 
line of vision was on the edge of the gpposite shore. He then turned 
and sighted along the shore and noted the point wlwre his visor 
rested* Be then paced off this distance alc»)g tt^ st^rs. Why was 
this distance that he paced off an approxintion of the width of the 
rlvert 

3. In book-binding a iat^e sheet is usually printed so that after folding 
and cutting, the pages appear in proper position. 

(a) Suppose ttmt a large rectangular sheet is to be folded, 
left- right, and bott^^a-top, fuming an 8-page section. 
Oetenaine, before foldlM, the proper numbering of the 
pages. 

(b) How should the position of the print on each page be located so 
that when fulded it*s not u|»ide down? 

How many square inches of akin do you have? 
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f^i?/'f»nt;y a I'.^ojiiay wrKetfl a ofc!l vith grmins thai v*?rt? Jlata^ni 

to t»i5 truo, U th»t the gmlna, fihftpf»<l like tlmaonio, iJ n^t ^^bgunoc?" off 
your f.^>l ! iKe jrilnary sail J-j*?o. Hovever, it luma Jul UaI it takof^ s 
Imr^r t^x j gs'K th*? cBt»? Wf»ighl ->t' t he lianun i shape i i:&lt c-ijwparel 
the upa^o nooi*?i t'^r thf» a»®» wplghi wi' -^rlinary oall. HiId m^ftnc tt^ai 
v^L jku uiiSri|f * hlo lia i t niLu;! lrj''n*acM amount ufl*» 1 Ly al au'^ In ^ricr 

t'j h«V€* thi* uanji? amuun* j!' aa't that t,h<?y WjuI I fiave uct-i if th<'y \mi ua*»i 
./rilnary aa.i. (HiiV'» y .u evt?r 'riei to meauun^ out ^ jf \ jt' a tec^GpJ:>n 
if ua:t.?) 

int*»n»stlni5 app: IcalijriB. In tht' n*oign jV Insulating tsateria'.s one is 
int'^rt'OlL' i in having air spact* in ihf- Turm jT staall *'pock.^ts** jf air which 
an? nJ* ia/g*- .ugr t. ^ pf»nsit 'Irvu atijn- On*» way to aitapiii'y su-h 
prut !f»mc i j t.o 'r^t.f. a tgBth<*gatif:a: mj * 1^1 ie, l:^ cunci'ier the pachlng 
»r smil j»ph"T*^a, ikf T»!'t!t'f5| t<»tw*'f»n twj ^ay^rs tiarl tmt^ria*. Howf?^ 
ti!»»8 ihM curt'a'*' jV the oph^n-s timst taken inl * accjunt^ ao Vf ' ] 

an th** p^iyr.i.'tt. pr-^pi* rt. ii^ts jV un* ^tcrisla ihmapplveo. lUmi'.ar pr-Llemc 
^f'^ur in t.hr' lf*nlgn an 1 ^eniin^ plaxjlik'-D, 

::u ggucn. Lha t ^^u ^av<> a lar^e nugiLf^r ^ perfect ly s phcrl cs : 
ifhi^h ^ju tmnt ^ p^'^^ into a very largo t^rrol* Hay shvuUi yj^u pack the 
ffiJii^ -2^ g^^ in as Bgmy as pusgih! v? ? 

Tit'* r ' ( »vlng exercises vi ; ' l^^vf'vtp an anaver to this question anl 
iliufltml*' u.rtB** >r the impuftant proc*e<lureo involve'] in rTflatlng aathemtit-ai 

Ex*' r:'iaes 
(cianc Piflt'UfliJi;jn) 

!, <')ur firs* ^'A^ -A-^^^ sasusgt i^n waa contained in the 8tatt?ment that 
tiai a "vf*ry large tjarrel", H^d n iv we are roal iy Just asking, 
"H^w !j y pa^^k the turtles so that you have the greatest nuaiber 
Twrtlen per f-iihi?' fjjt, in, for ejoimple, a box?" We stii neei tu 
1; movf* in j^i'^r t>j l rln#5 thf» proMefS 'iv^wn to ft ^.eve"! where ther***c 
s-j^e h ;pe >f vin^ it. We ne^-i 1 1> make fl >me a'Mitii>nai simplifying 
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(mh Figures In thfw diiaenai«»X apoee are soaetlsiefl c^asiiilcat^ to ^ 

think About. What figure, in the plane, la related to a box? 
(b) *lj^t figure, in the plane, is related to the Bf^erlcal wirbles? 

(e) iitate a problew siailar to the ''wrtle-barrel** problem using the 
flguree fiuggesterl in parta (a) and (b) above, 

>%*ppose we uae p^mieo as identical circular disk© and see huv ^ny 
w <^ place side by side, without overlapping in a given plane 
region. 

(a> If you armnge the p^iles In a isquare In the roll owing way, how 
n»ny you think you could pack in the eqmre? 

IT V A Aoaung that tho dlaaeter { the 

distance acr^s) of the penny 
is the wilt of distance , and 
that the sauaro is 8 units 
on a side. 




C^') 3til8 method really at»)unts to thinking c^f each circle as 
inccrifced in a square ^ne ;mit on a side, like this, 

ani tht'n fitting squarras together so that their interiors fill 
uut the square rt^lon. (They actually cover about 78. of 
rt*glon, leaving about 2l.t?# uncovered.) 






How cony peanieo doe^ each pem^y in the middle of the anange«ent 



liuuchi 



) fan you think of another i«y of fitting the penni^ togett^r so 
that the ^ltii»r^ peiKiles will touch »m than four pominaf Dmw 
t picture iUu^tmting your aethod. Bow other peimles do 
"liwer^ pdfknles touch? 

(4)^^j^teny perales <^ you put into your 8 imlt sqtare with your 
new "packing'' «ethodf 



Probably the follo^ng armagoiaBnt occurred to you aa a good possibil- 
ity. 




It lo helpful %^ things of ^ch disk as being 
ioflcrlbed in a regular heitagoa and the hemgona 
fitted together as shovn by the dotted lines 

In the figure to the right. Eexagons will fit L^A^^^ 
together to cover a plane region without over* J j 

lapping. In this arrangement o«ae 90m7$ 
of the plane region is covered by the Usks^ 
vhich l8 far better than, our previous 
a rTTOgensBnt .* 

CTan you think' of ^w^r arrangeiaents of the pennies vhich might be 
better than thia? Acpji^ly the arrangenent above can be shovn to be the 
best one, though ve vl^^ot try to give a proof of this fact. 

Hov let^^us ij^um ^j^^ problen of packing the taai^les in the barrel « 
Do you have a guew'^bou^bhe best way to pack th€ra? Experiiaant vlth sooe 
imrbles before, youi^o on tliki see if you can make a guess as to the most 
efficient paejBS^ ^ 

C^e possll;^ prJ^lure vould be to start by putting a layer of narbles 
vlth their centers J(lf\ in a plane parallel to the bottoQ*«that is, a layer 
on the bottom of the box |^ barrel or >^tever ve are filling. Froa the 
top, they vlli^ look Just like a covering of a plane region vlth circles, 
and In the light of our discussion about circi^ it seess that ve should 
arrange our spheres in th^saiae vay, as shovn belov. 
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Hov it seens plausible that ve should try to oake a seccmd layer of narbles. 
Do you think it would be a good idea to place this layer of tmrbles such 
that each oarble is directly above one in the first layer? Ho, It appears 
that ve would get a better pucldng by trying to place the mrbles of the 
second layer over the "pockets" or "holes" in the first layer. Actually 
there is not roc^ to put a laarble above each hole, but we can place a layer 
abov^ half of the holes, say those shaded in the figure above, ISien a third 
layer can be placed on the second, covering half of the "holes" In the 
second layer « Ihis can be done in two ways, depending on ^ich set of 
"holes" we choose to fill. I^ie spheres of the third layer laay be exactly 
above those of the first or may be above the unshaded "holes" in the first 
layer* 

This seems to be a reasonable guess about the l^st possible packing. 
It can be shown that for this laethod of packing the ratio of the voli^se 

of the taarbies to that of the region is » 0.71^05, so this packing 

fills about 7^^ of the space with spheres. Ho one knows whether or not 
this is really the best packing. The best result known so far was obtained 
by a British mathematician, Rankin, in 19^7, who showed that the -! is no 
packing in which the spheres fill more than 82,8$ of the voIuhks of space. 

4-4, Some Other Mfttherotical Models You Have Siown 

In the first three chapters you developed several very useful ideas 
which will help you create good mathematical models of real life situations, 
l^e obvious ones are the id^e about points, lines, planes, tables, graphs, 
functions, algorithms, and flow charts* Ihese id^s, along with your back- 
ground in arithssetic and iiseasureiaent, make up a powerful set of tools that 
you can use to investigate many significant problem situations. As you 
proceed through your mathematics course you will continually expand and 
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refine these and other lBq?ortant ide&fi. This should enable you to thirxk 
about an even grater variety of practical situations, 

The following exercises lllustrnte the use of sotse of the mthewtlcal 
ideas you have developed, in the confltruetlon of appropriate aodels for sons 
different situations. 

Sxerclses k-k 
(Class Discussion) 

1. One of the intepBStlng problems facing those who design ccssputers Is 
hov to iesign a co^uter that vlll translate a foreign language into 
Bnglish. Let's "tacfcLe** a simpler problem. Suppose you are asked to 
f inri a step-by-step procedure (an algorithm) which will txBnalate 
R^man numerals into ordinary Arabic nua^rals, (say numerals irtiose 
values are less than or jqual to 1000), can you write such an 
algorithm? Ihe following table shows letters usr.j by the HocHLns to 
write their numerals. 



Arabic numeral 


I 


s 


10 


50 


100 


500 


1000 


Komn numeral 


I 


V 


X 


L 


C 


D 


H 



Th<* values of the Roman symbols are added when a symbol represent- 
ing a larger quantity is placed to the left in the numeml, 

MDCLXVI = 1000 ♦ 500 + 100 + 50 + 10 + Ti + 1 ■ i666. 

DLXI « SOO + tiO + 10 + 1 « ^61. 

When a symbol representing a smaller v*lue Is written to the 
left of a symbol representing a larger value^ the smaller value Is 
subtructed from the larger. 

DC - 10 - 1 o 9. 
XC « iOO - 10 - 90. 

Tlie Romans had restrictions on subtracting. 

(l) Vf and D (symbols representing nuoibers that 

start with t>) are never subtracted. 



(2) A nuttber my be subtracted only In the following cases: 

I can be eubtmcted froa V «nd X only. 

X can be subtracted fnm t and C only. 

C can be subtracted froa D and M ^'y* 

Addition and subtraction can both be used to write a number* 
First, any number i^ose symbol Is placed to shov subtraction is sub* 
tracted from the number to Its right; second, the values found by 
subtraction are added to all other numbers in the nuaeraU Hot ice 
that the table defines a function f : ROTan numeral Arabic nusaeral. 

(a) l^tart at the left side of the Koman nuHEeral and by proceeding 
from left-to-right, write out a basic algorithm fur the transla- 
tion process. 

(b) Construct a flov chart for your algorithm and see if it will 
translate ^CLIV into ordlnaiy nurorals* 

(c) Do you think that sotaething like your algorithm would work for 
translating a foreign language into English? 

(d) What are some of the sltrgllfying assumptions you might have to 
make in c^nier to cr«ite such a model of a 'translation system**! 

Almost everyone is aware? that any kind of wurk (even thinking), causes 
fatigue* You also know that when you get tired, you can rest awhile, 
recover, then go on. :5uppose we want to Investigate the effects of 
fatigue and to find out how rapidly a person recovers from physical 
exertion. Such studies are obviously Important for biologists, 
physical therapists, physicians, astronauts, and the like. To see 
how these studies might be conducted, let us perform a simple 
experiment and construct a mathemtlcal model of the situation. 

An Eacpcriment ; Work in teams of three, consisting of a subject , a 
timer and recorder , and a counter . 

The only equlpoient you will need is a watch with a second hand, 
some paper, and a pencil. 
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f^^^ gersggj vill be thr, subject s 

(1) He *flil u£ie one hand In the experisMt, the left hand. 

(2) Sitting in a coafortable position, hla am attaint in front 
of his resting <m the desk top, fingers togetl^r, palm up, 
he should ^en and cl<^e bia hand^aa ftot as he can. He 
shoiild be quite aiire Mch tios that hia fingers touch the 
desk vhen the hand is open, and his fingertips touch the yaln 
iri^ closed. 

Ihe second person vill be the ti»er and recorder * 

(1) He vill vatch the second band, start the subject, and call 
timfi at the end of ^ seconds, 

(2) He vill also record the total nutter coimted by the 
"counter" at the end of each 15- second period* 

(3) The "subject'' vill now be allowed to rest for 30 seconds, 
then start the exercise for another 90-secimd period. 

As before, the count should be recorded at the end of each 
Its-second period. 

(k) The titaer should also see that the subject's fingers 

straighten C055>letely, touch the table toti, and then close 
until the tijm touch the palm. 

third ^rson is the compter . 

(1) flhe counter vlll wtch carefully and count the nioriber of 
times the subject's fingers touch the table top. 

(2) It is important that he count quickly, but aloud, so that 
the tJ^r-recox^r ^n hear and record the count at the end 
of each I'^-second period. 

(3) To ^ the number of times the fingers vere opened for each 
i*j-second time period after the first period the recorder 
should subtmct the first total count from the second 
total count, the second total count from the third, etc. 



*nie followlnfi le m table of ea^qple data. Moke a table like this 
for each aember of your t^ui and rotate Jol« until everyone has lad a 
chance to be a subject. 



Muscle Fatigue 

Kame of Subject 


Time 
Period 


Xxise 
in 

Seconds 


roxai 
Count for 
Left Hand 


Count per 
Time Period 
for I^ft fond 


Difference between the 
count In one period and 
the count in the next 
\tijsis porxoQ 


1st 




38 


38 


-- 


2nd 




72 


72 - 38 - 3U 


38 - 34 « 4 


3rd 


l'^ 


IQi* 


10^* - 72 • 32 


34-32-2 


J*th 




132 


132 - 104 - 28 


32 - 28 -4 


'^^th 




V.^7 


1'37 - 132 ■ 25 


28-25-3 


6th 




179 


179 - 1D7 - 22 


25-22-3 


REST 


30 


REST 


REST 




7th 


IS 


^6 


26 




8th 






- 26 ^ 2k 


26-24-2 


9th 




72 


72 ' « 22 


24 - 22 « 2 


10th 




92 


^ - 72 - 20 


22-20-2 


nth 


IS 


Ul 


111-9? ■ 19 


20-19-1 


12th 




129 


129 - in » 18 


19-18-1 



(a) Draw a graph of your data where the input is the number of 
the time period and the output is the "Count per Time Period". 

(b) Does yoi;r grai^ lndi(»te that you got tired? Did you "recover" 
ful ly in the 3C^second rest period? 

(c) Draw a graph of your data where the input is the number of the 
time period and the output is the difference between the counts 
in two successive periods* 
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(d) Cm you M»e your aatbeantlcml aodel to predict viat the "couat" 
would have been in the 7tb time period if you bad not rested! 
If BO, explain hov you could do thia. 

(e) Can you uae your taathnatical oodel to predict what the oomt 
would have been in ths 13th period if you \mA ccmtinued the 
experli^tf If so, explain hov you could do thia. 



4-5 • Simary 

A naithctaatical oodel tries to duplicate soi&e of the actual characteris- 
tics of a real life situation. If these cl»racteri8tics are properly 
represented in the isodel, then we cmn use the model to predict what aight 
happen in different sitiations. To be auceessful a laodel should; 

(1) contain as asny of the laain characteristics of the real life 
situation as iKissible; 

(2) the characteristics of the real life situation that are included 
in the model should t^have in the model like they do in the real 
situation; and 

(3) the model should be siogjle enou^ so that the tasthemtical 
problens that are sufiffested by the model can be solved. 

It 6ho\ild be clear that a oath^oati^l isodel is never a perfect 
o^resentation of a real life situatiai. Usually aany "si^lifying 
aasuaptions" have been taade before the aathemtical oc^el is fimlly 
constructed. The answt^rs foimd by solving the aatl^aatieai problems ax« 
not the axisvers to the real problem sitiation, biit Just predictions of 
what wil 1 be seen when the real sitmtion is observed* 
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Teacher's Coomeiitaxy 



Chapter k 

AFFUCATIQIIS AHD MAIZBSfATICAL ^ELS 

MathewaticB cannot deal direction with physical oh^cts, JbtheiMtlcs 
can only talk about idealized objjecta such as points, lines, nuahers, and 
runctioae. These objects are abstract cr^tioaa of the oiind and have no 
existence in the real world* In order to use matheaatics to solve problems 
about real life objects, we mist first create a *'»|ftthemti<»l Model" in ^ich 
the real life objects are represented as oathemtical objects. 

In different types of problems, the satae physical objects aay be 
represented Baathemtically In different ways. For exaiiple, when we draw 
geometric figures on a sheet of paper, we think of the sheet of paper as 
representing a plane. However, when we have a problem involving the voluro 
of a book, we think of the sheet of paper as a box sha]^ solid with one 
dimension very small cotj^red with the other two. We would say that we have 
chosen different mathematical models appropriate to the different types of 
problem* 

All thit'. is obvious enough when one thinks about it, but the working 
out of it in practice Is fairly subtle and has seldom, if ever, been mde 
explicit for seconflary school students. The purpose of this chapter is to 
make a very small beginning to^rd making explicit the uses of mathemtleal 
models in problem solving. 

The recoansendation that school mathematics curricxila do a better Job 
in making ^rlear the relationships between mathematics and its uses has been 
a feature of every suggestion for "reform" of mathemtlcs education since 
at least 1900. The matter seems even more urgent today because of the 
extraordinary expansion of the use of so-called "ij^thematical models" in a 
wide variety of fields that have pretty much done without matherotics before 
sow. For exaa^le a list of bo<^e rec^*ntly circulated for college mathematics 
teachers intended to "give those Inter^'^ted a reas^jnably clear idea of the 
nature of mathematical models and the techniques being used In these applied 
fields" had 63 titles under a Biology heading, hi titles under Economics, 
and 63 titles under Social Sciences. In addition, the latest literature 
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In may flelda Includes *'faathemtleal models" either in the title or In the 
developa^nt of B»ny reports. 

1*1© more or leao staiKjard rhetoric which describes hov n»theisBtlcs is 
Applied iB Indicated the folloving brief suaaai^ of an excellent article 
printed nearly 20 yearn ago in which Bt S. Burrington explained applied 
BBtheuticfi in teras of ''tsodels^: 



When considering problema that are concerned with 
applying oatheaatics to situations in the r^l world, one 
Is often confronted with the issues in a coiaplex environ* 
njent full of distraction. It remains to develop a veil 
organized structure so that the essentials of the problem 
can be viewed with less confusion. The delicacy of such 
a tack lies in the foUowing! 

(1) Removal fros the original setting of only 
the barest features of the prv>blem. l^iis 
requires due examination of the original 
setting to gain direction in determining 
that which is funda»ntal . The result of 
surh an effort is a siispllfle'l, idealized 
i^oncrete or physical model of the original 
problem. * 

i'^) This idealized model is to be made the 
subject of mathematical investigation by 
direct translation to mathematical terms, 
i.e., on isonK?rphism« Essentially this 
tmnslation is a mthematical model of the 
iiealized model of the original problem^ 

(3) Ttirough manipulative computation a solution 
is obtained for the Bathcmatieal model. 
In this stage there is no refereaiee to the 
original setting or to the idealized con- 
r;retO model. 

(U) Bie solution is interpi^ted in term of 
the idolized model. 

Finally, the solution is interpreted in 
terms of the original problem. 

Ihe validity of the results must be verified and depends 
upon the extent to which the models include all the known 
pertinent facts. ^ 



H. Burrington, "Clj th^ Ifeture of Applied mthe«»tic8, ' 'African 
g|ithetaatica1 Monthly (April 19^9), ^6: ^1-2^. This has been reprinted in: 
Studies in Hathematics . Voltmse 3CVI, Spw Uses oT Mathematics i A Source 
fo£ Students and ttecherg . If you become interested, you may wnt to 
read the entire article and periApa the article "Mathematics and Social 
Policy" by P. J. I^vis, also in the volusse. 
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After ft decMit IntArvsI of tlse and after seveml tsore sesticms 
devoted to ewalolng hcv mthe»tic« is an>lied, a ''flov ctart** of the 
process described by &a'rlngton mi^t be developed by teacber and elasa 
together, or slowly displayed by the tee^sher on a poster or biilletin board« 
For ex^le: 



^^^^ 



f^robletti in 
real vorld 



Siflplifj 
idealized 


f to get 
physical 
lei 






Wke iDBtheaitical 
QodelB of 9ix^lif ied 
situations 






Work out the 
oathetiBtical 
solution 






Interpret t^ 
r&sults in the 
sitsplified problem 






Interpret results 
In the original 
problem 



^inlc some 
more^ get some 
nev infomtlcm^ 
etc* 




The results 
are valid 



In single, everyday, applications one does not, of courBe^ go 
explicitly through sU of the ste^ indicated In the flow chart. 
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Sumcoted Ti^ Schedule 

Section U-u ^ptrodHctlon X eiass period 

Section Situations Leading to GeogMtrlc i clasfi period 

todela 

Section ^*-3. £2 22H i^e^ Ytfur Marbles y i clase period 

Section So^ Other Sfatheg&tieal hWele 1 class period 

You Have Khown 

Section U-r,, Sixmraaty I class period 

^ gCERCISE SETO IH TOIS CHAmp ARE nSSIOIiED TO ffi USED IN DIHECTED 

CLASS na:\s:cim sitoatiohg . 



^-1. Introduction 

In thlB section Vc' focus upon the process or going from the nathemtical 
l«!ea to the n?al altuatijn and rru« the real Bltuation to the wthemtical 
idea, 

Th** sectlun shouliJ ti? cjiapleted during one claas period. Tho student 
is first given a brief InirjrJuct l^n to what is InvuiveU in using mthetiaticB 
to describe things in the r<^\ uurM, followed by two sets of Class Dis- 
cussion c-xercises. The flrat ol* these specifios certain maUiewtleal 
entities, Uko i n , and asks the students to invent sitiationo for 
vhich the nathenatic^i entitles would be a model. The second set of 
exercises turns things around and starts with problefl» and aoks the students 
to thinX about v^iat cmthetaatlcal entities would b<* appropriate »s models in 
attacking these probleos. 

The exerclBofl ohouM be done in <!lasc discussion with a free, gaae- 
like atmosphere pn>vai:ing. The taicher has the reDponoibil ity for setting 
up the situations in such a way that an interchange ideas takes place, 
and also for Judging ejaaples jffered by students to rmko sure they are 
appropriate to the points at hand. 

In handling the discussion, the teacher should keep at least the 
following things in nilnd* 

(l) Nearly every otud«nt should participate, Aek thew to write down 
their own ideas, and then discuss, orally, a few of these 



sug^atluQs* If fioiae students are not Able to tuuidle the 
exmqples &s gl\ren, then give theta specific n\fi&8riail eicpi^fisianfif 

'^VhAt is « rsal sitiation that leAda to 2 3 ^0 a 
athesastlt^l oodelf*^ 

(21) Be on the lookout for <juite different ilti»tlona which are 

auggeated for the o&ma nvanerlcftl »:>del« Tou should especially 
*»tch for situations that Illustrate quite different concepts, 
as is possible In Exercise 3 belgv« 

Eyerclgeo U^la (Class Discussion) 

^In sin months Mr. Aiaas eame^l Kore than ^/'OOO* Hov ouch did he 
earn per month?" 

Not^ : Of course ther^ are oanj^ situations ^ere the 
question CL lid be, "Who nas the K>st ... 
"Who is older?", "Who has the best (l^t) golf 
score?". 

GooL* other sltistlons an«: 

(*) "The ilBtance an object falls during the first second Is 

5^' feet less than the distance It f^lls during the second 
second* During the two seconds It fHlls less than U6 feet 
becaus*? of air n^sistance. Kov far does It fall during the 

seconi Seconal?" 

(j) "'Tpdiy is more than 3 years old. Kov old is Toddy?" 

(3) "A student has test grades of 7V and 62. What tsust he 

scon* on a ihlr*l test t j imve an average of or higher?" 

"Ihf tQtal nujftLer of grains of sugar In three cups of sugar." Some 
other situations are: 

(l) "Tho total nuobor fish In all the oc^ns." 

"The tola! population jf Insects In the states." 

Sute; It wouH be appropriate to note tJ»t the nuabers used in 
these situations are probably approxlQations to the actual 
situation. 



'*Ti« Ima 10 nrbles «ad glTcri 2 of them to John. Bov auy does 
Jitt have lem** (Tts m^l is (IQ - 2)0 

Of 

'*Jlm hAfi 10 taartles ud John hsa 2 mi^les* How moy more does 
JlB have thu Johnf'' (The ocxlel is (10 * 2),) 

tbt^ : l^ero are anoy' "t«ke mymy*^ And *'hov may tsore" sit^^tiooB 
possible* I^is is a good tine to Introduce the Idem that 
different real vorXd situations can lead to essentially the 
saw aathsnatical oodel. 

"If there are 22k boys in Oyw first pertod, how qany squads of 8 
boys each £?an be foracd?" (ihe model is -g- ,) 

or 

"if there are 22k boys in Gym first period, how laany boys would be 
in each of the 8 class^ that were foraed?" opdel is -g- 

or 

"An award of ^22k vas to be divided equally ams^ 8 people. 
How much did each person receive?" (The model is • ) 

Note: Hopefully the students will see as "different": 

(a) Given a certain aowunt, how oany are there in each 
of a certain nua^er of groi^? 

vs. (b) Given a certain aos^unt, how mny gro;gm of a certain 
size can be fonaed? 

"T^e speed of a car at any given oooent." model would be, for 

exa^le, ko 

"The air pressiire in a tire." (l^e model would be, for exasjple, J2 
pounds per square inch* ) 

Hote: There are sany other sioilar nsasure situati^is* It is likely 
that fl»ny of these involve rounded-off approximtions. 
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6, "The number or feel in 117 inches*" (The oodel wjuia be -r^ .) 

^Ih* perlaeter of a square .ot is ILMj yards. What is the i«ngth 
pf ontj 8^^?'' (iTie taufiel is .) 

^ rec^lpe tliat mXes five dSzen cookies calls for 3 ounces of 
vilQiUA? Hov much vanilla should be used if ft person wants to n»Xe 
oniy«^^^t!ozen cjokleo?" (The mode^ wou!»i be ^ .) 

vation or the lowest point in the U.G.7" ('Ihe ault?: 
(Ihis is in D^th Valley, California.) 

it\ the Hurth Pole during a blizzarfi." 

Ttie act jdfeaofcjunt jf Tsonffj^ne haa if he charges ^VjO worth of 
oiothrfC jne^eek anJ^^-ams $1^1" > during the same week." 

8, "How can you fin*! the height 'jf a giant redwoo*! tree if it stantls 
un an l^^J jn which it Is iaxpjssiV!^? to landl'* 

If ^ 

Kow Bjpii^ board feet -^f umLer is ':?ontained in a 'og at a lumber 




9. 



"Kov mu{?h wautf is ther^* l^" thf* largest posniblc circular region is 
cuX frjm a given nquar^ n*fj;ion?" (TJiie problem ^las jbvlous industrial 
imp) i^t ions. ) 

^*The^U3itf^|jbf huurs a student spends jn honfework in days." 
(Th'> mod*.'!^ ! lo f : t ' t when? t is thr r.uail^er of hjurs 
a atUdent opf^nin un his hoturrwork per ilay, ) 



Exercisog 



(Ctaso I^iecuijcion) 



)• ^lli^* AocuBr4^n iJhou; i ](iad ^gnt^ly to the fact that this is always 
pussdb!;- itf afl^ eonvpx region !iK"t 




OCZ) 



etc., 
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but tiiftt It Ifi ti^t 




pDsalbie in non-convex regions like the 




sre nut iugsortant at this time, Ifee intuitive 
are aooe geoia£»tric regions ^ere it is possible 
ts In the region and that the line sequent 
ts vii: lie entirely vitbin the region is worth 



The worifi g onv^x rei 

realization that 
♦ 

to connect uny^ 
joining th3se f 
c.imr TTTcognitio; 

Ttiii !^in |#iat ja^^ifl situation is that a loatheiQatical model vill be 
^'SS^^^I^^^ taj^?nts these two baseball players. It woiild 
be 'y^if^cMlX to pr«cicft^y describe these particular skills without a 
tsatl^Mtir^a 1 mi>\e: olnce the mthemtical model essentially recreates 
I'?') (^^'i'erv%t Dituations fur one mn and 183 different sitwitions 
r.tr the '^fto^ piayr>r. Not ice that in this situation the math ergatical 
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^ractgrlstj^ uT being more permanent than the real life 

nituatitro, 

A^'^^nip^r^n the rational nunbers, 
in i^'cltaal t*yllr^ 

/^^^/r'^"'"*- and 



22-, ]b3 

vi!l he:p determine who has the best batting average* 
In thir. ^adif - .^-'iSA' ... 7^ ^ 



and , usx»lly 

bat 

.^3^97, hence 



The model t}i&t wp wouI^ . ike the student tu think of is a rectangxUar 



bjX. 




However, to solve the probleta ^slly it Is helpfiU to represent the 
as ''flattened" out, th^t Is, in the same plane as the floor. 



A 
















c 


length 





TtiQTe are tvo possible paths represented by segments Ic and BC. 
Usually AC is the shortest distance \ajless the width of the room 
Is larger than the length. 

No specific room dimersioni: weit! given since we wanted to avoid 
getting entangled vlth the lytlagoroan l^eox^ at this titne. We 
think that the sti^ents will agree with the Intuitive idea that the 
line segment, AC, will repres^t the shortest path. In the tsodel 
the shortest path will be path ABC, 

ae coiaparlson of the rational nusabers ^ and ^ helps direct the 
students' decision-aaXing process in this socially critical situation. 
If your students dcm't know how to cc^pare numbers written in this 
form, you might be able to gain soW ''additional milage" from the 
situation by gently pointing out that ther^ are uom cltiations where 
such a coi^ris^ la iioportant. 




so the student should choose table B, (T^ 8 and 11 



in the dtnominst or ore the total numbers of people*} 



In this section we tried to select schi^ siapU pruLlem situations 
where the need for sobsb geometric model was painfully apparent. He:p your 
otudents over the "rough spots" in aijy mathenatlcal calculations. We are 
txying to develop sense awareness^ on the part of the students, abou. hav to 
apply HBthemtics and we don't wnt them to get "lost" in soae complicated 
calculations at this time. 

It is also recoTBoended that you discuss this section, after the 
students have r^d it, prior to doing the exercises* ThQ section points 
out the sinqjiifying aesus^tions made in constructing the model of the falling 
boay pjrobleBU It then briefly discusses the limiting effect that these 
eimpLif ications have on the use of the mudei in interpreting real situations. 
The student should acquire a feeling that absolute faith in a mathenatica! 
model can sowetimes be disastroia, but that if he is careful about his 
aaaiaaptions the model can have pretty good predictive qualities. 



Exercises k-'J (Class Discussion) 
U 



II 



-ft- 



Help the students 
with the words "radius" 
and "height" if they 
need It. 



- .r h 



nr h 
/ » 2H 



II 



In this situation h - 2H and *-'r » P. 



? 
r 



'I 'II 

Acconiing to the model neither can Is the bettpr byy. 



2b * 1:2 



Sqte : We don^t iiant the students to go throu^ the fonail analysis 
given above. If you can lead your students to suggest that 
you need to compare "how much ^ch <mn holds" you should be 
able to convince th«a of the arithmetic, especially if you 
use specific numerical valuM like r ■ 5, R - 10, h » 12, 
and H » 6, aa shown on the previous i^ge. 

It's hoped that this problea situation is cOTSon enou^ that it will 
^'^y^^ students into waking a guess , and then to evolve some 
aethod to support their guess, 

Some siispiifying assus^rtlons are: 

(1) the top and bottom of the cans are '*fluflh" with the sides; 

(2) the cans are mde of metal with the same thickness; 

(3) both cans are "full of beans" (no water); and 

(k) the quality of the beans in both cans is the sas£. 
Your class will probably think cf mny more. 

The model we»re thinking of Jooks something like this; 



A 




Of course etu'ents -im't know anything about ccmgruent triangles but 
the process of estimating distances by "sitting" should be ftaillar. 
Once the student has been led to represent the first part of the 
situation by A ABC» it shouldn't be too hard to get him to swing 
this triangle around until it is in the same position as ^ ABC. 



SoQe &isq)IlfVlr^ tifisussptions are: 

(1) the mn can Gee Along the hank of th^ river^ {no trees); 

(2) the bank an^l river are In the same plane; 

(i) the taan can hold hia eyes in exactly the san^ position aa 
he turns ; 

(k) the angle fonaei hy the taan an^! the ground le a right angle; 
an i narv ^them, 

j. The sheet shoui^i look like the fcUJ»/in|5: 

(DoinT ALLOrf me zimmrs to do any foldiik} until the end of 

THE DinCOSGICOT) 



P&ge 6 f 


; Page 7t 






Page i ^ 


Page 24 







The arravo point to the 
top ot* each page. The 

^o%eB, I J , 

eneloBe the page numbers 
that ane on the back of 
the large sheet. 



(a) (1) Have the otulontc Iraw a sketch oV jno uide oV the sheet 
inc]uilng the '*nv,iing lines," 




FnJB this sketch the students should observe that fuur pa^s 
ggjng to printed ljx each side of the largy eb^et. 



(2) dy looking %t gqiq^ books, if aec^asary, help the stu^ients 
xwllze that, startlzi^ with the first pair of pages 
wvi^?^ ' pairs of pages vVA he printed on opposite 
sides of the large sheet* 

(3) Hciv, have the students iaagine a point on the "backside" of 

the Io%rer right-hand region of their sketch, (indicate^ on 
^ •* % 

the drawing J )* Uten say, **Vhat happens to the point 
when the first fold is laade?" 'Rien ask, "What happens to 
the point vhm the seccmd fold is laade?^ ^ia procedure 
should help the® loaite parses ^l^and , 

{k) Sext, imagine a point on the "frontside" in th6 lower left- 
hand region. Ask, "What page is this point going to be 
next to after the first fold?" "Does this position change 
after the second fold?" These questions should help the 
students locate pages and . 

(v) The rest of the page nuj^rs can be located In a similar 
oanner* 

(b) Now ha VP the otudentB put an arrow, | , in any one of the tw 
lower regions in their sketch. Ask, "What happens to it after 
the first fold?" Then, "What happens to it after thi^ second 
fold?" Hopefully the students should see that the orientation 
of the print on the bottom half of the sheet should be 
"upsid** dawn," 

stud«»nts could ngy take a sheet of paper, number the 
pages, indicate the top, and then fold it to see if it works, 
(lhat iCf check out their nKJdel with the rf»l situation.) 

As a bralnbuBter, s^stae students taight like to try a \6 page situation 
wber>^' the TjUs are L-H, B-T, L-B, 



Posoible models suggested might be! 

I Model 2 utodel 3 




2ome of the sltaplifying aasuE^jtions are obvious. We are representing 
8 three-ilBenfilonal, irregularly shaped object with plai^r figures 
in the first tvu mode i a and regular solids in the third flKKiel. Tour 
students will undoubtedly coro up vith aany other, eorotiaes bizarre, 
suggestions for approximating this area. 



^♦-i. How Da Jou Pack Your ^rbVes? 

The ^packing probleta" and its appli;mtlons will most likely present 
the students with an unfamiliar situation. 'Hiis is intentional, since our 
objective is to have the student think about an unfamiliar situation, mke 
sooe sitoplifying assua^jtions and bring the situation down to a level where 
there is Boi^ h'^pe solving the problem. Then ve wish to indicate how the 
solution of th<> siiaplifted problem can lead to an adequate solution of the 
'original problem. 

It is hoped that actiml handling of both the disks and the spheres 
win develop real geoiaetric insist into the n^ing of these paciting problem 
If another reference is desired the problem is discjussed briefly on pp. 148- 
Vjl of Rouse Ban, fethematig^l Itec rations and ^aays (revised by Coxeter). 

One point should be emphasized. In an actual packing of either disks 
in a region of a plane or spheres in a region of space, there is aliKist 
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ttlv^B waste spacff arouna the dges '-jV the regic»n. For exfttsple, In 
Sxerclse bplw, where pennies are being packed Into a rectangular 

region^ every other row will kmve about half a penny or waste spac?e at one 
end or the uther. This ie the reason why the actual results an the part 
of the area rrov*»refi by pennlen is 'eos than the theoretically c Disputed, 
resuit. As the regi'^n g»t6 larger and larger, this boundary ^«ate is a 
saaller ani noal ler fraction of the whole region and the act\;al results 
get closer and closer to the result found by using a natheraatlcal taoael. 

Pleaflf» n?piat the teB5)tation to teach all abuut Areas of Squares 
and Circles, Hexagons, an 1 the 'ike, Uoe these ideas inrunaally and 
proviie a "helping hanl" in the discusoiisns when the mthemtica! skills 
'jf the atudento appt?ar to t>e Inadequate. 

gxerclsea (Class Discussion) 

U (a) i'/quare or rectangular regions (just square or rectangle is O.K.). 

(k) Circular region or cir'^ular disk, (Circle) 

(c) "How Tnany circular disks can you pack intu a vciy large 

ro^t.angu^ar region bj that yuu get in as Tjsany as possiblet" 

(a) Using thiii a rrangemi*nt , ^4* pennies . (if you >iave an overtiead 

pr^,K»<-t,jr ani pennies th Ic suul d Ir t^sily demonstrated.) 

(t) Four 

(c) 'Hiis in the arrangenjent we're looking for. 



Thf» inner ponnieo 
ptinntes. 




{ i) ^K*^. Tlu» p*?nnieD cjver about Bj.l^lt of the ai^ea of the square. 

If your pupi:G seom pf.rticularly interested in such geousptric 
pr.;d>»!3f?, you nay wirdi iv^ !j«ntion the following problem which is 
unsolved, but not too hard to understand. 

How should n points l>e placed on the surface of a sphere of 
ralluja 1^4*1 the urn 1 lest of the distances between pairs of 

puinls is as :arge as posaille? You can visualize this problem by 
liaaginlng that you have n ants on the surt*ace of the sphere who 
hate nach other enthusiastically and want to stay as far apart as 



possible. l!tie queitioa is how they vould ermnge the9»elvee on the 
sphere. For a few of the sls^jler c&fies the soluticm la easy to ser?. 
For oxAtaple« when a • 2 the two points would be placed at opi^lte 
points of a diameter, Ihe problem Ms solved in 1951, Schaitte 
and Van der iiteerden for the cases, n * 6, 7, 8, 9, 12, But even 
for n • 10 the solution Is not knew. 



Zam Other fitetheaatical Modt?la You Have Known 

In this section we present two situations which will xise several of 
the aathenatical Ideas developed In previous chapters to construct suitable 
aatheaatlcal models. Since these situations are designe<i to use recently 
acquired skills and understandings, the stui^ents should be able to partici- 
pate wore ful iy In the developosjat process. 

gaercjoes k^k (Claiss DiDCusslon) 

1. The key part of the algorithm is that as you read the Roaan numerals 

from left to right yuu &dd their values unless the valiM? of the "left" 
nuaeral is less than the next numeral to the right. For example, 
XIV: 

(1) The first numeral on the left is X. 

i^:) 1T*e next nu^ral is I &nd the value 10 
of X is greater than the value of I 
80 ve write down ID, the value of X, 
in our 3icn « 

( i) Njw we consider I, OSie value of I 10*1-9 
is les3 than the value of V, the 
next nuBfe?ral, so ve subtract the value 
1 from our sum. 

(^) Now we consider V. T^ere are no 9 * , ^ 

tsore nusserals so add the value 
01* V to our sum. 

Retneiaber that in the dffVelop!K»nt uf algorithjns and/or flow charts 
you usually start sc^jwhere in the middle with the key idee and work 
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your way outwmr^i to the start und stgp stage. "Hie fol loving Is an 
exaB5)le jf a basic algorithm that yju might develop with your class. 
Rmnember that trie Roma nunseration system Is basically additive^ 
reading from Icit to right, 

(a) Baajg Algorithm for Translating Roman Wuaerals to Arabic V ngmls 

) Vritf? Jawn the value of the Rown numeral on the left» 

(*?) WrltQ dovn the value of the next Roman nuaeml to the right* 

(:$) Compai-e the values of these niaaeralSp 

(h) If the value of the numeral on the lett is greater than 
th*? value jf the next numeral, then add the value of the 
"Jeft** numeral to the sum, (The eua starts out with a 
\'alue jt' Op ) 

(j) If the value of the numeral pn the left is less than the 
value jf th<? next nuiaeral , then subtract tlie value of 
thM "ifft" nuiiK'ra'' I'r'jm the simi. 

(6) Hc-poat .t«|jj ] through ' , shifting over to the left 
urn: numeral at a time untl! all numerals >;ave been 
cv^nsi lerei in Dtep 1 • 

Noto ; key parts qV the algorithm are steps (3), (^)| and 

('-). 



(b) Tli^ ievt?iopment gf the flow cJiart should occur in stages with the 
r*'f InemL'nto being added step by step. Sorae pussible stages in 
thj' ifjvfl opment 'jV th«? flow clmrt are shown below. 



f:) 



c 



Vs:u*» of A < Value 



of 



S *-S ♦ Value of A 



: 3 I] - Value uf A 



Tills is thp main part of the fi-JW chart. It illustrates 
thi? pain/i£i* 4.*ot^Aris:jn of tlie adjacent nus^rals A and 
and then the addition or subtraction of the value of the 
numera' A to the sum T. 



j^5 



(2) Sqv ttot ve haw m '*QlddlQ"^ lat^s am If m cftn eteviie a 
b€«liiiU05« Our ttsxt oijor problem Is to clssulAt^ tho 
nuwiml-by-nua»ml taorvmat from left to rl^t* Pinit ve 
msMi^ ttm BIB B the IsiitUl v»lue of sen? (box 1). Ssxt 
m inintt the IU?saD suaezml (box 2), mm omezml at a tism^ 
reading fro& left to xi^t. ThU in^ is desigiated by H« 
(ReaBBOwr tlait oaee an iajnit is read and asaigoed tbit card 
is destr^ed and the next Input card coqn up to ^ rmdm) 



START 



^era are more cardg^ .X. 

Tt 



B 0 



B ♦-R 



{3) By using the '^dusosr'* variables A and B ve can now mlel 
the inspection of paiid of nuseimlB as ve taove al^ig the 
Hcmn laieral. In box 3^ ve assign to B the first 
left-hand R^aan nvs^ral;^ and then ve inrasdiately assign 
B to A« In box k ve as 2c, essentially, if we have eras 
to the end of the maaazml* If ve have rsad the last 
ntffieral, then ve assign 0 to and this vili be oiir 
sig^l to atop the nchine* 



ERIC 



The follovlng it « eotqplete flow cbart for tmiuilAtiiig from 
Rnwi auwrftls to Aimbic numrnXe* 





A ^t^h or c'luck with a aecQnl in necessary fur timing purpQac8« 

It lo wmt ifljporUnt that the atttiento be cautioned to fcilXow 
Inatructl-jfio emctly, Tguchlng th*? tabic and tlie jal» of tig feaoJ 
irith th« rin^r tips eveiy tiae is essential, tiom |pcva-f»tur«d 
policing vili unioubtcHiiy fc#e neec^ssat^r. (It vas oecCTsajy even aaosxg 
aiu'iiol) 

If a :5tu.ient ehuvs an lncr»?as<? in nia^r per 30 seccmds^ he Is not 
•friini^ i* prjpf^r y, 

B#» Gum the inatruf ti jno am thorciu^ly pr-^road and thit the students 
uni^f'rut^in') t.ho activity bf»rorc» beginning* 

. Tti" rf'ot p^rij ! uhuul J not a'.l^w CJ^Jote "recovery", so tht? eevcmth 
tltsjt* pt-rloi tih.Mm:d TT?a<i higher than the sixth but not as high as the 
first. 

(a) (;'iaiap»(» graph jV ^zb given in teia.) 
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(b) aii^'*gmph conatructed from rhR saj^lo ^Jata Qh^UB a lefinitf 
, • mtfgue in suflclea mm a slight recovery vlth reot. The stuient6» 



fimphs vlL^ vaty eunaidemb iy. 




A^^ji</»stlmt^ ^rom th^- graph of ♦h^r flai^i*^ ,iata fur t^u? 



KxtmiK/laaijn is the #?Btii»3f<5n ^if the vafiw- of a runctiun bey^^nl 

an int<»rmi rr^m va;u**D the nuif'tijn within th^ interval . Her 
9 

nt^ Ju0l oakia^j; an ^»auirat/>.! gu*f50 or thf» n^xt vaiup on 
p" .rju» lnr->rB»ii..n. ;.Onf» imuit can*fm i.-^-auce if the data Is 
liBitM, II iR^^ny arrlvf' at a wt\mg cum* isljn. 




It Is fitr^Hly reccBfenci^'^hat nj test be given on this chapter. An 
infon»l ditfcusa^n of the ideas presented In the following article niight 
serve aa a satip factcnry ^klmli^t Lng activity. 

' Excerpts froo 

TPhilcJSuphical Remrko on Mendel -Jfeking" 

by M» L. Juncosa 
*„ RAND Corporation 

A search ^'^r.an "understanding uf phf?no!Bena" has dLjminatei huoan 
intellectual a(*tixity from Ahe beginning of ti»?. This pursuit of knowledge 
of structure and o^cauoatloh can be motivated by <!eaire for comfort, f^r 
of the unknown, satisfactlon^of curiosity, and so on. 

Kur the scientist- -ami this includes n»thoniiticians--a st r,)ng motlva- 
ti'jn lo the desire for predictability; that is, within certain bcunds the 
structure or mo«if»l ^t^ti t'e interpreted as being "consistent-" For the 
inductive cclentint, r*»suitB of the theory, i^e,, predictions, wlM "agree" 
with '^xp**rliflenL8. F-jr the mat heiaati clan, t^ontradlctory theorems will not 
result. 

To arrivf'^j[J|^ jnc tUB^una^ a process yf what some people call model 
building lo «$nge£ged in. llie priniltive tjssn invents concepts of supernatural 
gotls with anthropjiu' rphic attributes, such as anger at broken taboos, and 
enormous powers, ouch as the power tj cause awe-inspiring earthquakes, 
eclipses, an! jn. Tiie scientist observes physical, ecunumic, socio- 
logical , blolog^^ly or psychological phenomena: He invents idealizations 
uf the phem mena at ^tanl according to somt? laws which nay exist from 
previously otuUit^tl '*sltai lar^ situations jr which he constructs for the 
purpose. Il^efle *^ /ntalff whuit fee a is the "eBSence" of the observations. 
As what he f!a'Is cDnscquen.'es .d' these laws, he inakes certain stp-tetaents 
or. predictions, asorrting that he has n:^w an explanation, a theory, or more 
modest ly^r'a n^^de ! (not necessarily unique and which imy or my not be 
mathi mat 1 ^ra 1 ) fur the phcn^mt^n^n. predlctlcns arc checked out to sec 

how vali ! *hey ar** and, if necf-soary, the mcnlel Is cliangel. 

'T^e ^itnematiclan ioes^n^t necessarily deal with real world phenomena 
•dinectl^ but i'jf»s ''I'^nstruc'*- t^ny '^n^'cp* m\ models of Jther concepts or 



theories that he in in tho prueess of exploring. He r»^uently rinrie that in 
th* fccde"" ur Imgc he aay liave greater iasight ijt n»y be able to use language 
wh*h U aot quite available Vor the original* This enables an "end- run" in 
the pro;)rs gjal the^^reisis or suggests ncv goal theorems and techniqucc r^r 
the origina.. It is nut uncomon that ho makes jdiysical models and pictures 
aa models f^r his theory for greater elucidation and inspiration. 

It is essentia I to re^^^ognize the Atfiiverculity and variety in the 
philuojphy jV TL^deling, reganileas of whiat it is called. Not only i^es 
everyone iu modeling %t sjsse inte'lectial level, but frequently transitions 
from one vur: i another and back a^in are nade. An englm?er m^* laake a 
mi'^^fianleai sodi-! (hviv calie.j analog) jf springs, weighrs, and dash-pots fjr 
an eleetrit'a: circuit uf resistanceSp capacitances, and iJiductances, or vice 
versa. If he li&ki a matheiaatical model as well, he may nut even n»ke, i.e., 
phyaically conBtruct, the mechanical or the electrical analog but will rather 
C'^-.wf thv p»'nin'«ni f-quatl^^ns an^i tht.n interpret the resultc In either the 
•^riglna: .-itiiuti^^n .^r thn anaijg, using the language of the one most familiar 
to him tecause "it U '>aai'»r (f^r him) to see it t^^t way*" 

Cjntinuir;^ vith the variety of instances uf the mo;ieling activity, we 

hav: 

th*> pr-HV'i;:-; -f ^uin^ Tr-jm the real world to the real world, cited 
at /" ftvtmit r*u<?*.l.iri j:' unaijg ^';jmpute'', c , i ie ruletJ, etc*); 

thM pr^.*eii;-i >!' g,>ing fr^m the real to the conceptual or mathemati- 
cal, an<i then t/ack 1^ the rx?al (matherotical physics, mathematical biology, 
taatlieroati'ra: e<*^n'imi*s, jp^rati jns re£5earch, app'ted taathematics in general, 
the pr-ic-si: teing aimiral,y ieecrite** in Burringtsn's article, '"On the Nature 
of Applied «fetheTi»t l-s""): 

U thv pr'v.'nsi-, g^ing from the conceptual tj the real and back 
again f -vnin*^ ru<-t i ,p j*' V't^ Uagrams anJ switching circuits V^r cet theoretic 
an.i Ikj.;:t»an jj f » r^t 1 jtuj , .v-nr.t r-ucll -n of finite grjup muitiplicatiori tables, 
conslruotl.n ^f ririgSp tr>'^»e, gmphs, kn^ts, cr^ss caps, IClein bottles f->r 
certain ? op.) ^fi'fi jtjects); 



Burring^ ^^n, 22' ilil* 



with..ut pacclii« tu th(? real uni back again ( i-k'ntiri^-atiwn t)etw(-tm r^.ra: 
nuiafcerfl an«4 puintts ->n s :lnt», lanijuaice siruL'tures as trees or graplis); 

V. an-i ev*!fl prjc esses ui* going frum luvt»r to higher cjncoptiia; :e'/nlc 
and ^^at'k, as v<»l ' as vic*^ versa, 

.;om»« ma<J*r! -aiklng aloj gofia from loterminiLtiT evne<jptijns 
prjt^iMIity o'jnci^pti JHB ana t)acK again, 

wi: ; rtffltrict jur attemli^n hon* tu the* pliil-^supliy j\' su-iff.ing ar. 
app:if!! ma' wor!.i prj^;<*tas, as indicattvl in nuater 'itovt-. Jiiice 
thj» t'-rm '^mathfiaatiea: m^Urlo'' is usi^i vr^ry 'fxtfnBiveMy in biology, jnumlcc, 
maij&gc'mfnl pijytiu , jgy , jperatijns rt»Br»ar^Th, contrv! appllcatijnS; ^'hemlKlry, 
ntat istli'a: nuv:^ianics, etc», wi? accnpl this usagf*. At thi* same timt', v*^ 
r<!<".gniz" rhaf, m^^'l** Lng is a br-^ai^fr Intel It'ctua! concept and caution 
utrjrjg'y agninr,* a taanop:j'y on a narrow uco .)!' th** tj^rm that might cquec? 
p'j'Hrl/Htl )n .r tittitU'iei. ami>ng p*»jp!«' vhj ch ml l n-^f^ .agnize the univ»-:'ca: Ity 
vt' tfiM pr/f":jr.* .^uch Ljyii'jnytac sh.ju. i alwuyu t*- p;^into'i out with thvir 
y Jl'^'M^-n-^ r,ha.tMr, o^nnotaU^n in 1 ioattvi. 

i\njtti<'f' £^<.'r/atijn jn m^J<»'£5 in thi- ctr.jng <»occn<'<» apprjxitaati-^n 
pn-n^Ti* , pjirti"; ar y ir. rf*a: w.^r: i pr^l Iftac inv. living t-it^j^r r.mtinuuuc 
mriat'cn la."K<' numhcrs ^m' varial!*?!: (^'.g., gant's, pjpui ati .nr., trarficr) 
in OJiHf pr /£ *«nn, Wm hfivf simple- I'xanjpies this in th«* rrproa<»ntat i jn 
(13 tt r at ,ihe*'* paper ac a nn'tangU* r,.'r m^tst purp<jD«*c tut ac 

a nn:<^ngu:ar p-^r-il Ip.^i (!) v-^n ai^- L.. inV rt-/.tc d In "^itimiitin.' th-' 

Tj\\m- a t;j.'K: thp habit^i:^^ w.^rl ) in antiquity .jv much cm! it-r Ijcali- 
ti*»s tviay u:: a I' at j^-gj»'nt- a plan^.' (ign^ri:ig the l^cAl nwuntaiofi, 
aiioyc, rlv*»nO but th»- ha^^ital/,<- vurM as a sphere to lay (jr happi:y fjr 
Era* )Rth.-ri*?R r.«'*»king an €»stitaatt> jT t.h*» rar.f or th#» i»arth), jr tho earth as 
Dh'atf sphMT-.n V.yv natt»: : ito work bocaufio thp pn't^ir-iun rt?quin'»<l in jrbit 
'^>mputati.•^; the .-ir.'ulat jry sysifis an a puo^i; a gas (cullocti-in mj'fcules) 
as a t' ull; T^vt.*' Eipprjximtinns frequently art* m4o tj enal.t.* tho 

rf^f! )gnl 1 1 'T: 'T mss bt^l^avijr raac^rjtuvjpii- h^»havior; at '^th«:r t.imos they 
aro TO ic a problem f»lth<*r mtiifffaatical ly tractable or ojT^gsutat lona i ly 

*'raoil,t>, Ai* ':'DG'^-rit la . raot.'r In a gv^^i is^itfl In Lhia class jf situations 
is Uia* r s^abi' ity ; s!ga . : l*'via^ijno in the? jriginai, sh^juitl reeu.t in 
mm. I vtiriati_>n6 in the prf-'iii.'t^d n»suit, 

A p:>>r mude; in these sltustKms is mr with #'n'>nttjuc variatl.nis in 
th^ resu tfl **jr stna.l deviations in inputs. (We should itvsf^rv^ thjat 



aecasiofttiliy tl U because the n«ture s:^ startling varlatl^^n in th»f 
pmlictluofl by inadequate mcKiele that original 'licscowrles an? oal^ 
entirely nev rurnuiatiooa* } 

la another ciaas af »Q4eli; the ^eenc« oi* approxlmtl-/»c l^tc njt 
fi^fore &tpoa^^y or even at a! I. In th*?6e it is struct ore that ic Isspg^r^.ant: 
Do the variatl^'fi in the problem rigure Iin*?ar;y .jr n^tl Can an a gotrai'; 
group structure &^ asamaed in the mMt*^ for thn ]^#*n;rt8t'njn .r not? In thij 
aiDdei fyr the vr^rl i EUcU'k^ fparslle: postulate, etc*,) ..»r nut? rr-..t:o«s 
for i*hich tn- -likf or gm|^-:ike ta^^lels are? constructed! tove tiiis r tivjr. 
It is Important to mcjgnize tliat the njtion L>r stability se^nau t;, 
irneUivant h€?iv, T^o familiar prjt :<!tu jf thf» thiT'e housoe iesiring thivi^ 
utilitl<»fi wlth.ml ^'vpriapping coan*iCti ,.ns Vr^m thv mine t.) th*f hJmiz, 
'tt0^l<»ltNi as an aitompt t.i cvostruct a certain (iapuBSlli'^?) grBph jf six 
vf»rtice|s, is again structural. UtaLiiity anJ aj^rijjcloatljn c;jnsid<? rati ync 
ars im?!«vant, thor*^ L*?Jne no •'neitj^it'^rin^" prji 'em. ("nu? '^cufutl^n" 
rs ''pysnlbr*'" ar. r,jvn ac th*? nujaiicr li^-c ia rcvJuco-i tj tvj.) 





Chapter 10 
PRCaABILITY 

10-1. Introduction 

A stjry is told abjut a la'ly ^3 bought some flash bulbs for her husband 
who is an enthusiastic! amateur phot Jgrspher, When the husband c'jmplalne<1 tl^l 
none or the bulbs vere any good, the l&iy said, "That's t'unny, I tested every 
ane and they all vjrke^if** 

Of course this Is not a true story, but it does point out an interesting 
th^ju^sht: "Hcjv ean a manufacturer be reasonably sure that a shipment contains 
very few defective flash bulbs when he knows that testing a bulb will ruin It?" 
Answers to ouch problems may be approached with the help of probability theory. 
Here n**^ a few jther examples in which the subject of probability exerts con- 
si'lerable Influence. 

(a) Mr. Ames is running for raayjr Qf £}pringvlew, a town which has 
;*d,000 reglsterel vuters. The town newspaper conducts a straw 
pDll ? 5verin^ JOO voters taken at random. If 105 of these 
voters say t^iat they intend to vote for Mr. Ames, what is the 

pr.>t^abi I Ity that he will be elected? 

(b) Mr, FmnXlin is njv ^0 years old. What is the probability that 
he wi:i live to be 6*} years Id? How d^s a life insurance 
company maXe use Jf this type of infomation? 

I', jbablllty Is a itiatheTOtlcal tL^plc about which many people J'lave 
Intuitive ideas. It turns out, h->w**ver, that jiie*s intuiticm cannot always 
l^e trust**!. Consf*quenT ly it is important to develop a firm fjundaticn for the 

10-2. L)ncertainty 

,^JvTme events ar? certain. If you go swimming, yju are (v-r^-iin ty get 
vet. If y:ni sele.^t a boy frjmi your class, you are certain to fini that he is 
more than yean? )ld. 



name events are n^jt -ertaln. We use voriQ like "pr;3babl^", •^likel^", 
"unlikely^, in talking? about tfiom. For example, when a veathercan makei: a 
run?caflt "Rain**, hf* a:?tually wane, "it vill probably raio." Gimllarly, y^u 
may preiict t^^t, "O^.e Cardinal:: vill vir, tU/ uenruint*', but what ycu i 
"l think that It is likely that the Cariinals will wii. ^n^- y^'ntiBut," 

ift^'n 'Qtikf u^cisijns nb ;ut what tj -Ij in situations where 'jann-ft 
be certain jf what will ^iapp*?n. Very jften these iecieliine have tj be aaie 
by "w^fighlng the pruj an^i 'jhb" ani finally chjDSin^; '^ne i/t' tvj or raore 
alternatives. The phrase "vc^ighin^ the pros an^^ cons" Is use<i at this piiint 
f'jr a sp<' :lal reason. Oriinarily when we weigh scsiethlng we measui^ It-^-we 
assign a rnnnrri :a] vnlue tJ a :-ljirEic:teriDtic: 31' it that we call weight. When 
w^ weigh the prufi ani rjnc" we ar*» try in*? In our minds to give a numerical 
raeaourf> 1j th^ t'i r^^umstances that nre "fjr" ane alternative and compare it 
with H num^rl:^Hl afHasuro j:' thosp "against" the alternative. If we can assi^ 
numnrlcrnl vnluf»ri ti the pros ani ^^nB, ve re*»] happier abjut our decision, 

HH? in fi LJ'ip*'rTfirkt>t , riavf* j,41**ct«»d our gru emeries In a basket, and 
putJh th*« t^asket towari thf -ash refilslers. Which line lo we pick? We try to 
•ijaHe a n'jm#*rl ral is i ^n--v*» v'junt j^'upis<, estimatp the numl7er of packages 
in UifL.iv lAink^tSf nii'i thon '?hjjs*» a Un*<, 

H*Tf* iu ?m ^*.h'M' TUithemt ical i**cicion in th<' supensartcet. The taanager 
wntf'hing vvf'r tht' ctjrf ^ofni tliP linf^s at the cash registers gt'tting longer 
Hni 1 m^^r. A v?iv -ver t,he lnt^"r?j!B a^/, *'CI* rK A to Gate Y, Clerk B to 
C#itp H," This taana^^-r fnay know :'r-rtn f,"Xperif?nce how long the lines should be 
bf»f'jr#» an jther man !s ji«?nt t^ the -^fish r#>gistnrs, Notice that he counts the 
^iiotrjfnf'rfu Kit) {f»fM«Ion 1^3 bat^f^ i :m numlers. 

Here nr^' s^vi»ral pairs of et-atements. Which sV lent of each pair 
t*»nu mvre? 

!• (a) : think ; !]; Is h bot^^r l^attf^r * ^lan Tmm 

(h) T ♦-ink : 11 is a t t^t,tr»r batter than Toia# Bill's batting average 
this yf^r is ,^00 ani Tom«8 is .190, 

(^) I think h'jraerooTn will beat honseroom 112 in today»8 gase. 

(b) I think \y j!at*ro->m *^C7i will beat hoaeroom 1 1«? in today's gaise* 
Homer->:jm ^^JJ has v m *'ive of its seven games ^^lle 112 has won 
three out of seven. 
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Weather farecast: HO^t chancre rain tomorrow. 



(a) 



Dr. A: "Try this remedy far your sunburn. It ?nay help you." 



(b) nr. B; "Try this remeJy fjr your sunburn. It has helpei <C out 
jf 7 patients wha hav^ trl^i It." 

Yju fiavp probably nutjced that In each pair uf statonents the s**'^:onl 
vuul-J hf* Ti'.jrf' help**ul, becBuee It gives yuu mjre 'infinite int'orraatlon. In 
<*ach '^aije, the aMltluna] lnt''?rtaatian involves liuti'i l -al meaauree e^me 
sort. Y^u shoul 1 realize, hjvever, that the niimericnl Inrormation given Jcjee 
not make th*» exclusion cr-rtaln. Tom my have pi aye*! all year vlth a ajr*- 
arm^ the tetter team ioec not always vm, it !nay n^t rain, an<] tho reme-Jy niay 
njt work f jr y ju . 

In prjbabllity we sh'-ll atuiy systf^toat Ik? meth^j io of weighing pros anl 
oone. Althju^^h wr» cnnn:)t ':r^iang^ an uncertain futun* t.* n certain jne, ve c^un 
o jmetimes vjTiipBn? Hkelihju is j!' varl^uo occ!urr*^nc*<«D« 

»r t.h»» jtJeL-tivcTs jf this v'^mpt,er is to !eam hov t^ assign 
rtppruprlutf* nuEjfriLral meaearfs; *.j uncertain events. These nseauures will to 
-allf»^l ^Tr^^Hbilitl^*g . 

TFie «tuf]y J*' pr jI lili i ity has mny pni;ni vil iisf^s. For example, '\'!iemJ 
fin! QtHtf« g ivnrniaf'ntii usf' pria^nbLlity in setting up tuiget requi renentc ; 
military ♦'KpHriu ue^ Ir in !nHking )#• -ifsi ^ns on iefense ta'^tias: strientiets 
us** it in Pfsnarrli ani stuiy. Sngine^^rs ust* prji^bility in iesigning ani 
manuffi'ituring reMai 1^ asa »l;inec, planoc, ani satf^lUtes; Luaineer. ''Irms lise 
it t 1 h^'lp -aak^* li/fl'"ii* *sRnag#»ment i**-i8ions; it is the mhln tojI jV the 
irteurrinf^*' iniuptry in ie"i iing >n pr<«aiuin rates an! on siz«' of tenefitc. 

We will use as llli^tmtijns soveml examples jf games )!' c^han'^o, 
«»mpK/yin|i^ a^i^h ''nmillar no %^inc, ii^p, ani playing cnris, 7\\r 

e)camp1**s hHv** \ f>**n -fusen sinf** thf»y ar»^ :'airly simple u lin ierfjtan i. V*' all 
hav*> g.w in^ui*i^n Hi jut the "-^han.'e" jV throwing heads when u cjin is tjsse^i. 
T^H' pr&cti ra! ci^^iatijnB in-ilcatei in the prere^ling paragraph aro t.jo e^mpl i^ 
-ijate^i for the presen*. , although wp will mentijn some sj^crial problems fr-^m 
these rif'lis }\' appl i^ati jn. 

It in intrrfst, ♦hat, hlst.-jri 'ui ly, the mathemati 'a' 'hi^Jiy 
prohnliillty aroso :'r jti t 'onsi i**rat i jn if gamt l ing garner. 
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10- j. P&lr ani Unfair Camea 

Suppose thfit VI? ieci'ie tj play a ganie *\>r ivj pIay«*rE in vl.i^Ji the 
autcooe aepende upon chance, Aot skill. We a*ere*? that the gaw is fglr if 
each player has an pqual rhunei* jf wlnnltig. For ihc time* being, we vill 
aflsuae that have an intai^ ive 1 iea r: vhat w aean by "equal chance" , 

H-*v laay ^^•^i<^e wh«**her a gfisie is fair? oja^times :aret'iU thinking 
a^^t lh*f rules will enable us t-j U^of^e, Another pyBslblltt/ is to play the 
ga!5iM oany titnes, keeping a recori the results. TTUs give us a "feel" 
as t^ tfhethf^r the parti ^rular j^'ne is fair. Ve would expect that if a game is 
grjfasly un^'ftir, sfvet-nl tri,^i8 -nlgh^ in<il 'ate that fact. If a gaae is a^auflt 
*'^ir, it "my tnke >fiij?thy experi^ientatl jn tj 'ilocjver that fact. Far some of 
the gax^'S if?jcrlbe<1 in the fjlJjwing f»xercises^ yju may wish tj cjnluct, say, 
trials ♦ > give yju a :luf» atjut whether they are fair, 

S3tf?r7iGe8 lOja 

(ClHss tUscuasl^n) 

HiTf ar»' li gH!!ie3 ♦ J thlnh aL;.ut, Fjr each game a rule is given to 
X'-^W wh'*'h'»r y >u jt y jur .pp mf-nt wins. If neither wins, the game c^iints &a 
tje* tn ^*ft?h -as'^' i'^^r-ic whether tht- gam*- Is fair, 

1. ThfN^e #mm<'n an* plnye 1 by tw.^ players with a lie having six facec, 
nimji \f .\ 'p resp<»:tiv^Iy. The .lie is tjsflei 

(a) y u win 1 •* thf fn:*> nuTiter***! 1 is tr.rovn. Your jppjnent wins 
If \ii !hrjvm. 

(r) Y;u win ir an neater lis thrjvn, sn^ yj*ur jpponent wins if an 
«ven ntiiTji fr io r.hrjvn, 

r ^ y Ki win i. 'I la thr.^vn, nn\ he wins if a number greater than 
'! la *hr'./vn# 

These gn-aes an p:uyei ty r.^sclfig a 4ie with "l" :«i one face, "l?" 
.y.\ ?wj )lher facei5, ana "B*" i^n th*f three reiasining face;j* 

(h) y..u v!n / is thrown, Y.>ur ,*ppjnent wine* if 1 is thrown, 

(t ) Y u win ^ is thr.^vn^ 1 he wine if any number le^s than 
* Is ♦hrjvn. 

i ^ y^u vin I'' lift f'Vf'h niinif>r <fl thr'Wn, aii i fn- wins .'♦.h^rvjs*;. 



3r 



i» Thf-se games are pleiyei vith two oMinaxy iice, one vhite and une 
green. Both lice are thrown t.tgether, 

(a) You win if 1 ig thrown on «ch die. Yaur oppsmmt vins if 
I Is thrown on each 11^, 

(b) Yaj vm if there is on f»ven nusber un the white die, and he wins 
otherwise. 

(c) Yra win if 6 shaws an the ii^ite die, and he wins 1:' h shova 
3a the green lit?. 

0 You win iV 1 le on €^ch *He. Your □ppon^'nt wine if onf> He 
has ] ani th^ Jther ^las 2. 

(e; Yuu win ir tht? master jo the whlt<» die is greater than the number 
;>n the green die. Your opponent wine otherwise. 

These g»mes are played with one jrMnaiy die. The die is throvn two 
tlmos. 

(a) Yju win ir the rwmh^T on the secc^d throw is greater than the 
niantffr on th** -irRt ihr^. Y^ur opponent wins otherwise. 

{h} Yju win if th^ numVe- jn f'ach throv is even, and he wins if the 
nmler jn ^Hi^h thrj%f is .)dd. 



liet ufl autnmriEe. We have uai*ti the idea that a game pl^e<i by two 
people ( ir tea^is) iu fair If winning is ^ HKely as losing. "Winning" means 
that pa'U-uIar evt.ntc ^ccur? "losing** means that other events u^cur. You 
cannot b.?th u\r Rnd lose. 

m i you ilB jv^r which or the rules described in the class exercises 
does nwt reany Jtes^rrlbe n «Bme, be-ause it permits b^th players to Mn**? 

C ^Her throwing fin jri^miry Ue. Throwing one specified number is 
.lust rut KXoly *iB throwing any ^^her specified number. For eimss^le, the 
appearamv- u as liKeiy as J. CM the other hand, throwing one 

speeifie^i nuaber is l^ss likely than not throwing that nuaber. For example, 
it la less unely that ^ appears than that n does not appear. Throwing 
an even nifisit)*>r anH throwing an o-dd number are equally likely events. 



Thrw a die recorri vhleh face coses up. Have the claaa repeat the 
experiment until 100 trials of this escperim^t have been i^ie. For 
convenience in cjunting oai reading, recQni the numbers in ilDcks uf 
five with rive blocks to a rav, 

Tjt f^xnmpl^, thi* rirst rov might look like this: 

2 ^ 1 'i 1 6 I* i 'j 2 6 ^) 6 j 2 2^22 ? 1 3 1; ^ 

^feike a r^jpy jV the form bF?l3v an! use it ty n-cvrd the number 31' tlcies 
f^ch appeare^i in y^ur experi!aent. Thifl number is called the 
frequency and the table ia callefi a frequency table . 





tuffllier jfi a die face 
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Kr^^rquency, first r^w 














Frequency, s^^rrond vju 














Frt*quency, third r )W 














Fre^quency, f-jurth r^^w 














T->t«l 















(F'jr the samplo rov glvnn atL>vi=», the first rov of the frequency table 
vjul'l be 

h I " I H H - 1 H •' 

Vn*^ your a^aif. tci -cssplt'tt.' tht- taMe luXow, tPiis tlrce vt are 

interfot^^ in "runs" jf like numbers. We want tj know how tmny mas 
of i?Qch len^h occur-»thc actual number reputed in a given run is of 
nv> Interest far this questl^jn* 

(a) Copy the fom ani fill in the seccmd column. 



Frequency 


Like 
HuishcYrr, 


ConeetTUtive 
Kusl-erc 


SroctXy tvj 






SxBctly three 






More than three 







3,, 



ur thv swqsle rw ftbove the reault would b« 



2 



(22 and 1)5, ^lock& k aad ^3) 



0 



1 



(22 2, laat two in block 
in block 5)] 



luid first 



(b) For the third eoluaa look at your ctata and count the nuaber or 



^r^mB^ of exactly two sooeecutive nianbers In incmwing order, 
TJr exasple, in the aecand block of the sample row the third 
and t'jurth entries are the run "^2 j". Also in the thirJ block 
is the run 6**. 

(■?) On the \mbIu or your reconi above, do you think that a pair of 
C(^nsecutive numbers Is Juat as likely as a pair of like nuaberet 
Row io you feel about triples of each sort? 

km Here is a record of 2'^> throws Jf a di**i, 

•'333^ 33333 12113 33213 23231 
(a) Dj yj\x Iflieve tiiat this record c*ouin happen with on ordinary dief 
(h) Pu y^u think it is likely to happen? 

(sr) Can you t-jffor any ^th^-r possible explanations of the rQ<:ord so 
rep<)rtei? 

QiK: possible explanation you may have offered is based on the g s i K> 
doB'^ribe^! In Problem P. of Exercises 10-3a, As a taatter of fact, the 
recorl is typical of vhat such a die would yield. You laay wish to tiy 
it for yourself. Since you undoubtedly do not have a die whose face© 
are nsarkei 1, 2, 2, 3, 3, 3, reapectively, you can adapt one 
ordinary die as follow? ^Ink o** the faco with four sjKJta as being 
a 2f cmi Think of the faces with five or six spots as being 3*S, 
This la the sehewt? used by the writers to obtain the record presented 



Here are two more exaiaples of gosieo which taay or may not be "fair", 

^T^^poso that a frlei^ duggests ploylt^ a ^ssa that you 
tiiij& ia fair# tosA play it 100 tisffs* ^ fou win U'y times and hf* wins 
tl&m« you would probably feel, quite rightly, tiat this is reaaonable 



above. 



enouijh, You ahoul*! not ejEpect to vln exactly t>0 tlffles. 

gxample 3, Sow sv^pofi« that in 100 ploya of a certain gaae using a 
die you lose 9^ titats. Which of the following atAtcoents do you think are 
miAcsialjle ^oncluAiona? 

Gtateaent A* The gato? la fair, and you tmve had a r\m of bad 
lucK, 

rjtat«nent B# 'Itie g&ste la fair. If you play the gaoe an'^tter 
100 times, y m yiV win i-^oct of the®* 

r;tateflai»nt C. The game is not fair. "Hie evidence or ST losses 
53U1 of 100 ploys la convincing. 

Y^u shjuli cert^alnly Jiave not accepted Statement B as reasonable. If 
the erne iQ T^iTf then in the nert 100 plays you should expect to win only 
ahaut SO times. The die- has no tendency to try to coiinterba lance its past 
perrjnaanc^e, 

Statement A is a possible conclusion, but as you study more about 
probability yju will disc wpr that a run of such bart luck in a fair game is 
extremely mr*% 

:ilfit#*m<-nt C seetas the mjst reoscmable Jf the three alternatives. The 
evidence is cjAvlncing, but nute that the results of 100 trials cannot 
pr3ve l^ti4* the game is unfair. 



Rcercises 10-3c 

1. An oxperliaent sisilar to the one in Exercises 10- 3b (Class Discussion) 
of throwing one die 100 titles and recording each titoe which face is 
up, vns perfonsted, vSth the following results. 







Hi66 


^3-M5 










6'^!?36 


61*112 


1 




^33263 


33^3 


21531 


^UlU 




^6563 







(a) Const nict a frequency table for these data as in Exercise 2 of 
Exercises 10-3b. • 

(b) Is the total frequency of ^ch nuober about what you would have 
tfxpectei to get in 100 tosses? Which nmber occurred «ore 



freqiwntly than you would have expected? Which occurred less 
frequently? 

2. (s) For the data in Sxerciae 1 above^ ccmstruet a table aa in 

Sxercise 3 of Sxerciiefl 10- to record the frequency of ''ruas" 
of like nuabers and consecutive nuaK.rfl* 

(b) On the baa Is of your table, does a pEiir of succeselve nuabero 
seem Just aa likely to occur a« a pair of like numbers? What 
about triples? 

3, Suppose w havp ar oMinary lie with six faces ], 2, 3, 4, 5, 
6, Far '^ifTh oi' the following games iecide whether it le fair or 
unfair. 

(a) On a single toss of the die you win if the number on the t^ce 
which ccHsea up is prime; you luse if it ie not, 

(b) (Xx a single toss you win if the number which comes up is the 
square -jf an integer; you lose if it is not. 



ICVU, Finding Prototilitif^s 

In the prece'iing section vt? cronsiflere^i the likelihood that an event 
occurs. In particular, for two events we atteisptea to decide whether they 
are equally likely or whether one is more likely than the other.' To describe 
these ideas more satiofacrtorily, we need numbers* This section will be 
devoted to finding appropriate numbers to aseasure likelihoods. 

We begin by asking you to do two experii^nts, written in terms of 
colored ujarbles. If you <lo not have marbles of the solors menti;aied, you 
may use other -^oiors, or even substitut« colored disks or slips of paper for 
the marbles. Just be sure that the objects you use {] ^ can be distinguished 
frt^ each other by color or in some other but (2) in all other respects 

are alike, so that the experiments will not be biased. 



(ClMS DiseuBsion) 



U Pttt thrw oftrbles, one red, one grmn, one y«U9v, all the sow alee. 
Into a box or a that you cwnot see tlmni^, and «1k then 
thoroui^ly« Without loc^ng, reach In ai^ drm cme mtble. RecoH 
Ita color, th« return tl^^ tnrbl ;be ccmtainer* Nix all 'Oie 
mrblee and dxw a^in« Itepeat c g a t«arble and recording the 
color until you tmve dram 12 tUwa in all. 

(a) ^roximtely hcsr isaoy ti^e did you expect to diw each color! 

(b) Bov laany tisea did each color act\»lly appear? 

2. Again pat thi^ t»rblee, but thia time tifo white and one blue, into 
the container a^ rep^t the emae proems as before: »ix, drm a 
warble, record Ita color, return the mrble* Repeat until you have 
loade 12 trials. 

(a) g3tf Qiany ti«ee did each color appear? 

(b) Did you expect the nuaiber of vhites to be sbout the eaae as the 
nuBrt?er of blues? 



In the first experim^t above there are three possible **outCQTO8"« 
putcowe can be id^ified by the color -of the mxtle dxmim: veA, green, 
or yell w. Fro«i tfw nature of the experlaait, it se^ tt»t these thxro 
outccTOs are e<jually likely. Since we wish to use nwbera to exprwa such 
ideas, we will assign to each outcoiw? a non^negative nuaber. This ciatf>er 
we call tte probability of the outcome. shall use the sy^l 

P (red) 

to represent the probability that the warble drawn is ngd. Notice tl»t 
P ( red ) is the sytabol for a nuB^r « 

In a similar mn^r, P (green) n-presents the pnJbability that green 
is the color of the warble obtained on a draw. Can you tell what is neant by 
the sywb^l P (yellow)? 

P (re<l), P (green), P (yellow) are m^ers. So far we l»ve not said 
What theae nxmk^vB are. However, if they are to fit with our ideas about 
what is likely, we can see that not Just any* nuabers will do. We want the 



prcbability of aa outccwe to l*€ « manure of it9 llkelihooc, jwt as tte 
wei^t of a block 1« a aeasvire of ita heavineas* It mema saoalble, then, 
to require that: 

gg^^all^ likelsf Quteoi^ have eowl probabilitlefl , 

Oa the basis of this agreemeDt, the makers P (red), P (grera), P (yellov) 
should all be the saro* 

If eill three of the narbles irere red, we would be eertalo that if ooe 
mrble were dram the color voiad be red. Su^^cme that we agree to assign 
the au^r 1 as a measure of tlw probability of drawing a mrble fron 
a container holding 3 warbles, all red. Wl»t nva&ter, then, do you think 
would be appropriate to represent the probability of drowiog a red warble 
frow a ccmtainer in whish ^ of the mrbles are red? 

Since the drawing of a red laarble is 1 of 3 eqi»lly likely out- 
coa^. It seeos reasonable to expect that in !»ny trials of the ejiperiiaent, 
the coljr jf the marble drawn will be red about ^ of the tiwe. This niaiber 

is a measure of how likely we believe the outcome red is, and gives xm a 
c-lue about hew t^ choose the probability for red. The sati» type of discussion 
applies to each of the other colors, I^ius ue assign to each of the three 
outcootefl the probability . In symbols, we have: 

P (red) « i 
P (green) - ^ 
P { yellow) ^ i . 

As another example, consider a spinner with half its area red and half 
.white, lik** the one shown here. 

An experiment consists of 
twirling the pointer with h gooil push, 
BJr the sajse reasoning as in the case 
of the warbles, in this eiqperiwent 
we have: 

P (red) « I and P (white) - | . 

Figure 10-1 

«e ar*- assis&ing that the ]K)inter does not land exactly on the boundary 
between tvj regions. Indeed, we shall adopt thla understanding in all of our 
examples involving sninnera. (This agreewent repres«its an Ideal sltuatitm. 




SomtiamB the aplimers In childnem*8 gasN tmve vide oaHco for the boundaries, 
aad the stoi^plog of the pointer on such a sark is not unusual* If this 
happens vhen you are actmlly perfor&ing an experivi^, discard the trial and 
spin ai^in. ) 

gxereiees 10"l»b 

1, Consider the experiment of throwing one titae an honeat die (a cube) in 
a fair taanner. 

(a) Rov i&angr faces does the die haireT 

(b) If an outct«e is represented by 
the nuB^er of spots on the face that appears on top as a result 
of the throw, how xmxsy possible outco^aes are there? 

(c) Are all of the outcomes equally lilsely? 

(d) In mai^ repetitions of the experivmt, about ybsX fraction of the 
tine would we expect each of the six outcos»s to occur? 

(e) TO each outcome we assign the fraction described above as the 
probability* Sence we write: 

Hi) ^ p(^) « 

H'^) - H^) - 

K3) « P(6) - 

2. One of the sit^lest experiments in probability ccmsists of tossing a 
C3!n. n*ippo8e that we have an "honest** coin- -one that is not weighted 
In any way. We toss it in a fair manner and let it fall freely. When 
It comes to rest, it ahj^ either heads or tails* 

(a) For a single t >ss of a coin, how t^ny possible outcomes are 
there? lfa«e thet&« 

(b) AsBWlng that an "honest" coin is tossed in a fair manner, what 
Is the probability of its showing a head? 

(r) Complete these stateaento for the coin tossing: 

P (heads) • 

P (tails) " 

(d) Suppose that you repeatedly perfoxs the experiamt of tossing an 
honeat cjin, and that tm^ each of the first five tosses the coin 




Bhofwm liead«« Wlait Is tlw pxx^bsbllll^r that cm the next tzme the 
coin vill show tails! 

3« («) Suppose that an hociest die tm been throfwn 20 tines vlthont 
yielding the autcoae 5 at all. What is the probability ttet 
on the next thrw It irtll shoir 5f 

(b) Suppose tt»t the opiimer shosn in Figure 10-1 ©t^p© on reJ In 

10 caosecutlve spins* What Is the probability that It will stop 
on vhite on the next trlalT 



In the second experlmait with taarbles you put two white ^^rbles and a 
blue one into the container, and drew out one without peeing, ne likelihood 
of drawing any one of the three aarbles Is the same as the likelihood of 
picking any Jther, Thua we can again think of 3 equally likely possible 
outc:sses* ftie jf the possible outcoBK!S is choosing t*.c blixe mrble, so we 
can write 

P (blue) - ^ , 

What ni«ber might be assigned to P (whlte)t When you did the experl«* 
ment you found that the color of the taarble drawn ms »ore likely to be white 
than blue. In fact, you probably found that white occurred about twice as 
jften an blue, 'nius it would sees that P (white) should be a ninber greater 
than ^ , perhape about twice as large as ^ . 

Continuing our analysis, we observe that the outcome white occurs 
whenever either of the two white taarbles is picked. The drawing of atie 
specific white warble is :sie of 3 equally likely outcast, co Its prob- 
ability should be ^ , The same reraark applies to the other white marble. 
It seem reasonable, then, '.."lat the probability of drawing one or the other 
should ^ 'J * 3 # ^ f • 

P (white) - I , 

Siq;»po0e now that instead of putting two white and one blue isarble in 
the container, we put in three white aarbles. If yoi draw cmce from the 
container, what is the probability that the oarble you draw is whiter 
P (white) - . 

If you thr-JW a single lie, what is th& probability that the face 
which co«es up shows a nuober of spots less than 7? 



Za ttmme last tiro «iti»ti(ais ve coi^idered eresits that wre certain to 
c#cettr« Xn meh owe, we fomd the probability to be !• In §l^asmvalg 
agree that: 

It ga event ia certain to occur, tlwn ita probability ia !• 

Kia, then, giv^ vm the wit of seaaure m chooae as a atandard of 
coapariacai In probability* 

We thli^ a^m of the container with three oarblea, all vhite, and 
aaJt: What ia the probiO^ility of drawing a black nax^lel This, of course^ 
ia not a poasible outc<»e, but ve do vlah to aasign a probability* Bach time 
you repc^ated the e3q;»eri»ent, you wmld obtain a black mrble none of the tioe, 
hence ve take the probability to be the ninber O. 

In general, ve agree: 

■An ev«it vfaich t^mot occur tea pn^bility Qm 

ftcerclaes IChkc 

1« C<»i0ider a aini^e toaa of an honest die, 

(a) Which of the poasible outcooies are even nuaberst 

(b) What fraction of the 6 poasible outcooea are evai niaibers? 

(c) What m^ber reprraenta P(evra}? 

(d) What ia F(odd)t 

fheae probabilities represent our belief that an odd maoiTer and an 
even number are ettuaHy likely evmta* 

(e) Suppose that s is the nt^»er of spots shovn when the die is 
throvn# For vhat valu^ of s is the sentence s.< 3 truef 

2« The spinner shorn here is colored 
vhite throu^iout* Hie region X 
has an area 3 tiaes tt^ area of 
region T* {For aii^licity, the 
needle has been ooitted from the 
drawing. ) 

(a) It is certain that the spismer 
vlll land cm vhite, hence 
P( vhite) - ,^ 

3Hb 




(b) it la reftvmble to expect that P(X) • • P(y). 

(c) Since rest'!^ Y l»a cme-qtKirter the aim of the apitsoer, 
Hr) - , HX) - . 

(<l) P(X) ♦ P(Y) « , vtiiefa cmflnBS the feeling ttat 
* Pf * ' «hauM be the saae as p(vblte). 

3« this spinner, reglcms A, 

B, 0 are all coogruent* 
The area of each ia j the 
area af the eplimer. 



(«) P(A) « Kb) » p{c) m p(D} - . 

(b) iKa) ♦ Kb) ^ p(c; ^ Kd) + Kj) ♦ Kk) 

(c) If P(J) ^ i , then KK) - . 




10*5« QutcMieg ang g ventg 

In analyriing complicated sltuatiami| it ia stMsetioea useful to have 
aca^ special terw. Ve have spcricen of an eroeriaCTt consisting of Me spin 
of a splnz»r« Soaetitses an experismt consists of several repetitions of a 
certain action; In each a cae*? we speak of each perfonaance of the action as 
a trial. 

For an ejrperlment, before ve perfora it, we can give a set of possible 
outcage, or si^ie events, tm^t can happen. When you perform the experiment 
in acconlance with the rules set up for it, you are certain to get ea^ctly 
aift out<?o»e cnit of the set of possible outcomes, 

Ob this spimier, the red U, 
red green Y, and blue U regions 
all have the sane area, and the blue T 
r^icm haa twice the area of the blue 
17 region. In an experiment consisting 
of one spin, the set of possible ^utcotes 
has five veoibera represented by the five 
regions. 

fred U, red Y, green Y, blue U, blue Y) 




(Cl«fl0 DisettMioa) 
X« (a) Qb the •piimsr above, utgr are not all five outeoaee eqi^Uy 

(b) yiiich outcows Bxe eqt^Ur llkelyf 

(c) Wbat probabilities do you muegcBt assigning to the five outcowiT 

2m If you perfom t)w experiamt ccnmistlxig of cme spin, are you certain 
to get exactly om of these otttco«9St 

How suppose ¥e are intereate"* in the likelfho^ of splisslng rgd. Sovever, 
''red'' 18 not cms of the five outcooes listed. We bsve vben ve tave 
either outcome "red \f or owtcowe "red X^, We shall speak of "red" in 
this case as sn event , Tttu» we Identify the event "red" with the subset of 
outcomes (red rea If), 

3« List the set of out cooes in ths event *blite", 
U. List the set of outcomes in the event "f**. 

5. Cimsider the experli^t of tossing a single die (roe. 

(a) I4st the set of possible outconea, 

(b) Sov ccmslder the event "even mmber". List the subset of outcoaes 
in this event • 

(e) List the nutcases in the event "odd ntaiber''. 

(i) List the outcomes in the event "nua^er greater than k^. 



An event , therefore, is a subset of the set of possible out cones. 
Recall that an ou\coaie is sorot loes called a sigple event . All other events 
urt built up out of sit^le events. 

H:/* -^n we use the probabilities of oiople events to find the 
probabilities of zf.>^^v --♦pf 

For exaople, in the cnci^erlgieot that we have been considering, ve 
noted that the event "red" is the subset of outcom (red U, red Y). We 
found that P(redU)«P(redY)-g. Sxaolnlng the spliater reveals that the 



fimctloml part th»t is colorsd rpd ia | ^ hence P(red) - - ^ ♦ | . 
Ukam urn ema wtte 

Aa om move emm^lm, oooalder p(r). Of the bpc* of th« splmier, | 
is lettered ^'f, ao ve expect tb&t l^T) - | . 

Hie event '^T^ is the suibeet (red hlvm T, green T], Ttm prc^ 
abilitiee of the three otttcooee in the set sxv 

Kred T) 

P(blue - ^ 

P(green T) » g . 

Again, KY) - f-'S'^l'^g - Kred Y) ♦ P(blue Y) ♦ P(green Y), 

We thus see that: 

An event la a subeet of the set of possible 
out cones . Ttoe probability of en event is the 
sun of tbg prcfeabilities the outcoqes In It . 

In our exBopleB, the sets of possible outcomes have had only a fev 
tsei^rs, We vill soon see sow mre coeplioited situations in which there 
aro OHU^ possible outcotses. For soo^ eaeperis^ts, tYss set of outcooes is 
infinite. In this chapter ve vill consider only situations in which ve can 
use finite sets of outccKaes. 

We are now ready to eussoarls^e our development. In order to analyze an 
experiimt and find probabilities, ve prcK^eed aa follovs: 

(1) We choose a set of Dutcones for the experltsent. This set 
wMBt be chosen so ttot the experlaent is sure to result in 
eroctly sme of the outcosses. 

(2) He assign to each dutrose a probability. Each of these 
probabilities is a niasber tetween 0 and 1, and the sus 
of all of then Is 1. 

(3) Bach event is a set of outcomes ^ The probability •"x' an 
event Is the sisa of the probabilities of the outcotses in 
the event. 

There is single sltsple rule for deciding on a aet of outcomes and 
deciding how to assign probabilities to thea. Practice and experience will 




help loprciye your flkill* have noted the foXlairlnfi remriES which serve 
guidelines. 

(a) If tira or taore outcaoea aeea to be eqt^lly llliely, ttiey ob;>uia 
be asdigned equal probabilities* 

(b) If an c^veot le certain^ its pnibablllty slKJuld bt* l. 

Am£^ the subseta of the set of |»oeGlb1e autcomes, a special ejcample 
is the empty set. Thua the efltpty set le an event. Since there are no out- 
cooea In the event, we ramt understand vhat 1b meant by the "sua** of their 
probabilities. We interpret this '•sum*' as the nisaber 0, Ifius the empty set 
is an event whose probability is Q, 

TUiQ npaarH fits with our earlier feeling that an event tma probatlllty 
0 if the event cam not Dccur, Glnce our experliaent sust result in an ciut- 
coae, the e^pty set If? an event that does not occur, We slmll see further 
applications this Mea when we aiscuss intersection" ev^ts. 

Rjcerclaes 10*3b 

1. Fro« an ordinary deck or ^2 playing canls, one card is drawn, 
(a) Kov mny possible outcooMi are there? 

(l) L1'«. the subset oi' outcJTCS In the event "king", 

('?) What is the probability that the card drawn is a king? 

(d) What Is the probability that the cani drawn Is a spade? 

(e) What Is thf» probability that the card drawn is the queen of 
hearts? 

2. One of the whole nuabers fro© i through 30 (including I and 30) 
is selected at randum; that is, the selection is made so that one 
nt«nbi>r is Just as likely to be chosen as any other, 

(a) List the subset at' the outcoo^ in the event "pritse nuaher", 

(b) What is the probability that the number chosen Is a prlw nuajber? 

(c) What U the prolability tliat the number ch^en is even? 

(d) What is the pr^jl^biiitv that n\m\^r selected is l/etween 16 
anil .";? 



ERLC 



*No \j\mck wrbles mi Que vhlte mrtle are in a box. Without lo^ng 
Inside the box, you are to take out one nftrble, 

(a) FitKi the probability that t}m ^rble vill be black, 

(b) Find the probability tt^t the aaitle vill be irhite. 

Suppose that you tosa an honest :!oin 9 tinea* 

(a) Are y^-^u likely to get a head each tiise*? 

(b) What it the probability that the coin vill fihov a tail on the 
tenth tos0? 

(c) T)ij the outcjseo jf the firet 9 tooees have any effect on the 
uutcoae of the tenth toast 

Suppose that a box contaloa U8 oarbles, of vhich 6 are black and 
ho are vhite, 

(a) fXni the prjbatllity that ^e warble picked vithout looking in 
the box vlU be vhite. 

(b) Find th*» probability that if nine taart*les are taken out 
olmultanf*ou6ly a1 1 of them are black* 

TlienF» an* Btudentn In a class, of vbj« 10 an? girls and 1*> 
are bjys. The teacher haa vritten the naae of each pupil on a sepamte 
canU If the cards are shuffled and one card is dmvn, vhat is the 
prjbability that the naae vritten on the <mrd is: 

(a) ihi- naiw* Jf a boy? 

(b) y)ur nase (assming you are in the class)? 

You Imve fiv^ playing cams: the ten, ^ck, queen, king, and ace of 
hr^rt.s, tou irav them, one at a time, at random* 

(a) Wiat is the probability that the first canl you dmv is the acef 

(b) Asaume that you dmv the Jack cm the first <Srav, and put it 

What Is the probability that the second card you draw is 

the a:.*et 

(c) WTty are y^ur anst^ra for (a) and (b) not the aaaef 

(1) After draving the Jack first, and putting it asi<le, aasuae that 
th<* arcmi cari you drav is the ten. Put that aside also* What 



is thtt proteblll^ tb&t the third mrii you dmv ia tbe ace? 

(e) What do you observe about the pnM^illtles in parts (a)^ (b), 
and (d)? 

Ia our diacusiiMo of tbm spinasr pictured tmre, m seleeted as our 
set of p^tfsibVe outcoms (red red greeu blue blue T). Sooe 
other set mi^t haire been selected as ttm set of possible outco»». For 
each of the folloiringy decide ifhether It is aa acceptable set of possible 
outcotteSt If it is not, explain why not. 

(a) (red, green, blise) 

(b) (red, blue, T) 
Cc) (U, Y) 



For the spinner In SKercise 8 above, the following sets vere proposed 
as sets of possible outcooes: 

(i) (red U, red T, green T, blue U, blue Y) 
(il) fred, green, blue) 
(ill) fred, blue, Y) 

(i^) {U, Y) 

(a) For each set decide whether or not the outcomes are equally likely. 

(b) What probability vould you assign to each outcorc in each set 
atK)ve? 

(c) For sach of the sets, find the sm of the probabilities of the 
outccoes in that set. 

(d) What do you notice about the suas for sets which are acceptable 
sets of possible outcooesT 

(e) What do you notice at^ut the avm for the ottor sets? 




10-6. gom^tlffe O^c^^t S£SS 



{CIa80 Dlseueslcm) 

!• T!oau 000 coin tMlve tUma mn4 xword ttie n^ult of eisch toes* 
In this experittetxt let h be the maOscr of tliaee tlmt tbis coin 
showd heads. Thus the possible vsluee of h are 0, 1, 2, 3, 
10, U, 12. 

(a) AcE?ordlng to your prevloiffl experience, what value of h did 
you expect f 

(b) Vhat value of h did you actually ^1 

2m ToBB two coins togethet, a pemxy and a nickel, Hecord your result 
as an ordered pair by writing (side penny shows, side nickel shows), 
^peat until you tunve recorded 12 pairs. 

(a) Sow many times did both coins show heads? 

(b) How wany tltaes did you expect both to show heads? 

(e) ^6 the number you stated In (b) about the same, or greater than, 
or less than the value of h that you stated In Exercise l(a)7 

(d) How mny tines did you actually observe both coins showing tails? 

(e) How tqany tines did you observe the two coins showing one head 
and one tall? 



In detenalnlng probability, we often have \iAd occasion to list all 
of the possible jutcoaes of an experiment. In particular, we shall i»ed a 
way of telling how nagy possible outcocses there are. 

% way of illustratlOTi, suppose that we ccmsider tossing a single 
coin. If we toss It once we have exactly two possible outcomes, heads and 
tails, which we shall denote by H and T n^pectively. If we t:ms the 
coin twice, we have four possible outcooM from the auceession of tosses. 
We can show them in a table: 





rhB fioae Infonwittcm can be glvm In a "tree diagram,'' pictured below? 

HeDultis of Results of 

^irst T oss Sec<»^ Tcwa Outeoaes 

RH 



St^rt 




HI 
TT 



The tre#? shows that, for ^ch result of tite first toss there at« two 
resultB or the seconi toss. •Jlils is represented In tt» dlagras by t wo 
Arrows from each entry in the first colutm. The possible outcomes for the 
coabinBtion pf two tosses <mn be seen by readli^ from left to right aX;wig 
the ''bmnches of the tree". They are HH, WV, TM, TT. The nuaber of 
outco«es Is found by counting the ends of the bmnches at the rl^. Thus 
we (?an see that there are fomr putcoros wlthwtt bothering to list then. 

faerels^ lO^^b 

!• (a) Construct a tree diagram for the experiment of a single toss of 
a penny and a nickeu 

(b) l^t are the possible outcoo^s? 

(e) If the ;>uteomes are equally likely^ what protablllty would you 
assign to eachi 

(d) Sow does the profasbillty of RR co^re with your results of 
12 toases of the two coins In Exercise 2 of Exercises 10-eial 



3.. 



ERIC 



S« (ft) Copgr aod eooplete this tree dHa^zm for tha experlaamit of toeciog 
• cola three tlsm. 



R^ult of 
Flrat Toes 



Besult of 




(b) Half masy poasible outcawe are there? Hov does this colore vlth 
the nuflber of possible outcomes for two tosses! Hov many out cosier 
would you expect from a sequence of four tosses? 

(c) Complete thts list of the possible outcomes for three tosses: 

RHH, p g g , ^__ # . 

(a) Cooplf^te this table shoving the nmber of tosses of s single 
coin, an<i the ousb(?r of possible outcc 

Tosses 
1 

h 



k m 2 XS 
8 . 



(b) In general, ir an experiaent consists of tossing a coin n t 
where n is a counting number, then the number of possible out 
cumes depends upon a, and can be written: 



*f<^x^x.,, xi? vlth 



factors * 



This number is »5re simply expressed vlth the exp<^ent notaticm 
as: 



(»*) \Jfi* arn^w nctsMffn *c, --xpr^iss this as a function T whlrh assigns 
•f ansy '•f>'intlru' numt^c^r n thf nunib'^r 



3. 



km (a) Refer to the tree di«^nm you nde for Bxercliie 2, «^ eoo^lete 
thie table ehovliig the malwr of heads involved in each otiteoae* 

Cfatcowe Itoiwr of Seade 

HRT 

WTE 



{h) Siqypose that «e let h repreeeat the maaber of heads obtained. 
In hov vangr ca«€^ does h • 3t doee h « 27 does b - It 
does h «,0T In hov tms^ oasc^ is it true tNit h > 3t 
tl»t h > IT 

(c) Since ve have 8 possible outcomes, all eqt^l^ liXely, what 
probability should ve assign to each? What is the probability 
of getting: 

three heads? no headst 

emctly two heads! at least tiro headsf 

exactly (me headf at least cme head? 



In each exercise above ve Iwve studied situati^ where each trial 
had exactly^ tvo outcomes. use of ths tree diagras ran often help in 
analysing experiments for vhich the nusker of outcoiaes of a single trial is 
graater than tvo» 

For exaaple, suppose that «e have a box c<mtaiiiing 3 nrbles alike 
except for color: 1 rsd, 1 green, 1 yellov# If we pick erne mxble at 
raodon, tl^n there are three possible results, vhich ve stall call ft, G, 
ai:-! Y, for red, green, and yellov, respectively* If ve return the chosen 
oaible to ttm box and drsv agala^ w again fmw 3 possibilities* &ch 
outeose, for the experiamt coMlsting of the pair of draviogs, c»n be 
described in teras of the color cm tl^ first draw and the color on the 
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stte<ml dx«v; for eiMpIo, R7. The p^Mlbllltles srs ahsTvii In the tree 




(Class Dlscufision) 

1« In the tree dlagrsa for the 3 QCirtXe experlBent ahore, 

(s) tsaosr possible results are there cm the first dravt 

(b) For eftch result of the first dnnr, ham wmty possibilities are 
there on the second drsirT 

(c) Hov stfwjr possible outcosM^ are there for the successicm of tvo 
dniriB0B7 Sov is this nu^r related to your answers to (a) 
and (b)? 

(d) What probability vould you assign to each out c one T 

2, Suppose ttet after the secoi^ draw, the B&rbXe is again replaced and 
a third dmv is «ade« 

(a) Oonstnict a tree diagrm showing all of the possible outcorcs* 

(b) Hotf nany possible outcoom are there tor the succession of thx^ee 
dzms? 

(c) How Is this m^>er related to the nuater of urbles (3) ud 
the noB^r of drawings (3)t 
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(d) BCake « table for the 3 wrble experiseot like the cob in 
Bxercise 3, fixereioes 10-6I}* 

(e) Si^^oe an experisent consisted of n trials, vhere each trial 
consists of dmiring <nie oarbXe f roa the box ocmtaining 3 oarbl^, 
recording the color, and replacing the narble* Sov iNRild you 
express the total nisaber of pc^alble outcome, using exponents? 

3* Consider an experlm^t which cmsists of tossing a single die several 
tiBies. 

(a) For erne toss of the die, haw oany possible outcomes are there? 

(b) For tvo tosses of the die, i^t is the msaber of pcraaible outcoaes 
for the success icm of tosses? 

(c) Far three tosses of the die, vhat is the nisid^r of possible 
outcomes? 

(d) Make a table for the die-throwing experiment like the one in 
S^ercise 2(d) above. 

(e) K^w can you express the total nuaber of possible outcoaes for 
n throws? 

km We have looked at several experiments, each ccmsisting of n trials. 
Let us 8taB»rize what we k»ve found. 

(a) For coin tossing, (Sxercises 10- 6b), there are 2 possible 
outcomes for each toss, the niMber of possible outcomes keeps 

^ioubllng so that for a succession of n teases to have _. 

possible outcoaes. 

(b) For the «lrawing of a aarble from three aarbles, (Rxercises 1 and 
2 above), there are 3 passible outcoaes for each draw, hence 

f jr a succession of n draws we have possible outccHsea* 

(c) For tossing a single die, each it^ividual toss has 

passible outcoaes. For a success! em of n tosses to have 

possible outcoaes. 



The autcJaes of throwing two dice can be thought of as a set of 
nrlf-rpd pairs, t»ie up jf (nuiater on first, number on second). We could 



nte ft tree diA£n» for this, but becauM of ttie ratter Imr^s ms^r of 
poflslble outcoms, there is a vore cao^Mict ray in vhieh m cm do it. 



Scereiaai 10- fid 
(Class Dlscxission) 

1. In flaking a chart for the tvo*-dice ejqperimCTt, let us call the first 
die the red die and tt^ secood die %h& green die. Thm the ordered 
pair (9,2) indicate *5 <m red afl»i 2 cm green**. 

(a) CoBplete the folloiring table shoiring all possible outcooes of 
rolling the tvo dice: 



Cre^ 





1 


2 


3 


k 


5 


6 


1 


(1,1) 


(1,2) 












(2,1) 






















{J,5) 




k 














5 












(5,6) 


6 















Save this table for use later. 

(b) Boy naay possible outccwefi are there? Vhat probability would 
you assign to each outcast 

(c) Sow would you change the chart if, instead of rolling both dice 
together, you rolled the red die first, and then the green die? 

(d) Make a table like the one In (a), but enter the sun of each 
ordered pair. That is, inst*!ad of (l,l), write ^2^. 

(e) fteke a table showing the frequracy of each sw. 





2 


3 


If 


5 


6 


7 


8 


9 


10 


11 


12 


Frequency 


1 























2. Use the charts aade in Sxercise 1 to find the prc^iabiUty of each of 
th^ following events. 

(a) Th^ event "doubles'*. 



(b) The ermt "iu» la 9**' 

(c) ev«it im law than or equal to S"* 

(a) Iftiat aw ia ^mt Xltely to ^eur vben tuo dice are t^aedf 

(b) Is its prc^bablllty greater or leaa than ^ ^ 5 ^ 



In thla aection and t*w tw preceding aw m have found vara of 
aaaigning pmbabllitiea to tte poaaible outcoaee of an experivmt, and of 
uaing the pn^bilitlea of outcaaea to find the probability of an event 
involving two or w^ve ontconra* In tbe experiwnta ao far, we have dealt 
irith otttcoDwa that eeewd <^Il3r lileljr, and vith ev«ita vhieh nere aiAweta 
of the aet of outecws* WSe t»ve i^ed tables, eharta, and tree diagraae ae 
aide in counting outeo^ea. 

Bterciaea l(h6e 

I9 Cots tder an experiment which cons let a of tossing three coins, a penosr, 
B diM, and a nickel. 

(a) Ct^lete the tree diagraa below, aiKl list the possible outcoaes. 



Outcoas 




MDO 
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(b) ^iiOTln c All Qoum sre ^'tomt*', state th» folloiriiii 
protebilltlea far ti, ti» mater of limdmx 

Ht • 3) - 0) 

• 2) Kb 2 2) 

Kh-X) Hh>X) 

(c) OoB^em your xvsults for (ft) ftad (b) with StereUes 2-* la 
SKtrelaes 10*^, in vtileh you used m tne dlagma to maml^ze 

mn exporlarat In imieh « single coin ms tastMsd 3 tlses* Vbat 
emeliulcm eu you rssch eoneemlng tte tvo experlimtsf 

©Us tlae w cswslder snotter B'-wH^ls expsrlamt, still iwlng a 
tot eootftlnlng ml, one gzvcm, sad <ms yellow nme. He pick 
ft WK^le ftt mndM, but this tloe m do ngt xtrtum It to the tox 
before selecting aootlwr nsi1»le. The possible outeoM iu« shorn 
by this tree dlsgxea; 

Result of Result of Outcoaie of 

First Dfsv Second Pray Experlttsat 

RQ 

RT 
OR 



or 

10 
YR 

(ft) What pr^Mblllty should ve ftsslgn to each outeaasf 
(b) C«i9ute the probabilities of events as Indicated: 

F((me ms^le red) • ....^ 

F(secand msble green) » 

P( first oaxtle yellow) • 

(e) Make a similar chart showing the outc<»ses of drawing three tlses 
without replacing naxblesi assl^ pnibabllltles to the outcows. 




Md Canute tlie follovliig; 

Ham mxiile red) • 

P(f int nrtle t«di and oeemd mrbl^ gxwo) • 
iKtvo red ariilM) • 

A bovX ccmtalw 10 wx^let, of vtiieh 3 mve irhlte, 3 am blac^, 
and 2 mrm red, Ve «tell asstM that t^ are Ideotioil in uize, 
hmvm that each aazl^la la aqually likely to be plelcdd If jrou rmch 
Ust^ tba boirl and take ooe garble iflttiout locddng. 

(a) lOiat 10 tbe probability that you will pick a vtslte rnrble in one 
dia»t 

(b) AsauBlng that you pick a vblte oaxble the first tine and do iKit 
replace it, ifhat le the probability that you vlll pick a black 
flarbXe the B9caod tUml 

ic) AsetBBiag that you plek a vhlte «saH>le the firpt tiM and a black 
oBxble the eecoaid tiae moA do sot replace thes, vtet la the 
probability ttat you vill pick a red oaxble the third time? 

An experinent coaalata of one tews each of an ordinaiy die and a 
cola, 

(a) NRke a tree dlagvn shoving the possible outcooKS* Coas It satter 
vhieh you list firsts the outcosies for the die or the outeooiea for 
the comT 

(b) Assign prcAtabilltiea to the possible outeoaea of the coi^lsed 
toeses, and eoopute tte follovlng: 

P(3,H) - 

P(6,T) - 

P(dle sboirB a prise niBd^er) » ^^.^^^ 

P(coin is tails) • 

A gese is played with a die and a 
spinner, Tte spinner stovn at the 
right contains regions which have 
equal areas that are colored red^ 
yelloir and green. In the gm&, 




you apin once and throw tfm die once. W«t Is the probftbllity that 
you frill spin red and then 6 m the diet 



lO-T* gaticptiog ProbabiUtlea 

In saoy of the tfitittticma ve have atusiied as exatqilea (using coins, 
diee^ apionerB) it ia possible to discuas the probability of certain eventa 
ainpXy by thinldng about the problem. We reaaon: If ve teve has^t equip-* 
aient an^l uae it fairly, ve can reach certain conclusions about it, 

gnaaple . Consider tvo spinners, I and n. 



If the pointer is balanced and if it is honestly spun^ we are villing to 
assert that: 



S^tice that ve assign these probabilities without actually spinning 
the pointer* We reason that, for Spinror I, the »ied and bliie regions are 
equally likely if the spinner is ^honest". Our reasoning is connect. Sov 
wuch this reasoning applies to a particular spinner can ^mly be decided by 
actually experimenting »ny tis^. Suppose, after nany trials, our results 
shov approximately the smae number of reds and blues. Then ve are sonevhat 
confident that the spinner is fair and that our reaa^ming is correct. 

You rmy very veil raise some questions rpgarilng the last paragraph f 
For exai^Ie: 

(a) Hov taany trials should be mdeT 

(b) What precisely is iseant by '*an'roxi«ately tho saw nuaber" of 





for Spinner I, F(blue) * ^ ; 
for Spinner II, K^lue) « ^ . 



reds or blues? 
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(e) Bom e<mfid«tt wmld urn tet 

Tt^mm qvmtion* «r9 mil related and can onlr b« a«n#ex«d soeMnitet geMmlly 
ner»| our degree of coofidmee IncreAses as m KxmOmt mm trUls mz^ M 
tlie frutioQ of i«a eaasB closer to ^ • 

St^fipoM ttat A friend teUa you tlsat lie too s spinnor coloztid red 
•ad yelXoir* You caaaot mme tto spinner* tour f rlaid eplM the pointer 30 
tla»s and t#> la you the reeult of each apin, vhieh you wrcord ao follonB; 

RHfTR TRRtB Rmni 

YYRYB RRTFB RRIYB 

!• Son taaoy of tte 30 splM yielded redt 

2# What probability ^n you eatimte for the outcooe of rod cm each spin? 

3* Vlhat vould you gueee to be the relatlMi of sise of the red r^on to 
the sice of the yelloir regicm? 

If you were told that you could vln a priae by predicting correctly 
tl^ color on the nesct epin, vhich color would you chocmet 

Suppose that oany more trials are osde and recorded-- 30OO trials 
in all. Uhat vould you guess about the relative areas of red and 
yeUoir if s 

(a) 1900 reds appeared? 

(b) 1^12 reds appeared? 



Ttc problea that ve have been diectts^ing^*irhere iie knov tte reaults 
of performing the experlMnt a certain nuster of tlsee but do not Imov the 
exact desi^ of the spinswr^«is illuatmtive of sany real life situations* 
fbere are aany enaples nhere decisins are nde on the basis of estisaated 
pr^ttabillties. these Mtioates, in turn, are based on past experlmee* Here 
are tvo emmpl^* 

(a) In a baseball gsBS Roblnaon eoBes in as a relief pitcher* The 

o^K^lng mnsger thm orders Jones to bat for 8&ith« His declsi^m 
le based on previotn gaaes, vhere experimce has sbosn that Jqo» 
has had better at^ceae timn Saith agalnat ^laon. Regardless 

1*02* 
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of ttm r^ult in ttvs present gms^ the Moager nay tfell clAlra 
tl»t he 10 "ph^im percentage baaeball'*. 

(b) A doctor ^Ided not to operate am lira. S« Sis decielfm la haoed 
on the fact ttot, in nedlMl experience, a larig^ percentage of 
the patlenta vith her aysptow have been cured without undergoing 
exprasive (and, perh^EMi, dangeroua) eungery. 

Xn a particular altuatlon the ccmf idmc^ that Is placed in a declslra baaed 
on the reeulti of previous trials depends both on the mature of the results 
and on the nuaber of trials. 

In the exB&avIee above, t^ Ider ;f percent is ai^Ued to probsbilitlee. 
Prcdbabilltles are often mms^ as percents, 

Hecall that any ratic^l n«ber has oaoy naua. When a raticmal nts^r 
expreaoes a mtlo, it Is frequeatly naaed aa a percent. Hie symbol 
9Mm • Ve can flna the percent mm by lalng the property of 1 to 

naae the nuaber by a fractlcm vith denominator 100« ^us, 

I h ICXi 100 

T T ' TH" ^'"^ ' "^^7 

Alternatively^ we can use the division algoritha. 

OUR .J*67 
.1*67 • U6.?(.0l) k6.li. !?31 faSSTooO 

31 66 

3 717 
23 

&cerclgeg 10-'7b 

1, 7rm asny thousands of oanulT^tured articles of a certain type, the 
coo^a^y selected a sasg|>le of 100 articles at mnd<», ^i^e were 
very carefully t€>sted and it «bs found that 98 of the articles tset 
the desired standard. 

(a) What Is the ratio of the ntaiber of satisfactory articles to the 
nunber of articles tested? 



(b) Wait percmt of the •rtlcle« tested wro witlsmctoryf 

(c) Utuit is the eetlifftted prstebillt^ that an article mde by this 
process is to staa Uml? 

(d) Wh^ i0 it TO re pmctieal to test m mB^le of th^ articled than 
to test all of those saiiufacttiredT 

A x«fidOB saaple of *^00 patients with a certain die^e vere traated 
vith a fuw drug. Of these, 360 were helped. 

(a) What is the mtio of tt^ miaber 1^1^ to the nwher txmted, 
expressed ss a fraction in s idlest foniT 

(b) Express the saw ratio as a fraction vhoae denonimtor is 100. 

ff^rcent of those tnsated were helped? 

(c) What is the eatimated probability that a ^iven person vith this 
iisease irlll be helped by the drugT 

(ii) If 4000 patients were treated vith the drug, about hov nany 
vould you expect to be helped? 

In baseball a player's batting aveni^ Is coaputed by dividing the 
nuaber of his hits by the nisttter of his official tlms at t»t. It is 
usually expressetl as a 3*place decltml. 

(a) After ^kO tlw» at bat, a certain player has 72 hits. Wiat 
is his batting aversgeT 

(b) What Is a reasomO^le eatUaate of the pn^ability that he vlll 
get a hit an his next time at batT 

(<^) If he cows to bat I80 ttore tiaes during the seas£«i| about hov 
Qssny more hits al^ ve expect his to get? 

Bill KrivaHs is especially proud of his ability as a foul shooter. In 
one series of gn»s he oade I'p goals out of 30 attests. 

(a) What Mss his ratio of mm^r of goals to mober of atteiqits? 

(b) In vhat percent of the attempts did he shoot goals? 

(c) What voul^J you <?stl«ate the probability to be ttet he shoots a 
goal his next att'^opt? 

(d) In thi» fwit series of gams, be shot 22 goals out of 2*) 
attempts. In vhat percent of the atte^s did he shoot 



ISaalaf Kcnr does thle cowpsre with hie percentage In the first 



In the exercises ml-jytf, we have used different ways of expressing the 
probahllity of an event: as a fracttong as u declml, and as a percent. 
Actimlly, each of these la a different my of nai&lng tf^ saiae nia^r. 

1^ fraction ^ and the declaial .Tf) naoe the saae number as ^ « 
The percent sywbol, %, is used to nave the ratio of a nisaber to 100. 
Thus means ^ , or ^Tj. 

&tercis<^ lO-Jc 

U &ch of the following percentages gives the estimted probability that 
a certain nvent win occur. Vrltf a f met lew in simplest form which 
also gives each probability* 

(a) m ie) 37 5 * 

(b) l^.f. (r) 6,^^ 

(c) 100^ (g) 1 J * 
(i) ^1* (h) 33 I* 

Which jf the following dpcitwls could be the probability that some 
event will jccurT Vfrlte each nis^l^r as a percent* 

(a) .37 (d) .0C« 

(b) (e) 3.^?*^ 

(c) .U^s 

3. C>py an<! complete the following table of probabilities, 

Frs 'tl yPMl Form tV'i'UsuI Form gercent Fc^rm 

('0 r 
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ih^ucfinith) 



hundrr-fith) 
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Siq^poM tittt V9 try ^tlwtliig protebillties in aa experismt for 
utiieh w have reaaon to think ttet the outcaeee are no^ eqmlljr likely. 
If a rivet (or a tack or a flat-headed eerev) is toaeed onto a flat surface, 

it ftill "up" like thifl! ^ or It »y fall •'dcnm** lite this: . 

aterciens 10-7d 
(Claas Discussion) 

1. 'IhiiUl t about tossing the rivet 50 times. Just by looking at it, 
guess hov Bsny tio^ it will fall ^up** ane! hov oany times '^doim". 

2» low toss your rivet (or similar object) onto a flat surface 50 times, 
recording the result each tiae. 

3. Hov oaoy times did you get *^up"7 gov does this compare vith your 
guess in part (a)? 

Oh the basis of your resxilt, what is an estimate of the probability 
that your rivet will land "up" on a single tossT Express the 
probability both as a fraction arvi as a percent. 

^« W^or is it better to base the estimated probability on the results of 
t^O tosses than on your guess In part (a)7 



Toscing a rivet providej an example of a situation in which we have 
no way of ^IH^ermining the prolmbility of each outcome by inspection. Cer- 
tainly you woulil expect a broafl- beaded tack to fall '*up" more often than you 
would a long screw with a small head* For a givim rivet, whatever guess you 
make is not likely to be close. When the writers pen*ormed the experifi^nt, 
they guessed 20 '*upe'* out of *>0 tosses, but obtained only 9, so their 
guess was not very close. 

gxercises I0"7e 

1. The rpcon! of a weather station shows tMt in the past 120 days 
Its waattwr prediction of "rain** or "^no rain** has been correct ti9 
liaes. What ia the prot^bility that its prediction for toaiorrow 
will be correctT 

2m Life insurance and life annuity rates are based on tables of mortality. 
A table of mortality includes statisti<»! (iteta on ]00,OCO people i^o 

'*0^ 
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w»n? allw at 10. ftm folloifiiig are tM Ilnefi fro» the Actmrie* 
TMU Of Hoirtalitr* 



Age 



ius^r dying 
Rtfal>«r during oert 
living year 



1 . 100,000 

12 78,650 

13 ^,978 
1^ 77,307 
21 92,588 



676 
672 
671 
671 
SB- 



ItoAmr during next 
Age living year 



^ 78,653 

50 69,517 

60 55,973 

70 35,837 

99 1 



815 
1,108 
1,698 
2,327 
1 



Aecgnilng to the table, 676 of the 100,000 irill »t be alive at 
11 years of age. Of the original 100,000, there are 97,978 alive 
at age 13, but 671 of theee pereooe die within one year, 

a) Rav Rttny of the original 100,000 were? alive at the age of 50T 

b) What do you estiiMte the probability to l« that a person who is 
10 years old will live to the age of 5OT 

c) Approximately what perv*ent of the original 100,000 were alive 
at the age of 50? 

a) gow twny people of the original 100,000 were alive at age 

b) Of those alive at age ^0, what fraction were alive at age 5OT 
About what percent? 

r) What I0 the eat lasted probability that a person who is kO years 
jld will live to the age of 50t 

a) What la the probability that a boy Mho is 10 years of age will 

' Ive t J the age of 99T 

b) What is the pr^>ability tYmt a aan who is 50 years of age will 
live to the age of 99? 

c) Who has the better ct»nce of living to the age of 99, a boy 

jt 10 a nan 007 



♦0 / 



Pmliabillty of A 21 S 

Ccmalder «i ex|»eriamit wiiich consists 
of splmlag the ipiimr shown here and tosBiog 
M Qv^imtj die, Suppao« ttat m oe«d to find 
tte protebllltjr that tto color on the splnaer 
is red or tlw nii^ber on the die id *^ 



(01^6 Discuss icm) 

1. CoBsplete this ctert, shoving the set of outeooi^ of the escperiment. 

Siad^er cm Die 




Color 
on 
Spinner 





1 




? 




3 




1^ 




5 




6 




(B. 


I) 


'R. 




(R, 


3) 


( 


) 


( 


) 


( ) 


Yellow 


(y. 


I) 


(t. 




( 


) 


( 


) 


( 


) 


( ) 




(c, 


1) 


( 


) 


( 


) 


( 


) 


( 


) 


( ) 



2. If all octcooes are equally likely^ what is the prc^blllty of eaeht 

3. (a) Vrlte set A, the set of outcoB»s in vhich the color is red, 
. (b) KA) - ? 

(a) Vrlte set the set of outcottes in which the mndber is 
(tj) P(U) - t ' 

5» (a) Vrlte A y B. This means that we are looking for the set of 

outeoatea In %*hlch either the color Is red or the nu^r is four. 

(b) KA u B) « t 

(c) Why is the nuaber of elements in A u B not eqs^ to the niaber 
of elements in A plus the nt^^er of elenents in Bf 

6. (a) Vrlte A A B» O^ls fl»eaa9 that we are lookii^ Tor tto set of 

outcoMs in which the color Is red and the nta^r is four, 

(b) P(A ft B) - t 

7. (a) Show that the number of elements in A g B is equal to the 

number 3T ^^lettents In A plus the nisdber of elesents in B 
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minua tf^ atoiber of ^lemmtB In A n B* 
(b) Show that P(A u B) - P(A) + P(b) - P(A n B). 



If w mvfi given two seta A and B, will it always be true ttot the 
oiflBber of eiewnta ix> A y B equale the arumber in A plus the number In 
B mlnttf the nuaber in A n B7 Consider a spinner iivided as shown here* 
Supsxiae that ytju play a ^sm where you 
win if the pointer lands on blue or on 
V. Verify the following chart which 
shows several events an^l the nvanber of 

Blue 

.nitcoBea in each, ( ffo ,e ; Py mAJ 
we wean the ovasber of el«»nts in 
set A)« 



Kv*»nt 


Cjt^t wf Chi^cfmpQ 
in Event 


Il'imb<?r ojf 
Outrooas 


Blue 
W 

Blse or W 
Blue 'in^l V 


A ' (Muo blue Y) 

B :Mue W. re<i Wl 
A U B IMuf* W, blue Y. W) 
A n B " (blue W) 


n(A) - 
n(B) ? 
nf A U B) ^ 
n(A n B) « ; 



Thus again we see that 

n{A U B) « a(A) ♦ n(B) - n(A n B). 
We can shjw this jxi a Venn iiagraa as follows: 




Since there I0 sue element, the blue V, ttat is in hoth set A ana 
Mt B« if \m add a(A) and n{B) m shall have counted that element tvice, 
hence ve suet siAitmct !• 

If w assign to each outcome its prc^aability^ thn the V«m diaem can 
Include that informtlcm also, and we tove; 




Check that: P(AMB)-i^|^^-| 

KB) 

P(A n B) - ;^ 

^ ^ -I. ^ * 
3-5^3-^' or 

p(A u B) F(A) ♦ Kb) - Ka n b) 

KKerclses 10*8b 

!• liet us think of t braving two dice, one red and one green. EitN»r make 
s chart shoving the pt^sible outcomes or use the charUi you completed 
for Exercises 10-6d to help you ansmr these questions, 

(a) If A is the event ''the sum of the numbers is 6^, state 
set A. 

(t) If B is the event '*both nuo^ers in the pair are e^en numbers**, 

state set B« 

(c) State A n B. 

(i) Compute KA), Kb), and Ka f1 B). 
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(m) Um the nrlatlcm P(il y B) *• HA) ^ P(B} - P(A n B) to 
find P(A U B)« 

(f ) Thvm the prcTbttbllity, on s single toss of tvo dice, that the 
■UB will be six or thAt both dice vill stenr even nissbers 
!• • 

Vhm prlacipAl of JotiM Junior High School said: *'6o# of the studrats 
In BQT school are toys; 191^ of the students In tt^ school plsy in the 
band, fhe nunber of boya vno play in the band is 1C$ of the total 
mssber of students,'' If a stud^ is choi^n at smlo«, vhat is the 
probability thst the student Is either a bc^r or a band sesberf 

(a) If A is the event "boy is chosen** , then P(A) - • 

(b) If B is the event '*band aeober is chooen" , then P(B) ■ • 

(c) Then A n B is the event that a boy band metier is chosen. 
P(A 0 ^) . 

(d) The probability that either a boy or a band nenber is diosen 

Is K ). 

Oil a single toss an ordinary die, find the probability that the 
mnber is either greater than i or an even nutaber. 

On a single toss of tvo dice, find the probability that the stsa of 
the numbers throim Is either an odd nioiber or a prime nui^r. 

On a single throw of tvo dice, find the probability that the sua of 
the nwbers thronn is either a prime om3ber or a "perfect" number, 
(a perfect number is a numb<?r such that the sua of all its fact ore, 
except the nioaber Itself, is the number,) Sfov, 6 » 3 1, and 
6 « 3 * 2 ♦ 1, so fi is a perfect mmber, ai^l Is the only perfect 
nmber less than or equal to 12, 

{a) If A is the event "a prlt^ nus^r**, then P(A) • , 

(b) If B is the pvent '*a perfect nuaber^, then P(B) » • 



In thm earerelM alnm, you Tamd tiait fl B) • 0, IMs is becauae 
ttert 10 t» pcmelble najr In which jrou eould throv tl»» perfect itunbtr 6 ud 
aim throtr om of th« ^f9» niailKm 2, 3# 9« 7# Il# flius tto inter* 
McstioQ of A salt B bMi fio aooteyv* Since A A B • 0, it follora ttet 
KA A B) -* b. 

ew4t« A and B nr* Mid to be autuftXiy eyelualve (of diljofht) 
if tlm occurnmce of either excludes tfant of the other ; ttey caimot both 
occur« 



Bl^rciaee iO-6c 
(Clufi Diseueeicm) 

1. If B and F are tuo mtuall^ exclwive e vesta, then B n F « 

and Kb n F) - . 

2m If a eioale i0 Imim froa a deck of cards, dmvin^ on ace and 

drairing a Jack saitually exclusive, 

(are, are not) 

3« Diavina an ace and draving a spade mutually exclusive 

(are, are notl 

events* 

km On one toss of 2 coins, the event *'one head and tme tail** and the 

event •*tvo heads" mutually exclusive, 

(are, ar& not) 

9« (a) one t(»is of two dice, if E is the event "the Bm is evra** 
and F is the event *'the sua is divisible by 3**, E and F 
awtuaUy exclusive, 

(are, ai« notT 

(to) Kb) m ^ , kf) • , Kb o F) - , Kb y f) • 



6* (a) Prating a queen and dxwing a king on one drav fro« a regular 

deck of cards outually exclusive events. 

(are, are not) 

(b) Kking) - . (There are 52 equally likely outcomes ai»! 

h of them are in the event "king**, ) 

(c) Kqueen) - , 

(d) Kqueen and king) - » 

(e) Kque«m or king) « , 



klk 



7. Ihe probability of tbrotrtsig t\w svm 6 with tuo dice i« -Jg . If 
you thrmr tvo dice, irtMt is th<r prpb^bility of not throwliie a 6Y 
l^lnk about tbla t»fore you go atu 

(a) P(A) - ; Ha u C) o (It Ifl c^rtajLn that tte sua 

either ie 6 or U not 6«) 

' (b) A and C are wutiBlly exclusive, eo that P(A n C) • ' » 

(c) toace P(A u C) ^ P(A) ♦ HO 

1 • ^ ♦ He) 

P(C) « I - ^ « . 



Snercise 6 aborvn Is aa Ulustratl^m of a general result that is very 
useful. If Ka) 16 the probability of event A^ an^i Pfnot-A) ie the 
prcHMibility that A loee not occur, then 

P(not-A) - 1 - KA). 

ffotiee that the ev«f*nt A and the event not-A are alvayB mutially exclusive* 
A and not-A aiv jften c»alled c<^leB^enta^y events, 

gKerglseo lO^Bd 

(a) If a batter*« probability of getting a bit la .32^, what is his 
probability of not getting a hltt 

(b) If thp pn*ablMty that a student passes a test Is #8^, i^t Is 
the probability that he farst 

(?) If the probability that a certain manufactured article Is 

ieffctivp l0 .OITp then *itot is the probability that it is 
not defective? 

Which of the fo:i:)ving pairs of events are mutually excluslvel 

(a) In tJssing one coin; throvlng heads; throiring talis. 

(b) In thrnrJng n single throwing mi o^id nisober; throwing a 3. 

(c) In throwing a single die; throwing a 6; throwing a 3. 
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In a theni mrm k red, 3 white, Md 2 blue MrblM, Oim^ 

(ft) What 16 tl^ protebllity of picking a rE?d «rt)Xef 

(b) Ulmt U the pretebility c>f picking m white waiialef 

(c) What is the prc^ilitj of picking either a red or a white mrtlef 

(d) What ie the probability thftt tbe mrbl© picked ia neither red nor 
white? 

The giB naehine hsfl Juat been filled with 100 balls of gua of 
aaaorted colors; there are 35 red, l*i black, and 20 each of 
yellow, grera, and i^ite. The balia are miired thoroughly, ao that 
ttm chance of getting one ball is as good an the ctence of getting 
a^y other. You buy jne ball -froa the wwhii^, Utmt is the probability 
that you get: 

(a) a rpd? 

(b) a y#?Il Jw? 

(f*) f»ilher a black or a grew? 

There are j hoya ami ^ glrla in a gnn^. TWo of them are chosen 
at rsn^iom to buy ref restoents for a party, 

(a) in how many ways can the choice be mdel 

(b) Row aany of the pain consist of two boysr 

(c) How taany pairs consist of two girls? 

(d) Row sany pairs consist of one boy and one girlf 

(e) What is the probability that two boys are selected! 

(f) What is the probability tt»t a boy and a girl are piclDsd? 

(g) What ic the probability tt«it at least cnns boy is selected? 

Below are tw3 set» of Infonaatlon. 

(i) J3e»s oatheoatlcs teacher has taught I60O students in the 
past 10 years* During this titae, he has gi^sn A as a 
final grade to 132 students, and B as a fin*l grade 
to '^OB stud^ts* 

(ll) During the past 3 years, Joe has received as final gnMles 
in mthfnsatics r^ur A^b, one B and <nie 

Whli*h ^f tfi€» abovf» sets data would you c<msider sore appropriate 



in cmtleatiog irtiat final grade Joe sight get In mathetaatlca at the eni 
of tliifl »a8»«terf W^yt 

7* Xb a ffooBp NB^ry ol»M»rved that the prcteblllt^ of a certain event M 
2 

tmm ^ « Oi^ttiy aoalyfted another event ^ndi oboervecl that 
F(c) * 'I • arrived on the ficene Just in tine to hear the lis- 
euaaion about the probabilities* Being quick on the draw, he node 
the irtMwtrvaticm that since P(M) + P(C) « 1, then M onO C muat 
be coaplesmtary eventa* Lara disagreed vith mx, stating that M 
and C do not have t j be cas^leoente. Who vaa correct^ Max or Ij^rsl 
Qup^rt irour dec in ion either by proving ur by producing an escsmple. 



Probability of A and B 

Stqipase that a box c,mtalns a red, a green, and a y<*llaw mrfcle, and 
that an experlawmt 1b perroroied aa follws: 

The box i0 ohaKrm and Jti^ tsartle la drawn without looking aa you dmv, 

T^ie color jV th<* taarble is rpc^rie*! as C, or Y, and the marble 

is returned to the b;>x. 

Itie b'jx is shaken again and a marble* is drevn* 

The '?ol^r is reeorfieti with the result of the first dmv^ to give a 
pair such as RB, BC, etc. 

What do you think is the probability of getting n?d on both dratfs? 



OoiB^ete tiiis tm diasnn for the nperivent* 

First Drav Sec^yt Druv Qutcmeg^ 




Bcfn wiy outcomes are there is aUT Vtat pn^bility should ve uslffi 
to each outcote? What ie P(RR)? 

Hoir oany of the 9 outctaaw are in tl» event '*pkx <m the first drmr"? 
Liat the«« What im the prc^wbility of red oo the first dim? Which 
of the 9 outcoMs are in the event "red <m the second dim**? Wmt 
is the probabilitjr of red on tto second drsirf 

What is the product of 

Hred on first) * F(red on second)? 

^ does F(red m first) • p(red on second) eoopare %rith 
P(red on first aiyl second)? 

If event A is "yellow m «ie first dmir" and event B is "green 
on the second dmw**, 

(a) use the tree diaemi in Bkereise 1 to find HA), Hb), and 
Ka n B); 

(b) eofi^re KA ft B) vith Ha)-P(B). 

Consider another experiment, this one consistij^ of a throw of a die 
and a toss of a coin* 



(m) C^lete this chart, shelving the posalble outcooeo, 

Bt^ier asi Die 



Reault of 
Coin 

. TOOD 





I 


2 


3 






e 


H 


(n, I) 


fH. 2) 


f ) 


f ) 


f ) 


f ) 


T 


(T, I) 


^T, ?) 


( ) 


( ) 


' ) 


f )- 



(b) Bow uqr possible outccnaeti are there for this ejcperiiwmt? What 
probttblllty would you asci^ to each of tbenf 

(e) If E is the event that the numb«*r on the die i& a coiia[K>site 

nmber (either a 4 or a 6) aad F is the event that the coin 
lands tails \xp, find p(K), p(F), and P(I H F), 

(d) Coopare F<g n F) with P(E)*KF). 



In each experireent, we ^lave septi situations in which the probability 
of the interB*»ctl Jn of two events Is equal to the probability of one event 
muitipiled by the probability :jf the ottier event. Do you thinfc that this 
relationnhlp huMs in '•very case? Let us examine another sltuatitm. 



RKercigefl 10*^ 
(Class Discuss 1cm) 

1* Prom the r'jntainln^ three oarbles, one each of rr^d, green, and 

yellow, wf again traw twice, but this time we do n2t replace the first 
sarble drawn. 



(a) C'lopute this tree diagran*. 

R*»nult >r Reniilt >r 



rt^irt 
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(b) Wtot ie the probability oV «ich Jf thp six outcomes? 

(c) If event A is "yi^llow on the first ^iraw*, vhlch jf the six 
jutcooee are in AT What I0 P(A)? 

(i) If evmt B Is "green on the secotid draw", which of ttte six 
uutcomD an? In Bf ^^t is P(B)? 

(*») From the list of outcaaes, coa^te P(A n B), 

(f) CvJapart? KA) • P<B) vlth KA n b). WVjy are they not equal? 

Hcnr ouppose the b^x c^ntalno three mrblee, tvo blue and jne y#*njw, 
Ttjc *»xpfrlt»?nt will consist of dravlni; one wrtjle, replacing It, 
then <lravlng a wrtle a^ln* Wf vlob to rinl thf probability of the 
eventp "two marbloB of came color*^^ In jnlcr to .Jletlngulsh t*»tweffn 
th#» twy Hue Q^artleo, Vf? ohall call ihem an< a,, 

(h) Cupy anl evmplHt*' tt;ls tal shawlng th«' p30f3lt:e gutCJau*© uf 
thf tW'/«- Iraw t^xperlm^nt . 

l>v*jn«l Praw 









Y 






















(Y,a.) 





(i ) What li5 the niaater of p^saSblp Jutc^raesT 

Draw a heavy Korizc>nta! lix^ unU-r the B, row in y^ur tat le 
an t H vMr^ h-al I im* t j the right jf th<' froluasn. 

(0 W^4ii id l<tw) Mue)? w^m Is Ktwj yellow)? W>;at le 

{•') Kjw J(i thf» lines y^u .1rr*w in (c) maKe it «?a0y tj answ**r the 
f|UfS» I ins in ( i)l 

Rnr Tjnaiier n^^in t|i<- i cjntsining J Mue ari^i : yeii jv tnart/.e, 
TIjm '♦xp*»ri©i*nl fi'Ati tian' coneiotti i/f 'Irawinsg a marine twice, tut 
wlthjiit rMpla<Mn^ the rirot aarl ie tjrawn* 



(a) Hake a tabli- >f piealble autcooes like the one In Exercise -'(a). 

fb) How tmny puaeible uutctws are thepB? What outeowwi la tue 
^l(a) table are alsfiin« in this experlsent? 

(c) Dnwr llnea as you dii in Sxerciae 2(c), 

(i) Finrl Htwo blue), yellw), Hsan» eolorU 

(e*) If A is the event "blue on flrfft draw", hw mny outc^es an? • 

in A? wr^t 16 Ha)? 

(f) If B is thi-? evf*nt "blue an BecjMid Iraw", how oany outcome© are 

m Bv v\At io Kb)? 

(k) WViOt iii the- event ''A n B"? What 1b P(A n B)? Conqiaro 
1<A n B) with HA) 'KB). 



Ha) • i(B) « Ha ft B), 

aUhiugh trat* r yr e jt3j«« pairs r: f>v*'nto A,B, iot^ not huM for every pair, 
l^ir* tru*h if t.hic <v|URti m l«'p*ni'!s upon the partlcrular events A and B, 
Thin glvi-c ufi a way if cftamcterlzing pairs of evente, a way that will have 
"jm;! I'»rat !*np*>rtan^'* ac y-iu utuly mon* about probability and its appllca** 

tl ^TWm 

Ci»U)lier the iw / experiwenta in which we drew two warblee from a box, 
•ni** rirst tim^ we r^'plar*'"! the n rat rnartJle U^r-jre drawing the eeconi. In 
tiilr, eaa*-. It natumi tj oay irtat the two draws are Independent . If w 

kn.iw t\\^ ' flor jV Ui^ first draw, thie knowledge does not affect the prob- 
aMlltleo t^veit w'» aosign ♦ > the possible second draw. 

In tf.f He-jnd ♦'3tpt*rinient, in whloh the firot aarble waa not put back, 
w** r*»o>«nUe t^iat Itnjwln^ what t)appen<»<i m th** fli^t draw has a bearing on 
the pr^t^M lii<*s aaoign»5*J t j th** oe-ond draw. In this case the two draws 
arr* n'^t in l'*pend**nt . 

Tfie lecrlslon c7 m^Tf^mln^ whet^jer two <*venlfi are* indeperuSent is fiometlttee 
m^^Tf* cowp! t^^at«- 1 t^jan th<»oe simple exas^les suggest. However, In c'ertaln 
experiment fl iiji* invj.ve twj aj?t ions*-Uke throwing a die and teasing a dime, 

Uke drawing ->m» iaarb:«» and then an other- -we may usual ]y rely on eoairoon 
of*rw^ t > r*"^ fgnir** inl '•pendente. In such casen feel intuitively tr»at a 



pair of evcnta are ludepetideiit if the occurrence of either one does not affect 
the other. In ^»e of doubt, we can consider that: 

In any experiamt, events A and B are independent events 
if they eatisfr the condition 

Ha n B) m F(A) •P(B). 
Biercisefl 10*9c 

1. An experiment cooaists of thr^vin^ an ordirary die tvice in succeesion* 
C<mfli<3er tte folloving four events: 

J, a coi:^?(»ite nwaber (4 or 6) on the first throir. 

a composite nixabcr (i* or 6) cm the sec(md throw, 
L, an even nxaiber on the first throv. 

an even nu«ber on the second throw, 

{») Use tJ*e chart (Exercises 10-6d) shoving all 36 possible outcooiea 
and find: 

lU), Ht), 
HK), Km), 

(b) Find TiJ n K). 

Cofsparc P{J) • HK) with P(J H K). 
Ar^ J and IC independent events? 

(c) Find liJ n 

Crmpmre P(j) • P(L) with P(J H L). 
Are J and L independent events? 

(d) Find n M), 

Co«pare HJ) - P(M) with P(J ri M), 
Are J and M independent events? 

A Jar contains five warbles which are alike except for color. Tuo are 
red, two are green, and one is blue. An experin^it consists of drawing 
one Marble at randoo from the jar and then drawing another mrble at 
random, without having replaced the first. 

0<^lder thtf- events: 

A, the first B>art)le is green. 
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the ■ecand ssrble is 
C, the second T»rble is blue. 

(a) Vhleh, if any, of these pairs of ev«its do you believe art; 
iodeprndeot? 

A atid B 
A and 0 

(b) Vfe shall need to distinguish between two marbles of the sa&ie 
color, BO we shall call the» R^, II,, Q^, g^, aod B, MBke 

a table llfee the cms lo Exercises 10*6d showing the twenty pos * 
outcoTCS of two successive draws. 

(c) Find Ha), Hb), P(A ft B). 
Does P(A ft B) KA) • KB)T 

Are A and B independent events? 

(i) Find P(A), HO, HA ft C), 
Does P(A ft C) - P{A) • P(B)? 
Are A and C indepes^ent events? 

Suppose that you have a spinner like 
the ;>ne shown here, with one-fourth 
of thf» ar*?a r**d an>l three-fourths 
green. 

(a) For one spin of the pointer 
there are two possible ^ut** 
cOQies, P an l C. Why do 

3fou feel that these outcoses are not equally likely? What 
nuabenB would you assign to P(g)? to P(H)? 

(b) Make either a table or a tree diagram showing the possible out- 
ecsaes of two spins* 

(c) Which ^f the outcomes io you feel has the sme prol^blllty as 
HC? Why is it reasomble to consider t^iat "red on first spin" 
and '*red on second spin" are independent events? 

Hred on first spin) » 

Ht^ on second spin) • ^ 

r<RR) « Hh) • Kr) « 




(d) P{BC) « KB) • Ho) - • • 

Hob) m F(BC) m 

Hoc) m Ko) ♦ Ho) • 

(e) Th& am of the probftbilitieo of RR^ BC, GB^ GG should 

be . Hm) + Hrc) + p(GR) 4- Hog) m 

In a rural territory a county road crc»g€» a state road at a dan^rous 
Intersection* Glnee the state road (^rries mox^ traffic, the traffic 
llgtit for the county road shoira red three- fourths of the ti»e and 
green one- fourth of the time. An agent on the county road drives 
acroos the state road each miming and returns each afternoon, at a 
mndora time. Se wants to knw the probability that on a given day 
he viU get a green light both times, or <xie time, or not at all. 

(a) a mo^leX for this problem construct a spinner similar to the 
one In Bxercise 3* .What iis^rtant c^^nge wst you laake? 

(b) Draw a tx^ diagram or a table and asslga probablitles to the 
njt equally llHcly jutcasas, as was done before, 

Hgo) - P(BC) « 

HOK) « P(RR) - 

(c) How taany t lines as likely Is he to get a green light in the 
morning and re«l In the afternoon as he Is to get green lights 
bjth times? 

(d) Which is more likely, that he will get a red Il^^it both morning 
ani afternoon or that he will get at least one green ligbtt 

(e) What percent of the time will he get one red lii^ht and :me green 
light? 

CuppjBc that you Jiave a containing five black marbles and four 
white marbles. 

(a) What Is the probability of drawing two white mitles in succession 
from ih^* hn^, if the first marble drawn Is replaced before the 
s#»c:md i rawing? 

(1 ) WlAt Is the probability of drawing two white mart)les If the first 
3art]«» Is n>t replaced Lefortr the seconi Jrawing? 



6. Itiere are 5 eocks, mworted, in a bur^su dmver* (K these, 3 
blue and ?- are green. If you reach Into the draner in the dark ani 
take out 2 socks, i^t is the pntebiXlty that: 

(a) both are green? 

(b) both are blue? 

(c) one is grera and one Is blue? 

7, In each of tvo bureau dravers you have Bcm: socks, not sorted loto 
pairs. One draver contains 9 socks, of ^ich are black and 
are blue. "Rie other drawer contains 7 black and d blue socks. 
If you pick one sock from each drawer without looking, what Is the 
probability that; 

(a) both are black? 

(t) both are blue? 

(c) one is black an^i one is blue? 



10-10. IJimmry 

• r^^'rii ^n 101\ 

We frequently mke decisions about what to do by guessing irt»t 
is likely to happen whf»n ve cannat be certain. An objective of this 
Thapt^^r Is t) !i*am how to assign numerical tueasures to uncertain 
events, Hach a wafiarc' is called the probability of the event. 

r>e'-ti:>n 103> 

A "fumt*" played ly tv^j c^ntr-stants Ib **fair" if the contestants 
hav*^ an f*quB\ c-liance t .> win, **Vinnlng" aeans that certain events 
jccur, "losing" that ither events jceur. Kules mi»t isEik#? It certain 
t\-Jit b >th '.*ftnn.>t win, and that a player cannot both win Bxi'i l;>6e on 
th** 8aok> piay« 

I,j3klng a*, t if rr»<'>rlf. oV the results an experiment may help 
us t I If^fl'ie wti<»rht»r me pvent is min* like!y t-.^ occur ttmxi an^Jther. 
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Sectioil IChk, 

In assigning neasurefl to the probability of an ei^t, the follpv* 
log guidelines an> lagportant. 

(a) An event which is certain to occur has probability 1. 

(b) An event vhlch cannot occur baa probability 0, 

(c) Any other event has a probability betveen 0 and l. 

(d) B4ually likely outcoaes have cqi»l proliabiUties, 

Section 10-3y 

In performing an experii^nt it is deeirabXe to decide In advance 
on a set of possible outccmes. Itiis wmz be done in ouch a vay that, 
for any one trial in the experiment you are certain to get exactly w 
outcQoe out of the set of possible outcomes. 

The sun of the probabilities of the set of ps^sible outcomes of 
an experlnent is I. 

An event is a subset of the* set of possible outcomes. The 
probability jf an event 1b the sm of tl^ probabilities of the 
outcoaea In the event. 

Section 1(>'6, 

The probabiJlty af an outcome can often be determined by counting 
the mmbers of the set of possible outcomes* Tree diagraos and tables 
are helpful In ietprmining the set of possible ouceooes* 

We find that if for a single trial in an experiment, there are 
tvo possible outccssai, then the nu^er of possible outcomes for an 
experiment consisting of n such trials is 2^, 

Section ICHTy 

In many situations in which probability Ic used to make pre<lictlons 
it is not possible to cjvmt the set of possible outcomes* In such 
cases, probabilities are often estimated an the t^is of experimental 
evidence. A probability is sometimes exprpssed by a decimal or a 
percent, as well as by a fraction. 



Ha U B) Is the probsbliity that an event A or an event B 
for both) will occur, This protebility is related to F(A), i^B), 
ani P(A n B) by the equation 

P(AUB) - P(A) * P(B) - P{A n B). 

Thq evente are mttually eyclugive if, when one occurs, the other 
cannot occur. Event A and event not -A are always mutually 
excluflive. Such ev«atfi are called cogq^lenentaiy ev^ta * and 
Hnot-A) « 1 - r(A). 

Sect ion 10"9> 

P(A n B) is the probability that an event A a^ em event B 
botli ocr?ur. If the occurrence of event A has no bearii^ on the 
:)ccurrence of event B, then A and B are independent events , 
Tniepen'ient events must sat is IV the equation 

Ka n B) « iKa) • P(B), 



Chapter )Q 



-This chapter i fit r<>!uef»s ♦hp i?tuien* *o v.om t*\m*iatKm* m] ideas *\tou' 
probiblltty. theory of prctaMllty p'ayo an lncn*a£?lngTy li^^Han^ ro> 

in scrience^ ^o^emmn^ p IniuatT^^ buslnei^s an i ercnioaU':;^* An un i^rslan iStig 
of the hftslr- fon^^^pfB or prohabt i^y Is f^n#»nt lal ftor the Rty^jy o*' i^*s* Ijjt j^:a 
se^hoda that art? wi'i«»iy ua^l in ♦hf t*»tAviora' an<i uocla! aciencre.:, ar* we^ : a 
In the hlolQgSca an! physl^rai »-Jclenc<*s, 

Probfttiil'y 1« a wathewtiea: uubje*** nlw^ which swot p*»aplff have 
lntul*lve I'leafl, It turns out , hovever, ^ hat one»« Intuition Tan no* al>«yr. 
ite ^ rufite*!. 

THp BBthewiMca ta^'k^rouni rc?<4uire»i for ihis ^i^pter ie not *?xtenslve 
The exawpleii uae l provH»» goal oppor* unlMe*? !'or ex'^n-linir ^ he t5tuii»n*'i: 
un'terot.an'iln^ of ratlona: numt/©n; *»xpfefi:;e! !n fmr'MOTip iefrioB! nni percent 
notation. T^te re^or- i In^j; of lata !'ro® experlgjenfji otT^m experience** in 
onlerly armnge?8en* of infonoat ion ar, a prf»rf?quisl ' e to ana^ycii;} of U.e lata, 
Goine t^ml:larlty y\*U the langv^^ ani no'atlon of ;'^e*r. la nce<ie.<; in 
particulars • fi#» "ontH*p'8 of union ani int**nxecMcm are used* 

Sxperlaentfi arp an iapor^an^ part of ♦^te chapter. These ar? lesignel 
(l) to provide ♦^le ntu!**n* -tth lata for exBoination ani stuiy; (;0 to *ea'i 
the otU'!*»nt to i#»v**:ap a '*f*»el" for prc^eMliuMc t it ifit ions; ani ( i) to 
prairie opportunity for 'he «tu,ii»n* to gi^HSs and perhape forwLi!ate 
I9*nera! iza* ionn. The **qulp®en* neeied ine!U'len trolno, a leek of '^rln, Mro^ 
containers, colored Mart;es or iisks; ♦ tiese are traiitiomT i*e«r. 'or 
experitaentB in protati i*y. r.pinner» are Jisei a 'so, t«eause ^hey are v^; 
i^uite<< for l: *4&tmtini; i ieas in a simpie ani eaci y visual irH way. They 
my he purchaoei or affspte^i from thc»?e proviiei with Tmny chi' Irenes gataes. 
Suppose » for exatapie, that a spinner wi*h ten eon^niemt reglom; nuat^erel 
l-lO Is avai.able. It cou! i be usel, if nececcary, vhen one vhich i:: f 



"green" ^ ^hp* 5, ti, 7, an i ^ *egion<: "rc^'i**^ an < ifrnor*» ;5pini; 

vhich f^rtu t In > or .0. 




Bn\ 2 regions 



I^e experiment ti are so ^esignM ttot s studmt can use them vort^log 
• iQfi9. In «a«t ca8f>s, hotfev^r, ♦hey -ran *!aQ tie ubM by aqa:' groups of 
fltudente vorKln^ to^t»^r*er ani pooling ♦heir results. 



Section [ 






:0-4 
10-^ 




10-7 


;o-b 


IO-9 


Days 1 


5 




i 


2 




n 





Tola ' : r*»f» wi-eko 



Tli** purpoo#» or 'his ne^Mon itj ♦o en-Qurp.«e ♦he .Jtuient to think 
ot.le^M lv*»:y a^wif "twnce even^ii. Do no* attempt at thl«i t jn^ to assign 
niir»»rl''«! prcrtablMM^H 'o M:e f»v*>nT, In queut jt^. Th^^ mtl<w»!e for such 
afsnifrntn^^n* f*o»n*ni In h 'a'T i3*»"*ion. 

JSxer'lnes :i>-5l .•en**'r afouni an t^xperitaent whl^'h may we'. J be usei as 
a pro.ie** vor a '"assj p^tSo*!. M .l If *he f*:ai:fi into Tour groups, ^ive each 
a tie an 1 asK 'heuj * o ret-or ! * resu of ?•* t osses In the form suggest e'l 
in Kiter'ifj** , Ail group reports Its resu tn, reeonl them on the civile 

toar^ Tti'm pro'.lle each B*'iif»n^ with 1'ormo for making tlie analyses of the 
Ty»su!»j? o:* ni^ !w tosses ^a >'i Tor In Exercises j anJ k (a tear ehe*»t 
Is pf-oM in ''OOBSPn'ary )p 

TnalUMon *o pro- I Un#7 ia*a for esMmatIng the l!ke?ihoo«J of ^'cr^ain 
even* a, Mi**sf» *«Ker-in*»s fire va in tf^t they give th** students experience 

in otfalning an J or^nizUig a mass o*' lata whi^h w^n nothing unti' they have 
been a-mng»* i !n an or u^r y far>hion* 

gxer''[s^>*^ ' '"ja ' ! r^-'tsr Ion) 

!• fft) Fnlfp 'n)**r'> Sn ^xaft -y one n*"** •gark^J : an? on^ mark**! 5. 
A. o*^*^- r*»su;*;'. y{(** i a t 

Tnir^ Th^:** a;<- •^.r— i>l i-numl ere ! ila'^es ) an i three 



ERIC 



(e) Hot f»lr. Toil vin mly if 3 Is thtoim; tie vlna vtieoever k, 
or 6 u ttinmi* ie Itto mrs '^ctsueM*' to nia tl«uci jrou do. 

(ft) Mot fliir. You have mn «dvuta#e— ther« ar» three fkcee mrte<t 
•'J", but only ooe (Hce »rked '^r, 

(b) l^ir. Three fVicee are mrtced "3", ai^ three ftMrea are wrked 
either "a" or •'l". 

(c) Bot fiir. Only tvo faces (the ooea aarHed ''2*') give you a v|a^ 
while four fkcee fhvor hiou 

(a) fcir. Most throira vill result in a tie, but throiring tvo 1*8 
is aa likely as throving tvo ^)*b* 

(b) Fair. ThiB gave talces a bit of thought, SiiK?e it does not aatter 
what happens to the green ^ie, this «m» is ^sentially the sane 
as the ga«e described in l(b) above. 

(c) The rule does not emble us to iecide who shCRild win if the dice 
fan with a green ^ and a white 6 at the sane titss. Strictly 
speaking, the **gaase** is not defined. Hot ice that if we agree to 
a f ie when this situation occurs, then we have a true game and 

It Is lUir, 

(d) Hot n&ir. You win only an the throw white I, green U He 
«lns on two thr^s: white 1, green 2 and white 2, 
green !, 

(e) Rot fair. Tou might list all the possibilities for the two 
lice (there are i6 of thew). You will notice that you win on 
on»y I*! of the«, while he wins on 21. 

(a) Ihiflair. Hie situation Is the sa»e is in 3(e} above* 

(b) Fair. The '-^^ce of both even la the sams as the chance of 
both odd. 



1. Ansvprs Kill vury* 

2m AnB^erB will vmry* 

3» Afun^ra wiu vgry . 

^. (a) and (b) It ewli h«pi«?n, bur is very unlikely. 

(c) The die probably had m "i*"^ or "6" oi any ^ee. 

Actiaily^ the row of nmibera vas oaHe fro© tfwf first rov of 
nuTBbors in Bxerclse 1 by assigning maabers as follows: 

^ 3 • 'i ^ 3 ^ ^ ^ 1 U : 6 6 3 2? 1 3 6 o • 

IIIII 11(11 mil mil mil 

3 3 3 3 3 3 3 2 2 12 1 3 3 3 3 3 13 ? 3 2 3 : 

We werp preten^ilng that the 'He Im^l one f^ce with ], tvo 
facea vi*.h 2 (the real and the i*), and three flacea 

vi*h ^ (tlK* real 3, the and the 6), Incidental :y, 
of *hpse thro*fB ve have: four l •s, seven 2*&, and 

fourteen* ^'b. Recall that the die in Probleta 2 of S^cercises 
10- 5a has a 1 on One face, a ? on each of tvo other 
f^'-es, anJ on the regaining mces. This is the kind 

of nesu'* you»'i find with such a die. In feet. If ycu didn't 
havf a U*» :ike this you couM do an experitaent about it 
anywy. You c^M sisqily use an ordinary die, and call the 
"two", and tht- and 6 "three^, Just aa ve did above. 



1 


1 llijn^r m iie f^ce 


1 


2 






H 

J 






k 


1 


6 


C 






Frequency 2wi rw 


i 


I 


7 


i 


1 


k 


frequency 3nl row 


2 


U 






u 


2 


Freqiwcy kth rov 


3 


b 










Total 


'2 




3*. 









(b) ffo, yoa wouM probably have ejcpecte«i the tota' frequency or 

1 . p 

•■affh number to be the i^oe* Since ^ x !00 ' ^^'^ 

algh* expect each nuatier to occur l6 or 17 t i®ee in "ICX; 
tosaeD* Tfte l an^i ^h^ * occurreti ^re frequently, 
Bnd ♦he 1 «ni the ^'^ much leu a t*nequemly. Ttie 
f rr»quencIf?o of ♦h** ? Bni o** the U wero v^iy (^'oo*» ♦o 
the expect el or ; 



Frequf^t?y 


Like 
l^;raberB 


Consecutive 
5uaberB 


&caet ly tvo 




^3 


Exact ly t hree 






f*>re than if 0 


0 



(^) Anfli/ero my vary* 

(a) Fair. T^ie priniea are 3, ani the ncm-prlmf*B are 

(b) Unfair. The squares are 1, k an^l ♦he nOn-sqi«rea are 2, 



Ta carry «t eF-perltaents In thifi sectSoa you win nef^i e^olore-l 
mrtles AQl an up^ue Xm^ or oth*»r ccsitminer (Bk<»n;ioe9 JOW), a lit* ani 
a coin {Bx«Tcifl^ lu-Ub). Wo recomend that you use these experltnprfrp an^l 
tM« the iiacuealim of haol^r t'an''«»pt6 on th«? experl^'nce gained* 

Itiree Important Hoae are iev«loped; 

(1) To lescrlbe the fact ttet tvo events an? equa: -y iSKe'y 
fo occur. Or rh&t one lo mor« likely than another, we uee 
ni^bers* Olw* *iyml*oi used to represent the probatility of 
an *»v«*n^ in P(A)» rpfid "the prolabi 1 Ity ot* event A**, 
It? us. Ha) nepr#»cento a number. 

{*'*) ttif proltttl .lty of an evi>nt which Sb certain to occur 
Ifi leflne*! to an<j the proUibiiity of an event 

^rtilch cannot occur is u. A^^ oth<»r events have 
pr<^li;itii^ b<»lir#*en C ani 

It) Bqua:!y :ik«»ly i*veni o havf» equa! prc^bi : it loo. 
E^ter^lseii (Class Dlscustiion) 

U (n) The at u lent vouM probably i^oesii U , 

ft) Answrn wi : vary. By coitf^nln^ th*» answers of all of the clacs, 
the total freqiMmcy of each color can be coo^ned with of the 
to^a! nus^er oV iravsf 



(a) Anpw*»yT w{ ' i vary. Again, the total frcjquency of each color 
wh'^n a : rf^sulto are coabine^l will U " interest., 

(b) H'* vi : ' prolyl :y way t\m be woul * expect the total nia^er of 
whi'»*fi 'O tc about *wlce the number of b'ueg. 



U (a) ^» (b) f, (c) yes (i) ^ 

l'^) PC) . 7^ ; F(i) ^ ; P(^,) - ^ 

«:*) ^ ^ ; ^ ; Hi) = f 
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a* (a) TVo oittcOMi; h««^fl, tails 
P( tails) • I 



•i. (a) ^ 

(b) ^ (You might, how«v^r, Iwgin to suepect tnat the epinner is 
biased in aoae way.) 



1. (a) !«, «n.l 6 i 

(c) Heven) - ^ ( l) P(»1,l) = ^ 

(a) : (b) KX) - 3 -KY) 



U) f (b) 1 



10*^« OulcqoeB and gy^ntg 

Up to Ihl* point have the tc*ns8 "irtal", "experltnent*', 

"outeOBif'', ''evcm'''f rrlyluK on th«» roniext to convey their meaning* T^ese 
lema have specific oteaning^ In the theory of protatHiiy, ani these 
wanings are developed in this section. 

In par+!<-«lar, th** Hotlnc^lon fs WB'le lietyeen ''outcoeae** ani "even***, 
flie distinction an^ t»e i:!itftmte«i ty xmimr a 'Ue# If an experlisent consiets 



in a ainnle toss of a <ife an*! recoriing the nuoU^r of dota on the upper flace^ 
the set of poBsibu^ o utcqi^ is ^vious, 

A tosd will nesuM in exactly one of theoe out cows. Tfi^Be out cones are 
equal ly 1 Ifceiyf ao ^hc protabi 1 ity of any on«? of t h«nB io ^ . 

We Tsay bf» Int<*r^Dte*t in wh<*ther il^ rpsuU of the toss is in a euteei 
of thesr* outcoweo, mthor than a particular nuott*r; for itmmpie, a nuater 
greater than ^, The »pmt>era of A in this sublet anf* 

Wf» then upeak of H ati nn •Wf^l- That iti, an ev»fnt io a oubcot of the set 

of pOBoD ie Qu^comf*a» n.nc** the eve-n^ B occurs whe?nev*»r i outconie is 

1 ' ' 

or the ot^t^ow Io ^, the prolatiiity of event B Is 7; 7 • 

Important kjn<i«'nttan Hn^^ *o U» l»*velopf»*l in this section, th<*n, 
arr the«»'; 

{]) hi^Vom sn f»xp#Tli»'nt pf-rfon»?t|, the eel of possible outcotgec 
.hou! 1 te i<»**>nain*» I, ani a theoretlcai probability aacigne! 

ifia\i t>ut'TU«>*. T!i" o^t of outeonH'C fliuct t»e chosen in such 
s vay *ha* In nny tria in the experiment exactly one outcoim^ 
lyruro. 'Hi*' t. jm of the pnHiabi i It i<»s of the possible outcosif-^ 
ii; An oii'tTOfe** is sottet it»?r; c?at:e*i a oi^le event_» 

f.'5 Any su^^ft qV th<- 3f*t of possible outcoae<» is an event . The 
pro^#iti l*y of an f*vf*nt Is t h'* sTm of th*' probabilities of th*» 
oiiti'OQ^u in t h<' i'v«»n* , 

f 0 ^ynr titil^ft of th'* aet of outcOim^fi (as of set) is the f*i8pty 
B"t , rin^^f* no on" of th** possible out^^oiaes is a wemter of this 
.rmpry «*»f , jts protail.ity in 0. 

(a) !V»c»aus** ♦he r:;w» Y nf^ylon has twice the area of each of the 
oth**r nr»plotis. 

(b) BqiA' y U^.y out i^oni. n are: re«l IJ, re*J green Y, anl 

(") rfr-J »!) Kr-H Y) V(tfr^-n Y) K t ■ u*- 0) ^ 
HMue Y) "J - Hl.ui* if) - .:(f) - 



1. 
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2. t*¥fi 

(«) 

(b) fL>,l»,6] 

(c) 
('0 



I. (fi) 

(b) (king or clubs, Kin4r or .iiaawn^s^kin^ o*' hearts, king of spades) 

(c-} P{kln«) 

( 0 PCsiJR'mc) - ^ = ^ 

( 0 Hnua^^r ti^'vppn \^ and J' J o ^ ^ 

(Th^ sex or numbers between anl P*- is {19,20,21,22,23,24).) 

j. (a) HliavTK) « ^ 

4. (a) Jfo. 

(<-) Jfo. 



5, 



7. 



9. 



(a) 

(b) 
(a) 

(b) 
(a) 

(t) 
(c] 

i<i) 
(e) 
(a] 

(t.; 



(t) 



(c) 



P(whlte) - |g - 
P(9 black) = 0 
Kboy's nsiae) » || ■ ^ 
P(your nrae) - ^ 



In fa) Iravlng the ace is one outcome out of five , whl^e In 

(d) It la one <wt of four . 

t 

Th**y spe Incneftfiing. . 

fftn acceptable, since there is overlapping betwe^ the outcowes 

llstfvi. Bed ani or blue and Y, couhi happen slmultaneoialy. 

Aeceptal^ie. 

(l) Hot equally likely. 

(a) Ifo* pqual ly ! ike!y. 

(ill) Ifot equally likely, 

(iv/ Hot equally likely, 

(i) P(rei U) w ^ , p{red Y) 7, , Kgreea Y) « ^ , 
P(biue U) = ^ , H^lue Y) « ^ . 

(li) I<rfH)--i, P( green) - ;^ , Hblue) - ^ . 

(iii) P(rei) j , P(b!ue) « I , P{y) I . 

(iv) P(U) = ^ , p{y) = I . 

(i) Vir^^\ U) * Hreil Y) ♦ Hgreen Y) ♦ P(bli*e U) ♦ Pjblue Y) ^ 
(ii) r(rei) ♦ P(green) ♦ Kbliie) ^ ^ ♦ ^ 4 ^ = l. 



(iv) P(u) ^PCY) 1. 

(d) Die MSB srs all K 

(e) Oto otter Is greater tten 1. 



10-6, Counting Outecoeq ; Trw Tiiamm 

Tte saw kinds of oat e rials are uaed for ths experisrats of this 
Bection-*mrblefl^ coins, and dice, 

Hh^ students have already counted the possible outcomes for experlisents 
la order to assign probabilities. In this section several nays are shoim to 
fkcilitate the listing of outooms in an orderly say* CoostruErtlng tree 
diagraos and tables are efficient ways to be sure all possibilities ere 

U8t€d. 

BjcerelBes 10*68 (Class Discussion) 

!• (a) Ansvers my vaty but vill pnAabiy be 6 (or ? or ?)• 
(b) Ansvers depend on Individual results. 

P, (a) Depends ispon individual results* 

(b) Ansvers vlll vary—the teacher should discuss all that are 
offers<i. Actually, on one toss of two coins, the pr<tebllity 
that both shov heads Is ^ , so the l^t ansver would be 

3 out of 12 pairs. 

(c) , (d), M± (e) Aittvers depei^ t^Km indlvidttttl results. 



k39 



I 4U 



start 




(b) HH, HT, m, TT 
(d) Ansvers vlll vary. 



(a) 



Result of 
First T068 



Heault of 
Second Toss - 



Result of 




(b) There, are 8 possible mteos^; this in tirlee aa nasiy as the 
ntn^r of possible outcoo^ for tw tosses; for four tosses 
them shoul i be 1^ out cones. 



(c) RHH^ HBT, 



x 4 * 



1 2 

2 k m 2 

3 e«aK2Ka 

4 16 - 2X2X2X2 

0X2xax... x2 vlth a ftetors; 
expressed vlth expcment notatloa: 2^ 



Outcooe 


!luad>er of Heads 


HHB 


3 


HHT 


2 


HIH 






I 




2 




1 








0 


i once; h » 2 


three tloes; h » 1 three 



h » 0 once; h > ? four tines; h > 1 seven tines. 
To eft<*h outcooe, assl^ the prctebility ^ • 
P(3 heads) » ^ F(no heads) « <g 

P(e;»ctly 2 hea^ls) « ^ P(at least 2 heads) « ^ 

P( exactly 1 hrad) > ^ F(at least 1 head) « | 



fixerclftM lo6c {Cla0B Discussion) mve d^igaed to develop the Idea 
that if one trial In an exfierlwnt (as 2 possible f^tcomB, then repeiition 
Of tfse trial n timsm viU jrield 2^ possible outcows; if there^ are three 
possible outccMes for oae trial, th«i tbsvc are 3" outcoBM for n trials; 
for a trial with 6 outeooes, then there are 6^ outcoroa for n trials, 
this iofoimtlon is collected in &cercise Xf students should wonder about 
the pattern vbich seeos to be ievel^ing, you mi|^t encoura^ them to 
foraulate a general result for a trial which Ims p possible outcooes. If 
it is repeated n tiwes there will be p" possible outcomes* Tbltf o^por- 
ttmitf for noting the natural toatt^Mtical tendracy to ipeneralise resu;tfi 
should be used only if it seems appropriate in the discusslcm. It is not 
important to saddle the students with a geneml formula to remember at this 
time* 

giKerciges :0-6e (Class Discussion) 

1. (a) ' i possible rpsuits on first draw 

(b) For each of these, 3 possibilities on second draw 

(c) 9 possible outcoqies for the siiccession of two draws; 
this l8 the product of the results of (a) and (b). 

(d) &ch outcome has prObabiUty ^ . 

^* (a) Her? is the tree dlagmm for 3 draws from a box containing 
3 marbiesp 1 red, 1 yellow, 1 fveen, assiming each 
marble picked is returned t*^ the box before the nert draw is 
male* 



..I 



FiiBt amy 



start 




RBR 
KBY 

HOT 
MR 

ORB 
ORG 
GHY 

GGR 
GGG 
GGY 

OYR 
OYT 

niH 

YBG 

m 

TOO 
ICY 

YYR 
YYD 
YYY 



(b) out cooes 

(c) jj} » 27. Ihe base 3 is the amber of nrbXes; the 
exponent 3 ie the mmber of dravs. 



( i) Toeseg 



3 
k 



1 

9 « 3 3 
2T - 3 X 3 X 3 
8l«3x3X3x3 
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(•) 6 posaiMe oiste< 

(b) ^ « 36 poMible outeOBM 

(c) 6^ « 216 poMlble outcimee 



(d) 






1 








3 




i» 


(e) 




(s) 




(b) 




(c) 


6; 6" 



6 

36 » 6 X 6 
,2X6 06x6x6 
1296 ^6x6x6x6 



Bterclaefl lO'6<l (Claas Discussion) 

!• (a) Green 





1 


2 


3 


I* 


5 


6 


1 


(1,1) 


(1,2) 


(ia) 


(i*!i) 


(1*S) 






(2,1) 


(2ig) 


(2ii) 


(2J») 


(2i2) 


(2.6) 


3 


(i*l) 


(iiS) 


(iii) 


(iji) 


(3.5) 


(i^) 


It 


(iui) 


(ii42) 


(«»,3) 


(M) 


(M) 


(ii*§) 


D 


(^) 


(^) 


(543) 


(2*li) 


(5^) 


(5,6) 


6 


(6^) 


(6,2) 


(6a) 


(M) 


(^) 


(M) 



f iote ; Students will use this table a^in in a later 
section.] 

(b) 36; ^ 

(c) to cNuige 



t*) Greea 



(e) 





1 


2 


3 


k 


5 


6 . 




I 




3 


k 


5 


6 


7 




2 


3 


k 


5 


6 


7 


8 




3 


t> 


5 




7 


8 


9 




i» 


5 


6 


7 


8 


9 


10 




5 


6 


7 


8 


9 


10 


11 




6 


7 


8 


9 


10 


11 


12 














Sun 1 2 


3 




5 


6 


7 


• 8 


9 


10 


11 


12 




2 


3 


i> 


5 


6 


5 


l» 


3 


2 


1 



2. (a) P(<SOk^Ies) « ^ « ^ 

(b) F(sufli io 9) « ^ • 1 

(c) P(Buai<5) -^g-^ 

4 

3« (a) Seven 



In Sserelae* 10-6© sor of the axperiamts b^ln develo^emit of 
tlM protebUitjr Of mtam am iatersectien, I6ma which mn ecnsidared 
mtn fulljr In SeetioM 10-8 and 10-9. Do not laentian tbl« to the students 
but bs stuv thejr uodenitwid .the five prdblem. 
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i4; 



isth. 



2. 



•tftrt< 




p(h • a) - J 

F(h • I) - I 



P(li2J I) • J 



(s) ^DoMUg 1 eoio thrae tiaee tea tlie 6Mb ..it of pomiblo 
outeOM M tovtit^ 3 eoim oiee, fte proMbilitlM an 
tlie taw lo both «^rta80t«« 



(b) F(oc« mrble nd) " ^ " | 

F( first aarble yellow) - | • ^ 



kh6 



5ERJC 



■V' ' 




Hfirut mx^lm red) * | > ^ 

P<flr»t mu^U V96 ud 0emd mrbie gmn) - ^ 

(b) F(blMli OR ««ooad dim) | « | 
(«) Hrmd OB third dim) - f « ^ 



(b) Rie prtebllltjf of tmtsh «ite«e la ^ 
K3,») 

P(6,T) • ^ 

Kdie sboim m priw mariner) - - | 
Hcolft 18 tails) - ^ - 5 

5. since there are 6 <Mitco«e9 for the die, and 3 for the splnoer, 
there are, in all, l8 possible outeoim* Of those, only ot» is 
{B,6) hence 



10-7. Bstlmtln^^ Pr^bllltles 

In piactlcal situations it is frequ^tly not possible to assign a 
theoretical probability of an event by thinking about the sltwation. Saae- 
tines probabilities sre estioated on the basis cf past experiences, eis is 
done in determining insursttce preaiiais and in interpreting batting avemges. 
S^netlaies the pntability of an event is estimated by saa^ling, as in 
electlor pol^s and in the testing of articles as described In Exercises 10-7b, 
Bxercise u Btotitaated prttebllltles are often expressed as percents. This 
sectlcxi provides opportunity for revieving concepts of percentage, but this 
should i*ot be pemitted to overshadoif the chief idea of the S'^tion, estlm- 
tiOD of protasblUty by enq^irical laethods. 

In this section our j^rpose is to give the student a little feeling 
for eopirical probabilities. The exercise deal Intuitively with the "true" 
protability of a given event; vith an "unbiased' estiaste of that true prob- 
ability, ccwpuied as the proportion of occurrences of the given event in 
sooe ni«^r of trials; and with approxitsstions to the resulting estioate. 

For exaaple, in Sxercises lO-7a, m i»ver Imotf the true P(rod) 
because to are never sboim the spinner* In 30 trials we eeti»te P(red) 
as ^ , and then guess that the true spinier is apprcaciaately | red and 
^ yellw. In oti»r vords, ve s u^s that the red araa is appr^dntely tvlee 
as larse as t^e yella# one, irtjile our beat tmb^ased estimate of that ratio, 

i*49 



•ft«r the 30 trials is 

- if. 

30 

later, in BxercUe 5, the efltloftte P( red) m " 30 ^® 3^ 
trials, so ¥9 should be much lesa trilling to approxiwte this unbiased 
eotlwte by ^ • To do so vouI^S Isply ttet «e felt for soae reftsoti that 
thp nuR^r 1900 of observed occurrences of red as "off" by 100, We 
vottld be adding this bias bemuse | is a "nicer" fmction than ^ • 

Syerclses lOYa 

1. 19 reils 

2. Sstisate that P(red} ^ 

U ir Kred) were truly t2 ^ i2 of ^he spinmr vould be 

r^l an'l would be yellow. The red region would be || times 
as large as the yellow region. As a guess, however, we vould My 
that the red region is abou* twice as large as the yellow region, 

U, You voul'i be saart to choose red^ 

(a) Pmrtabiy you would still guess the area of red to be ab«it twice 
t^at of the yellow, 

(t>) You vaul t be apt to guess that the areas would be abMt egual. 



* ' 100 '.0 

(cr) ^ 

('i) It 1b less expensive In any case, and Is the oaly way 

feasible In cases where the test would destroy the articles 
being tested. 



U>0 
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(b) ; ■rr.i 

(c) ^ (or •76, or 7611); an appraxi»tlon to thia lalght be ^ 

(d) 7611 of UUOO • 30fcO; ^ X 4000 « 300O; tbug either 3OUO or 
3000 would be a reasonable anaver, depending on tht? Interpreta- 
tion of the wonl "about". 

3. (a) ,300 

(b) ,3 (or -jij) 

(c) About hits 

(t) 

(c) (or V')*) 

(-1) Bfllt; l)et.tcr, 6 J nee Ha* > T'^^t 



B)cerclB€>s 1 


u-Yc 


1. f«) 


•> 


(b) 




(^) 




(1) 


JlL 




(o) 


i 


4t) 






(«) 


Ho 


(h) 


3 



or 



-'•1 
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2. {(tt), fc) an4 (d) could be the pnAabllitjr of sflas event.] 
{•) 37* 

(b) 1051^ 

(c) li?.5* {or 12 ^ #) 

(d) .2t>* (or 1%) 

(e) 325* 

3. Freetlflpsi Fom peclasl Fom Fbreent 
(a) ^ .7^ 75* 

(t>) ' Akk kh.k% {or U I 

(i) I ,67 67# (or 66 | ♦) 



C^r r^;^ .Ofr^ 8,5* (or 8 1 #) 



Bxerclsee lO-y^l (Class Discussion) 

l»k» Ansvem vilX vary. 

In the long run^ we would expect that the stinted protablllty based 
M a lar^ nuatber of eicperiments gets quite close to tbe true pr0b- 
ability* llnl<»sa we have vejy strong reasons ft>r our guesses in 
Sscerelse 1, >0 trials provide a mieh better estimate than 0 
trials. 



1. (or approxlq«ttely , [k2) 

2. (a) 69,^17 

M Iqo^ aw««i«tely) 
(c) 69.^11 

. 4 



(•) 



78,653 



I 

100,000 



(or .00001) 



1 



( Or . 00001^4, a^roxlMtely ) 



(c) a ana of ^0 



10-8. Protebility of A or B 

Ir> tma soctlon da»I vlth thiB qtfestloa: If w kMv the 
probabilities of two events, ham can we determloe the pnHsablllty that 
one or the other viU occur? Since probabilities are usually asaigoed tiy 
counting, this question really goes back to a taore basic one: Given two 
finite sets and the niaabers associated with the«, how do we n»i the nt;raber 
associated with the union of the two sets? Itiis quest lc«i is dealt with in 
Sxerclses lO^Sa and the table figures In the discussion which follows* 
oay vish to review set xmion and Intersecticn using exaaples such as the 
following: 



ttm subtraction being necessax^ to cc^>ensate for the tact that Bete and 



If A ° (Tte, Jia, Bete, Sarry, Joe) 

and B « (Jim, Miry, Pete, Anne} 

th*?n A u B - (Tdm, Jim, Pfete, Hsrzy, Joe, Maiy, Anne} 

ai^ A f\ B ^ (Jim, Pete}. 





gggrgjaeg I06a {Class Dlseussloo) 
1. 



Ifumber on Die 



Color 
on 

Spinier 



2. 
3. 



6. 



7. 





1 


2 


3 




5 


6 




(R,l) 


(B,2) 




(M) 






Tel low 


(T,l) 


(Y,2) . 










Creen 


(C,l) 










(0^6 



1 

(b) a = ((F,1),(F,2),(R,3),(R,J»),(R,:j),(R,6)) 



(b) P{A) « 



(«) B - ((P. ^),(r,k),(G,k)) 
(b) P(U) = ^ - ^ 

(a) AUB= [(P,1),(R,2),(P,3),(B,U),(R,'.)),(R,6),(Y,U),(C,U)) 

(b) P(Au B) n ^ - | 

(c) Be<»use {«,!♦) la In A an.i also in B, and an element of 
s set is counted only once. 

(a) An B - Hft,h)) 

(b) P(An B) - 

(a) n{A) - 6; n(B) - 3; n(A u B) = 8; n(A n B) - 1 
n(A) + n(B) - n(A ft B) = 6 ♦ 3 - l = 8 = n{A u B) 

(b) KA) + P(B) - P{A ft B) « ~ + ^ - -j^ » » I - P(A U B) 



In Exercises lOSb, Exercise devel(^ the prt&abllity of event A 
or ev«it B trheo. If A happens, B canaot happen; timt ie. An B is the 
e^rty set. Such events are cwUed aaituaUy exclusive events. 
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Bteretaea lO-Sb 

1. (•) A - Cf%l),(».,2),(3,3),(2,M,(l,5)) 

(b) B. ((2,2),(2,i»),(2,6),(fc,a),(J»,M,(M),(6,a),(6,l»),(6,6)J 

(c) An B - ak,2),i2,k)) 

(1) KA) ; P(B) ; P(Art B) = 

(e, p(AuB)=^.§.^.i|.i 

(r, 1 

2. (a) P(A) = .60 
(b) P(B) - .It, 

(e) P(A 0 B) - .:0 
(■1) (Au B) 

(ej HA U B) - .60 + .V. - .10 ^ .65 
j. P(A) - P(n > 3) ■= f ; KB) - Keven) » | 

P(An B) «| - i ; P(Au B) =1 ^1 - 1 .| 

4. P(A) P(«iJ).i; KB) = Kprjae) »1| --^ ; P(A ft B) - i| » 
HA U B) - i . ^ - ^ . I| 

% (a) P(A) - -j^ 

(b) KB) » ^ 

(c) KAn B) - 0 

(.) P(A„B)=I^.^.^.|„i 



In fixerclses lObc, Exercise 7 deals vltb tt» pr^bility of 
cowleaentary events > Vote that eooq^lewntaiy events are always tsutually 
exclusive^ but the conv«>rse is not i^essarily true; that is, mut\«lly 
exclusive events are not alvays co«pleflmtary. Bxercise 6 is a ^e in 
point: Dmvin« a kin« an<i drawing a queen (on a single draw) are tautually 
exclusive events » but not ea^le«entary events. 



I. Efl P - 0; P(gn ?) « 0 
2m Arm 
3« - Ave 09t 

km Are [ gtote : Cb Ssercises k'^ w are ccs»lderlt2g a single outcome** 
one tosfi, dmvlng, etc.] 

5. (a) Are not 

(b) P(B)-|; P(F)«^; P(8 ft F) « ^ 

6. (a) Are 

(b) P(kln«) - ^ 

(c) Kqueen) • 

(e) Kqvieen or king) » 



7. (a) P(A) « ^ ; P(A u C) 
{b) P(A ft C) « 0 
(c) P(C) 



gKBrciaea l»>6d 

1. (a) I - ,32:7 • .675 

(b) I - .S^r • .1!? 

(c) 1 - .017 » .963 

2« (a) mutually exclusive 

^ iffj ^ autually exeluslve 
(c) nutually exclusive 



erJc 



(•) 


P(«d) . ^ 




(b) 






[c) 


P(Te4 er white) ■» ^ 




[d) 


P(<wittiar red nor wblte) 


" Kbius) - 1 








:b) 








P( black or green) - + 


100 100 20 


a; 






b) 


3 




c) 


1 




d) 


6 




«) 


10 




r) 


6 

10 




«) 


10 10 10 





Set since Joe Is directly involved in thia; bis past perfoimoce 

is a better predictor of his future performice than is the teacher's 
tetideQcy to give A*s aad B*s. 

Lars vas correct. The problem says that Cathy **amlyi&^ another 
event y (f , Rovever^ it need not have been the ca«Q»leaeBt of 
event N. For exai^le^ suppose that the escperiaent ccosists of 
a toss of a die, and that M is the event "mia^r > 2". 'Hien 
Km) • . If C is tlw event "prioe nus^r > 2", then P(C) » 
aad Km) ♦ He) ^ I, but the cas^leaent of M is '•number < 2*, 



^57 



lCh9. Probability of A and B 

In Hectioo 108 w considered th« probability of A II ttet is, that 
event A or einmt B vllX occur* IMs aectioa deala with F(A fl B), ttot 
im, tl»t both A and B vlll oc<?ur, Ifce caaes ctevel^ied first (Sxereiaes 
l<V9a) I«d to the conjectur* that P(A R B) - KA) • P(B)* In Bterciaea 10-^ 
eaaea are ohovn In which the evcmts A and B are related in such a wajr 
that the fomula ilalie to hold. This leads to the definition for indepenaent 
events , a concept which is very ieqportant for further study of probability. 
We can in may cases decide f roa the nature of the situation whether or not 
the fact that one event ocenrs has any luring on the occurrence of a second 
e^ent, but this Is not always the case, Ev«>nts A and B are independent if 



KAft B) « P(A) • P(B). 



Rierclses |0«ga (Class niocusslon) 



1. 



First Draw 



SecoBul Dmw 



start 




OltCOBf ^ 

BR 
RY 

Si 

IS 
1£ 
IS 
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•Hiere are 9 outcooeas P(each outcow) « ^ 



The ev#»ttt "red cm tiro first dmw" contains 3 outcoo^. They am 
no, RT, K red on the first draw) » ^ • . 

The event '^re^i on the secon^i draw** consists of the outcows: 
FH, CR, YB. Kre^l on the second dmw) - | • -i . 

?{emn on first ) • P(red on second) * 3 * "I • :5 • 



4<, 



km F(nrd OKI first ssi •#caBd) * ^ f 

% (•) P(A)«i| l<B)*i| P(AftB).^ 
(t>) F(AAB) - F<A)'F(fi) 

6» («) BUber M Die 







1 


2 


3 


k 


5 


6 


Beault of 


g 


{U,l) 












Coin TosB 


T 


(T,l) 


{T,2) 








(2^) 



(b) 12 outOMM* P(eftcli outcose) « ^ 

(c) P(g) . ^ • 1 ; p(F) , ^ . I 

id) P(B).P(F) --J-l •'S 

Bmce, F(B D F) - P(B) • P(F)* 



I* (•) toult of 

Fifst pmy 



start 



(b) KMCh out cow) m ^ 



Itefittlt of 
Seccad prBV 




OuteoM of 
SiQwrittB^t 

BQ 



fix 



1.59 



(d) B - tRO,TB)j P(B) - j 

(e) (A n B) - {TOJi P(A n B) - ^ 

(f) P(A).P(B) -^'f 

Boww, P(A)»P(B) ^ P(Aft B). 

Ttiegp are not equal bemuse the result of tbe first draw does 
affect wfaat bapp«i8 ob the seoand draw, since tbe first vrble 
dmwQ is not replaced before the seconl is drawn. 



(a) 
And 
(c) 



First 
Dmv 



Second Dmv 









Y 




(B,,B,) 














T 






(Y,Y) 



(b) 9 

(c) See table. 

(d) Pftvo bli») « ^ ; P(tifO yellow) « | ; p( 

(e) Tbe lines sepamta tbe table into four sectlono. The upper 
left section containa tbe outcoaee In the blue'* 
Tbe lower rl|^t »ecti'$ii ecntaina the outcome In tbe event 
•tvo yelloii**. 



color) ^ • 



(a) 

(e) 



(b) 



First 
Drav 





»1 




Y 








CBi,y) 








(B^,Y) 


Y 









6. Tte CKtteoBeB (B^^Sj), and {T,I) are not poeaible 

becauM the oarble dmvn first vaa not retumod to tbe box before 
the second dim* 



(c) See table* 
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(«) P<two Mow) • f ■ ^ S P(tw yvllcnr) - Oi P(m»» color) ■ ^ 

(e) 4. KA) - I - I . 

(f) k. «B)-|-f. 

(g) *'A fl 1^ is tbe event of 4nnring two Dlue Mrtoles. 
Ha n B) - I - I 

l»(A)-P(8) .|-|-| 
IKA n B) ^ F(A). P(B) 



awrrelaea l0-9e 

Bcereiae 7 la banter *hBM tha rest and siglit well be ositted for 
ma mvemge cIass. 



1. 



(a) 



!tober on Sec and ^rov 



First 
Thrcv 





1 


a 


3 


k 


5 


6 


J 


(1,1) 


(1,2) 


(1,3) 


(l,k) 


(1,5) 


(1,6) 


2 


(2,1) 


(2,2) 


(2,3) 




(2,5) 


(2,6) 


3 


(3,1) 


(3,2) 


(3,3) 




(3,5) 


(3,6) 


i» 


lk,l) 


(M) 


('*,3) 


(^fc) 


(^5) 


(^6) 


5 


(%l) 


(5,2) 


(5,3) 




(5,5) 


(5,6) 


6 


(6,1) 


(6,2) 


(6,3) 




(6,5) 


(6,6) 



[ Bote ; Co^psre this vitb tbe cbart for agg tbrtw 
of 2 diae io Bcereises l(V6d.I 



1 
2 



K J) - ^ - ^ J Ki.) - 5 
P(K) . II - I ; rtM) - ^ - J 
(b) P(JftK)-^-i| P(J).P(« • -5 



9 • 3 3 9 

P(j) • F(I) B F(J fl K), brace J aad K mn indepeadent evests. 



FRir 
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P(J)* Kl) / P(J n h), hmce J ^ t lire oot independent 
eventB. 

P(J) • P(M) - F(J a M}, hence J and M are Independent events. 

(a) Amiverg vlll vaiy; luipe the student vill reMC» tt»t in 
neither pair are the events Independent , since the experitseni 
is of the ^dvw without replaceoieot'' tjrpe. 

Second Dmv 



First 
Dibit 



1 «1 


«2 




°2 


B 


h 1 




















Rg.B 












0^,B 


«2 










Og.B 


B 






B,0, 







(c) P(A),|-|; p(B)=^.|. KAoBj.^.X 
P(A). P(B) -f -f 

P(A n B) ^ iKa) • Kb), t^nee A and B are not iodepeattent 
events. 

F(AriC) ^ P(A) • P(C), hence A aiH C are ^ independent 
events* 

(a) Anavers my vary, but the students by nav should feel that the 
outeoae corresponding to H» larger area stould have a greater 
m^jer assigned to it, at^ that P(0) should be 3 * P(R). 
Since F(G) * P(B) eaust equal 1, ve set 
HG) - ^ and Kr) « I . 



(b) 



Second Spin 



FitBt 

spin 





n 


r. 


R 


(M) 




G 




(0,0) 



or 



First Gpin 



fllart 




(?) OR haB th<» f«t«e prot>aMlity aa hC. It is reasonable to assuse 
that t»te ♦•v«»ms "mi on firot" an^t "n^l on second" ar#» Inieprodent 
iwarae tb*» outcome of the fl roi npin no effect the ou'come 
of th»* r.tHTon't apln. 

K^-e^i on firfit apin) ■ ^ 
^'(rfftJ on aerrond spin) « ^ 

PfRP) « P(R) • p(R) = ^ .i « 

(m) Kbo) » . Kg) ^ .^.-J = ^ 
p(no) « Kg) . Ko) iJ.t; = 

{«■) Th<» BU9 of th.. probftbllltles of m, RC, OR, aij<1 GO shtyj'.ri 
be . 

p(m) * KRc) ♦ Hon) * p(Gc) - + ^ + 1, 



^'3 



4. 



(a) 



•». 



(b) 



(1) 



fa) 




Tbe i«port«nt clwage is to reverse 
the ealoniy since red sbous ^ of 



tbe tlae aol greeo shorn 
tine. 



of tto 



Tlv tre« diaen" or tAbie for Snerclse 3(b) can be used, lote, 
however, the change In the probabll itiea assigned. 

P(QG) .^.^.^ P(HO) -i-i--^ 

P(CR) - -j^ , P(OG) - f »o te Is 3 tia^ as likely to get 
a green light in the «omln« and red in the afternoon as te is 
to get grcren lights both times* 

P(RF) « ^ , KCB) ♦ KBC) + HOG) « , 

((>r: Kone green light) - P(RR}-1»^»^.) 

Hence, it is more likely that he will get a red light both 
morning and sftemooo than that he will get at least qqe 
gre<*n light* 

P(OR) ♦ P(HG) ••^.^•37|#e He vlll get one red as»l om 
green light 37 ^ ^ of the tltw. 

Krirst aarb3e vhlte) • ^ ; after yeplae en e nt y 

^ . k k k x6 

P( second taarble white) • ^ ? 9* 9 * BT * 

We my use either a tree dlagraa or a table to count outcomes. 
If ve use a tree dlagma ve construct enoug^i to be able to 
count the outcomes that are of interest for this problem* 
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Fiigt Pray S^^coad Dmv uutcocyg 




etc. 

It becGQies apparent tlmt for each or the 9 outcomes of the 
first dmw there are 8 outcoiaes for :he second draw. Hence 
the total nifiaber of outconea of the ^ icceeaion of two nravre is 
9*8, or 72. 

To compute the number of out cow* j In vhlch bot h tsarbles are 
vhite, note that for each outcooie of the first drav vhieh is a 
white narbV, there are 3 white outcootps of the second i raw . 
Since there are h white ottt cooes of first dmw, the nuadTer 
of outcomes or **both white** is i* • 3 ^ , 

12 1 

ThuB for two draws without replacement, P(both white) = ~ » ^ . 



Th*' Villi, wcuiu ^ofi'. I LA* ihlf:: 



Fire* 
h raw 



4- 



f — — 



w w 

5 



W, V , w w 



WW, 

5 



W,B, « W,B, ^ W B 



B. 



W.B. ; W B 



W P i W li, , W.B , W B w h 



B,W, 
B,W, 
B W 



B.W, , H ' B.y. 



P;,W,, B, B.>'j^ B ,B, 



■ f - - ■ • 

j. , i — ^ — 



B^W. 



B,,B^ R,B, &,B, 

• 4 _^ f ' \ 

B,B^ 1 B.^h, B^B,^ ^ B^B. 

V' ^'V i ! B^^B^. i B.B. 



B, V, h. B. W^^ j B. B, ; B. B., B^ B. B 



f- 



fir:-.' T»rf .f* (WW no* a p^teslti . f *^}. ."^In-^ f^<?h row 

•oti'Hlfw erjt r<.>r? ant fh"P'ar>- ^ rown, * h** to'.al nutnter 
or ou^-o-^r, 2^ J • th.- #-.f»n' "tvo wh-'c" is 'he cuWt 

"otrain"i ir: M.f ••arv:.** In 'he upp^-r fr^-^ani <::orn«»r of the 
'R^ i'N This iv('ran*f>' oontaimj * ^-n' i 1«*b, H^^nc* 

-n^-'ho! in a.-c.^ptai tut fhf iati>' Jiay U» morv -on- 

^IISIC li? ? ' In qui<:k<»r to 'Oiaputoj {{vtii^r* on 

Kowf'V^T, "!::^ invo vn -on i i * iortfi ^ prot^r 1 M t , • 
: Son o'* whi 'h hart pos^ pCHi** i. ] 
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teklng out. two sQ-^hB is the satae as taking out. o^i« sack firat ani 
tnen, without repiaeing it, taking a seconi. A table in veiy usera: 
in cOTjmting outcome mid the events (subsets) asko^l for in ^hic 
prot I enu 



a. 



1 



B B 

1 5 



G,B, ) G.a, 



f- B. 



n.B, 



G,B.3 



G, 



B3G, 



a,G, 



a. 



B.C., 



.Un-** tfjeiv ary ent rl-u in #-ach rov oni ♦here are s rows, 
'he* tola riumL«»r' of ixt* .-oin'^n i« ♦ i> /u. 

f'a) Tfi" «v^n' "ro*h Kn'**n" nuir,#'T or ou» c'onk^B in • ue 'owor 

(t) "Both L uf*' occuro In th>* rt^c-tan^rle in t.hp upper 'er*-f»nl 
^om^r or* ♦h'* <af >. It contains '> entries ani *h«?fv.fore 

(-) Fftm** tff^'»m ani on*» t .u'») In ob*a{nf»i hy .'OiinMng entries In 
thf two r^n»lnin^ psr*c of ♦he* rab!t»; slnee there are !? 
-n* rlMt; .n ^ h"r,*» *wo re'*anKl**6, i'Con** gr*»en ani one 

.>>-ont IrawMr: Kb:ark) » : KHue) - rr - 

DmirtnK '"r^xx ? h<* fire* irawfr anJ ^rawln^ from ♦hf* f;f*'?onfi iravpAf are 



fal l(\o^t t fi*y,) - • -T^ 



i 



It) P(both blue) « 



(c) Kooe black md one blue) « 1 



U3'> 135^ lyj 



The event •*ane black acKi one blue" can occur In two different 
vayo; black from first and blue froa secosui, or 
blue from first and black from second, 

s 8 

The probabiilty of the first Miy is .7^- , and the pr^billty 

k 7 y 
of the Seconal way is q^'tt ; so 



Konp black and <me blue) -•■ 




ClasiiilV ^'"b of Uie fonowln^ ^^aioes as **rair" or "unf&lr". 

Yoa spin *\vf spinner at the right* 
Yoii win ir it points to b!ue or 
gr^n» You lose if !t points to 
pf*! or y#»' ] ov, 

Yo*-! tosB a sin^ p Up. You vin If a prltoe number is throim; otherwise 
yoii oe#>. 

\, YoM »hrow ♦wo ilrrp. You win If the sum In 7; you lose If the bu«8 
\(s oTh^rwi^p th^re is a tie, 

Yo^i M;row 'WW il^e. You win if a double is thrown and lose if the 

6; iff. ii\ 

Yon ♦hrow 'wo Ucp. You win if the prO'iuct of the numbers shown 

is or greater tJian and lose if the product Is less than lB« 

Mfif th*- r,"^ of poBBit ; Oii*noi»'& for paeh Of the for owing experliaents. 
T^ir^in^ on** ii*-. 




7. 



Dmwing qoe marble frao a bag which contains red, blue, 
varbieo* 



6. 



ToBsing a penny and a dloe. 



9. Tossing a single die and then spinning a spinner vlth and white 
regions. 

10, Tossing a coin and then drawing a aarble froa a bag contaiaiag blue, 
green, and yellow Qarbles. 

Flal the protabinty of each of these events. 

1. A is the event "ni«iber greater than j" when a single die is 
toaeed. P(A) - ^ 

2. B io the event "blade" when a d»rble is dmwn froqi a bag con- 
taining ♦hrw marbles, one red and two b?ue. P(b) « 1 

3. C is the event that a boy win be chosen when a studen* is selected 
at random from a class of thirty of whom :8 are girls. 



D Is the event "pritae" when a number n such that i*0 < n < 
Is chosen a* random, Kl^) ■= t 

S is the event thit an article la up to stan^iani when a sample of 



''00 has shown 



deff^ctive. P(B) ^ T 



Tell whether efich of the following pairs of events are: 



(:) tautually exclusive, 

( ? ) -^omp: ementa ry , 

(3) Independent, 

(^) none of the above. 



If ttiore than one classification applies, list all that apply. 



A re«1 Jlf» and a green lie are tossed, 
A is the event V on the red**. 
B is the event "3 on *he green". 



One c^sn iB dimm from a vieck* 
C is the event "spftde**. 
D is tlie event ^king**. 

A splftMr ifhieh is ^ gre«^ ^ red, asKi ^ blue is si^ ooce* 
8 18 the event ''green". 
F Is the event "red"* 

A 'He is tossed. 

G is the event '^number greater than 2*** 

B la the event '*ntsber less than or e^ual to a*** 

Tho iice are throim. 

I Is the event "doutle". ' 
J is the evTOt '^Bxm is odd*** 

Uo<» th^ circular regions 

at the right to drav a spinner 




On a baseball teas, player A has a batting average of •320 
and player B has an aveiage of »26o» toth crone to bat in the 
seventh inning, Assus^ '*hit for A* and "hit for 8" are 
indeperoient events. 



(a) W»t U the prohftbillty that both A and B get hlta la the 
seventh ioalngt 

(b) What 18 tl» Frotebility that either A B or both get hits 
-In the sevOTth Ismlng? 

23. tee <mvd is dxavn froa a band cooslatlng of the ace and king of hearts 
and the ace ai^ king of spades, 

(a) What is the prc^ablllty that tlw card Is either an a^^ or a 
spadet 

(b) What Is *hfi prs^bility that the c»rd is either an ace or a 
king? 

Complete: 

^km I' «i event in certain to occur, its probability Is • 



a^. In a prohabiMty experlnent, events A and B az^ Independent if 
they satisfy the condition , 

26. A bok of candy contains seven c^rattels and eleven chocolates. If a 
piece is 2ltosen at random, P( chocolate) ^ , 

If the set of possible out 1: owes for an experiment cisisists of four 
equally likely outcorca, then the proUtbility of each outcow 
1« • 

2d, The probability of thiwlng eieactly four heads ai^ coe tall on a 

tbrw of five coins is ^ . ifttat Is the probability of not throirlng 
four ^^eads and one tail! 

29. A stop light shows grefOT ^ of the time. If you mke a trip or.^ ^ 
in the ooming and return In the afternoon^ vhat Is the p nubility 
of getting a green light going and comlngf 

30. Suppose you toss a coin five tlaes and each tins It shoirs heads. 
What is the pn^bility that heads %ti\i shov On the sixth toast 
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VKlr 

mr 

UbfSklr 

P»lr 

Ibfbir 

C red , bl ue, green } 

^(^,R),(1,W),(2,R),(2,W),(3,B),{3,W),(^^,R),(M),(5,»),{5,W),(6.B),(6,W)) 

{(H,B),(H,G),(H,T),(T,B),(T,C),{T,y)) 

I 
2 

0 

12 2 
30-5 

i .1 

9 3 

Jtgf; _ 99 

500 100 • 

(3) 
(k) 

(1) 




(t> congruent regions) 




i 




greeo 



22. 



23. 



2k, 



(b) 



(.320). (.ge(^« ,08965 .090 

.•320 + ,280 - ,090 « .•ylO 

P(A) - I ; P(3) - I ; P(A 0 S) ^ ; 

P(A y S) - 1 + i - ^ - J 

P(A) - i ; P(K) » I ; P(A u K) - | + ^ - 1 
Events A and K are sutually exclusive. 



I 

P(A) • P(B) • F<A 1% B) 



28. 
29. 
30. 



21 

32 

1 
2 



4 7.: 





Bmber oo die ftee 


I 


2 


3 


k 


•5 


6 


fimt rov 














8 90 and rov 














thini rw 














Frequency^ 
fomrth 














Total 















Ftrqiwncy 


Like nu»l>eni 


Cons^utlve nuod>ers 


feavactly tvo ' 






Exact./ three 






etor» than three 









Hualsvr of blacks 


Itjre^ of a kimi 




Four Qf a kln^J 




Five of a klmi 
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